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Abstract. Generalizing results of J-M. Fontaine and A. Scholl, we describe the
p-adic unitary, not necessarily finite dimensional representations of the absolute
Galois group of certain fields in terms of admissible ¢-modules and admissible
(¢, T)-modules. If K is a nonarchimedean local field and if A > 1 is an integer
then several prominent compact subgroups of GL,(K) appear as quotients of
these Galois groups. This allows us to give a functorial description of their
p-adic unitary representations in terms of admissible yp-modules and admissible
(¢, T')-modules over certain coefficient rings.
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0 Introduction

Let p be a prime number, and let Q, be the field of p-adic numbers. If H is
a topological group then a p-adic unitary representation of H is a Q,-Banach
space V carrying a continuous Q,-linear action of H such that the topology of
V' can be defined by a norm with respect to which H acts by isometries. Let us
mention that the p-adic unitary representations of GL2(Q)) play a fundamental
role in the p-adic local Langlands correspondence of P. Colmez (cf. [4]).

As of now, the general structure theory of p-adic unitary representations is only
poorly understood, and p-adic unitary representations are difficult to construct.
The aim of the present article is to show that in a particular case these problems
can be addressed by adapting a strategy of J-M. Fontaine, developed to study
p-adic representations of local Galois groups.



Namely, let K be a nonarchimedean local field with residue class field &k of char-
acteristic p, let o denote the valuation ring of K, and set Gi := Gal(K5P|K).
Depending on the characteristic of K, one of the most fundamental results of
Fontaine’s theory gives a functorial description of a finite dimensional continu-
ous Qp-linear representation of G in terms of a so-called étale @-module or an
étale (¢,To)-module over a certain coefficient ring (cf. [6], Proposition 1.2.6 and
Théoreme 3.4.3).

Let h be an integer with h > 1, and let P be the subgroup of GLj, (K) consisting
of all matrices g = (gi;)i,; such that det(g) € o™ and such that g;; = 0 for all
indices 7 with 2 < i < h. Set G := GLp(0) and Py := PN Gy. In this article
we give a description of the categories of p-adic unitary representations of Py
and of related groups in terms of certain types of ¢-modules and (¢, I')-modules
by interpreting P, as the Galois group of a suitable field extension and by then
following Fontaine’s strategy.

In fact, the group Py appears as the Galois group of a field extension Lu|Lo,
where Lg is a complete discretely valued field of the same characteristic as K.
This is seen by considering a certain fiber of the moduli tower of Lubin-Tate
whose decomposition group was determined by M. Strauch (cf. Theorem 1.3).
Trying to apply a variant of Fontaine’s strategy to this situation, one is con-
fronted with two obvious problems.

First of all, the topologically irreducible p-adic unitary representations of the
Galois group Py are generally not finite dimensional (cf. [13], section 4, not-
ing that Py admits GLj,_1(0) as a quotient). Fortunately, if F is any field
of characteristic p and if o4 is a Cohen ring of E°P together with its natural
action of H := Gal(E*P|E), then Fontaine’s description of the continuous H-
representations of finite type over Z, in terms of étale ¢-modules over og := 0? ,
formally extends to an equivalence of categories

D : Repy™™(H) — @507,

given by D(V) := (087, V) (cf. Theorem 3.6). Here Rep%‘;m(H) denotes the
category of continuous representations of H on arbitrary p-adically separated
and complete Z,-modules V', and o g@zpv denotes the p-adic completion of the
algebraic tensor product 0z ®z, V. Further, @ﬁ‘jm denotes the category of what
we call admissible @-modules over og (cf. Definition 3.4). Denoting by & the

uni

quotient field of og, we deduce that the categories Repr (H) of p-adic unitary
representations of H over Q, and ®3™ of admissible p-modules over £ are
equivalent (cf. Theorem 3.8). Since H is compact, the former is simply the

category of all continuous Q,-linear representations of H on Banach spaces over
Qp (cf. Remark 3.7).

If the characteristic of K is zero, then the second and more serious problem
is that the theory of classical (¢, Tg)-modules relies on J-M. Fontaine’s and J-
P. Wintenberger’s theory of norm fields for complete discretely valued fields of
characteristic zero with perfect residue class fields. Unless h = 1, the latter is
not applicable to the field Ly. A generalization of this theory which matches



our needs was given in [15] by A. Scholl. We recall some of his results in section
2. For the sake of greater applicability, we work in a rather general setup.

Namely, let Fp be any perfect field of characteristic p, let og, := W(Fg) be its
ring of Witt vectors, and let Ky be the quotient field of the complete local ring
of the power series ring op,[[t1,. - .,th—1]] at the prime ideal generated by p. We
consider a generalized cyclotomic tower K |Ky with Galois group Zg_l XLy,
in which the quotient Z) corresponds to the classical case h = 1 (cf. Lemma
2.1). By the work of A. Scholl, the group Gal(K;™|K) is functorially isomor-
phic to the absolute Galois group of a complete discretely valued field X of
characteristic p. The action of Gal(K;"|K+,) on its separable closure extends
to an action of the whole Galois group Gal(K;|Kp). One of A. Scholl’s major
achievements is the construction of a Cohen ring oz of X' *°P to which this action

lifts and which commutes with a suitable lift of the Frobenlus endomorphism of
X5P.
If Fy := W(Fo)[1/p] denotes the quotient field of of,, and if F|Fy is a finite
totally ramified extension, then we let G := Gal(K;™"|FKj), as well as H :=
Gal(K;P|FK), and define I' := G/H. Applying Theorem 3.6 to the field

Xk, of characteristic p and setting og := = ol g we conclude that the functor

D: Rep%jont (G) — @F?im,

given by D(V) := (04®z, V), is an equivalence of categories (cf. Theorem 4.5).
Here @Fﬁgm denotes the category of what we call admissible (p,T')-modules over

¢ (cf. Definition 4.3). There is also a variant for the category Rep“m(G) of p-
adic unitary representations of G' over Q.

Still assuming the characteristic of K to be zero and specializing to the case
h =1, Fy := k and F := K, these theorems generalize Fontaine’s afore men-
tioned result [6], Théoréme 3.4.3, and give a description of the continuous rep-
resentations of G on arbitrary p-adically separated and complete Z,-modules
in terms of admissible (¢, T'g)- modules. Specializing to the case of an arbitrary
integer h > 1, F := kP and F := K := KF, they also apply to the absolute
Galois group of the field Ly = K K.

In section 5 we apply the above results to the categories of continuous p-adic
representations of several compact groups.

If the characteristic of K is arbitrary, then the residue class field Lo of Ly admits
a Galois extension with Galois group GLj—1(0). Denoting by og a Cohen ring
of Ly, we obtain an embedding of categories

(1) Reps™ (GLy—1(0)) — ®52™,
admitting a variant for the category Repg I(GLh 1(0)) (cf. Theorem 5.1).
The theory is most flexible if the characteristic of K is p. In this case, we obtain

embeddings of the categories Repcont( o) and Repcont(Go) into the categories
of admissible ¢-modules over Cohen rings of

Lo ~ Quot(k*P|[[m, t1,. .. ,th,l]](;)) and Qo ~ Quot(k*P[[r,t1,...,th—1]]),



respectively (cf. Theorem 5.2 and Theorem 5.3). We study how the functors
of restriction and induction between the categories Rep&i(Po) and Rep(‘é’;i(Go)
translate into functors between the corresponding categories of admissible -
modules (cf. Proposition 5.4). Further, the Cohen ring og of Ly contains a
Cohen ring og, of K. If I := Gal(K®P|K") denotes the inertia group of K
then we obtain two functors

Rep%;m (Py) — @‘;gm — Rep%;nt(l K)-

Proposition 5.5 shows, however, that this gives only a weak link between the
two categories of representations involved.

Now assume the field K to be of characteristic zero. The group P, appears as
a quotient of the absolute Galois group of the field Lg, so that we obtain an
embedding of categories Rep%;m(Po) — ®T'29m (cf. Theorem 5.6 and the sub-
sequent discussion). Here og is a Cohen ring of a finite separable extension of
XK., =~ Quot(k®P[[t1,...,th—1]])((m)) — the trivial one if K|Q, is unramified —
and the actions of ¢ and ZZ‘l X Z, on a suitable Cohen ring of Xk are very
explicit. The above embedding also admits a variant for the category of p-adic
unitary representations of Py over Q.

In this situation we have I' ~ A x I'g, where A ~ Z]’;’l and where I'( is the
group appearing in Fontaine’s classical theory for Gg. If at least one of g or h
is different from 2, then we show that the towers L.,|Lo and IU(KOO|IU(K0 are
linearly disjoint up to the classical cyclotomic extension (cf. Theorem 2.2). As
a consequence, if an admissible (p, T')-module over og comes from an object of
Rep%;nt(Po) then one may forget the action of the subgroup A without losing
any information. Our main result in characteristic zero is Theorem 5.7, stating
that under the above hypotheses we obtain embeddings of categories
Rep™™(Py) — (®10)2™ and  Repd(Py) — (®To)¢™.
Since the embedding (1) is compatible with reduction modulo p™ for any integer
n > 0, one can describe the irreducible smooth representations of GLj_1(0) on
[F-vector spaces in terms of simple étale ¢-modules over a field of characteristic
p. We work out explicit examples in section 6.

The last part of our work concerns p-adic unitary representations of the non-
compact group P and of its quotient GLj_1(K).

By their modular construction, the actions of Py and GLj,_1(0) on Lo, and Lo,
extend to actions of P and GLj,_1(K), as follows from Proposition 1.2. The field
L, is perfect (cf. Corollary 1.5) so that there is a natural action of GLj,_1(K)
on its Cohen ring og := W (L ). Letting G denote the subgroup of GLj_1(K)
consisting of all elements g with det(g) € 0™, we use the G-action on 0z to show
that the category Rep%;nt (@) is equivalent to a certain category of locally trivial
cohomological coefficient systems of admissible ¢-modules on the Bruhat-Tits

building of GLj,—1(K) (cf. Theorem 7.1).

If the characteristic of K is p then the action of P on Lo, induces an action of
P on the Cohen ring oz := W(L:24) of the perfect closure of Loo. If € denotes



the quotient field of 0z then Eisa p-adic unitary representation of P whose
restriction to Py trivializes all objects of Rep(g:(Po). Since £ = W (K™ad)[1/p],
as follows from Theorem 1.7, we obtain two functors

. D .
Repg, (P) —Z Pw (i

The category on the right contains the category of admissible p-modules over
W(Iu( rad)[1 /p], which is equivalent to the category Rep(‘@‘;i(f k) of p-adic unitary
representations of the inertia group Ix of K. At the present stage, however, the
relation between the functors D and V remains unclear.

Conventions and notation. If F is a field we fix an algebraic closure F*& and
a separable closure F? C F2& of F. If the characteristic of F' is nonzero then
we let Fr2d C Falg he a fixed perfect closure of F.

If F is a field which is endowed with a nontrivial nonarchimedean valuation
then we denote by oz and by F the valuation ring and the residue class field of
F, respectively. If F is complete then we let F"™" be the maximal unramified
extension of F' and denote by F the completion of FUT,

Throughout this article we let K be a nonarchimedean local field, i.e. a field
which is complete with respect to a nontrivial discrete valuation such that the
residue class field of K is finite. We set 0 := og, k := K and 8 := 0, and
denote by ¢ and p the cardinality and the characteristic of k, respectively. Let
7 be a fixed uniformizer of K.

If F' is a field of positive characteristic p then by a Cohen ring of F we mean a
complete discrete valuation ring of characteristic zero with residue class field F'
which is totally unramified, i.e. whose maximal ideal is generated by p.

If R is a commutative unital ring then we denote by W(R) the ring of Witt
vectors with coefficients in R. If R is a commutative integral domain then we
denote by Quot(R) its quotient field. Finally, we fix an integer h with h > 1.

1 A fiber of the Lubin-Tate tower

Let C be the category of unital commutative complete noetherian local o-
algebras R = (R,mp) with residue class field R/mpr ~ k°P. We fix a one
dimensional formal o-module H of height h over k*P defined over k. If H is
a one dimensional formal o-module defined over some object R of C, if X is a
coordinate of H and if o € o then we denote by [a]g = [a]g(X) € R[[X]] the
corresponding endomorphism of H.

Let m > 0 be an integer and consider the set valued functor 2),, on C associ-
ating with an object R of C the set of isomorphism classes [(H, p, ¢)] of triples
(H, p, ) consisting of the following data. H is a one dimensional formal o-
module of height h over R, ¢ : (1~™0/0)" — (mg, +x) is a homomorphism of
abstract o-modules such that the power series [, ¢ (r-mo /0y (X — @(c)) divides
the power series [7™] g in R[[X]] (a so-called level-m structure), and p : H — H
mod mp is an o-linear isomorphism.



If m' is an integer with m’ > m then restricting level-m’ structures to the
submodule (77™0/0)" of (77" 0/0)" gives rise to a natural transformation
D — D,n- The following fundamental results are due to V. Drinfeld (cf.

[5], Proposition 4.2 and Proposition 4.3).

Theorem 1.1 (Drinfeld). (i) For any integer m > 0 the functor 2),, is rep-
resentable by an object Ry, of C. The local ring R,, is reqular.

(ii) Assumem > 1. If[(HY, p¥,, i )] denotes the universal isomorphism class
for .., and if (et,)1<i<n is an o/7™o-basis of (1~™0/0)", then the family
(0¥ (el.)): is a system of reqular coordinates of Ry, .

(ii2) If m’ and m are integers with m’ > m > 0 then the ring homomorphism
Ry — Ry induced by the natural transformation ), — D, is finite

and flat.
(iv) The ring Ry is noncanonically isomorphic to the ring o[[t1,...,th—1]] of
formal power series in h — 1 indeterminates ty,...,t,_1 over o. O

In the following we shall always work with the standard basis (e!,); of (7 ~™0/0)".
For any integer m > 0 the natural action of Gy := GLj(0) on (7~ ™0/0)" in-
duces an o-linear action of Gy on R,,, compatible with the transition maps
R,, — Rpy. We let Q,, := Quot(R,,) be the quotient field of R,,. According
to a result of M. Strauch, the above action makes @),, a Galois extension of Qg
with Galois group GLp(0/7™0) (cf. [17], Theorem 2.1.2). We let

Ry = hialmRm and Qoo = hi}HQO = QUOt(Roo)'

The extension Q|Qo is Galois with Galois group Gg, and the Gg-actions on
R and Q« extend to 6-linear actions of the subgroup of GLj(K) consisting
of all elements g € GL,(K) with det(g) € 0™ (cf. [17], section 2.2.2 for details).

According to [8], Proposition 5.7, the regular coordinates t1,...,t,—1 of Ry and
the coordinate X of H{ can be chosen in such a way that for all 0 <7 < h

[m]as (X) = 6:X7 mod (fo,... i1, X7

with to := 7 and ¢;, := 1. Following [18], we let p; := p; o be the prime ideal of
Ry generated by tg,...,t;—1 for any 0 < i < h. For any integer m > 1 we let
pi.m be the prime ideal of R, generated by ¢¥ (el.),..., % (e,).

For any integer 0 < i < h we let P(*) be the subgroup of GLj(K) consisting of

matrices of the form
(A x
9=\ 0o B

with A € GL;(K), B € GLj_;(K) and det(g) € 0*. We need the following
slight generalization of a result of M. Strauch (cf. [18], Proposition 4.1).

Proposition 1.2. For any integer 0 < ¢ < h and any two integers m' and m
with m' > m > 0 we have P; s N Ry, = Pim. The prime ideal p; o0 1= &nmpi’m
of Ro is stable under the action of P,



Proof: For m = 0 the relation p; ,,» N Ry = p; was shown in [18], Proposition
4.1. We may therefore assume m > 1. For any index k with 1 < k < i there
is an element o € o such that e, = a -e!, via the inclusion (7~™0/0)"* C
(7=™"0/0)". Pushing out along the ring homomorphism R,, — R,/ we identify

H":=Hy = H} = H},, and obtain a commutative diagram of o-modules

P
(=™ 0/0)" s (mg,,,+m)

| ow ]

(70 /o) — " (Mg, + ).

Therefore, p% (ek) = [a] g (¥, (eF.)) € p¥, (e ) - Ry and pi o C Pimr N Ry
By Theorem 1.1, the prime ideal p; ,,, has height ¢, as does p; ., N R,, because
R, is integrally closed and R,, — R, is an integral ring extension (cf. [3],

VIIL.2.3 Théoreme 2). It follows that p; s N Ry = Pim.

Now let g € P() and choose an element 7 € Z such that the matrix 7”7¢g~! has
coefficients in 0. Given an integer m > 1 we choose an integer m’ > m such that
7 "g- ol C q(m'=m)oh  The element g defines a natural transformation g :
D, — Y, corresponding to a local homomorphism g : R, — R,,. By repre-
sentability, the universal pair (H},,, ¢}, ) is sent to (H}, X R,,..g Bm’, Glmr,, 0@m)-
On the other hand, the transformation g is constructed as follows.

By the choice of r we have o® C 77 "g - 0. Moreover, 7 "g - 0" /0" is an
o-submodule of (77™ 0/0)". According to [5], Proposition 4.4, the quotient
H' := H",/o", (7 "go" Jo") exists as a formal o-module over R,, . Further,
multiplication with 77" ¢ induces an injection

(1m0 /o)L g=m' ol /=7 o,

whose composition with the map 7™ o" /7~ "go" — (mg_,,+m) induced by
o, is denoted by ¢’ and which is a level-m structure of H' (cf. [loc.cit.]). One
sets (Hy,,on,0) - g = (H', ¢').

m’

Now consider the commutative diagram of o-modules

(=m0 /o) =’ gh fr=r goh <L (= g g

W’ \ l W

(mRm7+H“) T (mRmM_'_H/) ﬁ (mRmM_'—H“)

in which the right horizontal arrows are the natural projections.
We need to show that (¢l (eX))) € pim: for all 1 < k < i. Since 7 "g(ek)) €

pry (3, 0-€;,,) by assumption on g, it suffices to see that (proowir,)(8) € pim
for all g € 23:1 0-¢ .



Coming from a homomorphism of formal groups, the map pry is given by a
power series pry(X) € X - Ry [[X]]. In fact,

(2) o) = ][ Hu(Xen(a).

acn—"goh /ol

Therefore, it suffices to see that ¢¥,(8) € pin for all 8 as above. Now
H" (X,0) =X, H*,(0,Y) =Y and [a]g«,(0) =0 for all & € 0. Since ¥, is
a homomorphism of o-modules, we are further reduced to the case § = efn, for
some 1 < j <4. In this case, the assertion is true by definition. O

From now on we will concentrate on the case i = 1 in the above proposition and
set mp 1= m, as well as m,, := ¢% (el) for any integer m > 1. For any integer
m > 0 we let R

0L, ‘= (Rm)(ﬂ""L)

be the complete local ring of R,,, at the prime ideal p1 ,, = (m,), which is a com-
plete discrete valuation ring (cf. [3], VI.1.4 Proposition 2 and VI.5.3 Proposition
5). We denote by L, := Quot(or,,) its quotient field and set

o, =limpor,, and Lo :=lim, Ly, = Quot(or_.).

According to Proposition 1.2 there are actions of the group P := P™) on o Lo
and on L. Their restrictions to Py := P N G have the following properties.

Theorem 1.3 (Strauch). The above action of Py makes Loo|Lo a Galois ex-
tension with Gal(Loo|Lo) = Po. Denoting by 1 € GLj,_1(0) the identity matriz,
its inertia group is the subgroup My of Py given by

MO::{<(3 f) | €0 and B € 0"}

In particular, the ring extension oﬁi lor, is étale and Galois with Galois group

P()/MO ~ Gthl(O).

Proof: If m > 0 is an integer, then the extension @.,|Qo is Galois with Galois
group GLp(0/7™0). The decomposition and inertia groups of the prime ideals
p1,m were computed in [18], Proposition 4.1. They are the images of Py and M)
in GLp(0/7™0) under the natural reduction map Go — GLp(0/7™0). Now one
uses [10], Corollaire I1.3 4. O

Consider the residue class field L., of L. According to Proposition 1.2 and

Theorem 1.3 it carries an action of P whose kernel contains the smallest normal
subgroup of P containing Mj. The latter is the subgroup

M::{(g 1) |a€o” and B e K1Y,

for which one has P/M ~ GLj_1(K).

Theorem 1.4. We have ffo = k5P,



Proof: Any P-invariant element of L, is contained in a subfield L,, for some
integer m > 1. For 2 < i < h we denote the image of ¢¥ (ef)) in R,,/(mm)
by 7;. By Theorem 1.1 and Proposition 1.2, R,,/(m,) is a complete noethe-
rian regular local k°°P-algebra with residue class field k*°P for which mo,... 7,
is a system of regular coordinates. Thus, R, /(mm) =~ kP12, ..., ]| (cf. [3],
VIIL5.2 Corollaire 3). Note that L,, is the quotient field of R, /(7).

Consider the k*°P-linear endomorphism of lim, R, /() defined by the diagonal
matrix g := diag(z—"*=Y 7 ... 7) in P. Setting m’ := m + h and r := 1 we
carry out the constructions of the proof of Proposition 1.2 and obtain that the
power series pry(X) for g defined in (2) satisfies

pra(X) = I[I #Xem)= T[ HuwX epnlanme,))

acn—lgoh /ol aco/mho
= X7 mod mm R [[X]],

because @, (ar™el ) = [om'm]H:L, () € Ty Ry and since HY,(X,Y) = X

mod YR,/ [[X,Y]]. In particular, we have g(r;) = Tiqh for all 4. Thus, the field
Ly =~ Quot(k*°P[[r2, ..., 73]]) is actually stable under g, and the latter acts on
it by raising the variables 7; to the power of ¢". It is elementary to see that any
element f € L,, fixed under this operation has to lie in the subfield k%P, [l

Corollary 1.5. The field Lo, is perfect.

Proof: Let m > 1 and n > 1 be integers. With the notation of the proof of
Theorem 1.4 we have

—hn

Iy~ Quot(k**P[[rs,...,m])" " = Quot(k*P[[rg ... 7)),

m

nh
because k*°P is perfect. However, 7/ = ¢"(7;), and the field endomorphism
g" of L., is bijective (its inverse is given by g~™ € P). Since g’”(n—)qnh =
nh —nh

g (! ) =7, wehave 77 =g "(1;) € Loo. O

Corollary 1.6. The P-action on Lo, factors through a faithful action of P/M =~
GLj,—1(K).

Proof: We have already remarked that M is contained in the kernel of the
P-action on Ls,. The restriction of the GLj,_;(K)-action to GLy_1(0) makes
the separable closure of Ly in L., a Galois extension of Ly with Galois group
GLj—1(0) (cf. Theorem 1.3). Thus, unless h < 2, the kernel of the GLj_1(K)-
action cannot contain SLj_1 (K), hence has to be a central subgroup in all cases.
Let a € K* act trivially on L., and write & = aon™ for some integer n and
some element o € 0*. Replacing a by a~! if necessary, we may assume n > 0.
In this case the action of 7™ is given by ¢™ with g as in the proof of Theorem 1.4.
As seen there, the automorphism ¢” of L., stabilizes any of the subfields L,,.
However, in contrast to ap, its restriction to L,, is no longer bijective unless
n = 0 or unless we are in the trivial case h = 1. Thus, a = ag € 0* and a =1
by Theorem 1.3. O

Theorem 1.7. We have LY, = K.



Proof: We have LY C LI = L,. Let a € Ly be P-invariant. Since 7 €
Lfo N Ly we may assume « € or,. Its image in Lo is P-invariant so that
there is an element ag € 6 with a — ay € woy, by Theorem 1.4. Setting
B :=(a—ag)/7 € 0r,, the same procedure yields an element oy € 8 such that
B—aj € Top,, i.e. a—ag—may € m2or,. Proceeding inductively, one constructs
a sequence (o, )n>o of elements of 6 such that oo — Z?:o a;mt € oy, for all
n > 0. Since oy, is m-adically separated and o is m-adically complete, we obtain
a=Y " T €8, O

2 Higher fields of norms

Let Fy be any perfect field of characteristic p, let o, := W (Fy), and let Fy be
the quotient field of og,.

Let ¢1,...,th—1 be indeterminates, and let ox, be the complete local ring of
0r[[t1s---,th—1]] at the prime ideal generated by p. For any integer m > 1 we
let K, be the extension of Ky := Quot(ok,) obtained by adjoining the group
ppm of p'-th roots of unity, as well as fixed p"*-th roots t}/pm, . ,t,ll/_]D:L of the
elements tq,...,t,_1. We choose the latter in such a way that (tg/pm+1 P = tg/pm
for all m > 1 and all ¢. Similarly, we choose primitive p"-th roots of unity (,m
satisfying Cﬁmﬂ = (pm for all integers m > 1.

Being finite over Ky, the fields K, are complete discretely valued fields whose
valuation rings will be denoted by ox, . We have K,,, C K,,,» for any two integers
m and m' with m’ > m > 0, and we let

Ok, = limnog, and K :=lim, K, = Quot(ok,,).
We shall need the following standard facts whose proofs are elementary.

Lemma 2.1. Let m > 1 be an integer.

(i) Kso|Ko is a Galois extension with Gal(Ku|Ko) ~ Zh=1 % 7%

.. 1/p””. 1/p7n . .
(i) We have ok, = ok, [CGm,t1"" ..., 42 |. Further, (ym — 1 is a uni-

formizer of K,,, and the residue class field of K, is given by K, = Fg
The minimal polynomial of (ym+1 over Ky, is XP — (ym, the minimal poly-

m m m m—1
nomial of tz/p over Km_l(@m,t}i/p ,...,t%’i ) is XP — t;/p . We
have [Kpi1 2 Kp) = p" and [K,, : Ko = p'~ L.

1 - N
uKerlloKm - (UKm+1/p . 0K'rn+1) O.f UKerl‘

modules. O

(i4i) There is an isomorphism Q

Assume the characteristic of K to be zero. Let F := k%P and construct the
field K correspondingly. We have op, = Zp, and Theorem 1.1 allows us to view
Ly as a finite extension of Ko. Let Ngqg, : K — Qp be the norm map and let
PY be the kernel of the homomorphism N K|g, odet : Py — Z. Consider the

composite extension L, K, of Ly = RK().
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Theorem 2.2. Assume the characteristic of K to be zero and at least one of
h or q to be different from 2. Let P := Gal(LooKoo|Lo) and consider the short
exact sequences of Galois groups

0 —— Gal(Loo Koo |LoKoo) — P —— Gal(LoK | Lg) — 0

0

Gal(Loo Koo | Loo) T Gal(Loo|Lo) —— 0.

We have Loo N LoKoo = Lo(pp=). As a consequence, there are isomorphisms
Gal(Loo K| LoKoo) =~ P and

Gal(LocKoo|Loo) = Gal(f(Koo|f(K0(:“p°°))) = Gal(Koc|K0(:Up°°)) = Zzil'
If T := Gal(LoKwo|Lo) then T ~ A x T with A = Gal(K K| K Ko(ipe))
and Ty == Gal(K Ko(pup= )| K Ko) =~ Gal(K (j1pe )| K), which is isomorphic to an
open subgroup of Z,; .

Proof: For any integer m > 0 let K,, be the finite extension of K obtained by
adjoining to K the 7™-torsion points of a formal Lubin-Tate module of height
one over 0. According to [16], Corollary 3.4, we have K,, C L,,. In particular,
Lo contains the maximal abelian extension of K, whence K (ip) C Loo. By
the proof of [16], Theorem 4.4, and by local class field theory, the action of P,
on Lo(ppe) factors through Ng g, o det and Gal(Log|Lo(pp=)) = Py .

Let K/ := li_n>1mlu(m. Since ppe C K, the extension Iu(’KOO|I§"KO is abelian
by Kummer theory and so is the extension L., N K'Ko L[U( 'Ky. It follows from
the results of M. Strauch quoted above that Gal(L.|K'Lg) = Py N SLy(0),
of which Gal(Ly, N K’ Koo|f( 'Lo) is an abelian quotient. Except for the case
g = h = 2, which we excluded, the commutator subgroup of PyNSLy,(0) contains
the unipotent radical Ny of Py. Therefore, Lo, N K'Ko C LYo, On the other
hand, No = MoNSLx(0), so that the extension 0 vo [0, is étale (cf. Theorem
1.3). In particular, the natural map

(3) Gal(Lo N K'K | K'Ly) — Gal(Loo N K'Koo|K'Lo)

is bijective, and the residue class extension on the right is separable. We omit
the proof of the following elementary lemma.

Lemma 2.3. If F' is an algebraic extension of Qp(upao) then Koo N FKy =
Ko(ppe) and KKooNKF Ky = KKo(pp ). Further, the inclusion Koo C FK
induces an isomorphism on the residue class fields. O

By Lemma 2.1 and Lemma 2.3, the residue class extension L, N IU(’KOOUU(’LQ
is purely inseparable. Being also separable, it has to be trivial, and we obtain
LoNK'K,, = K'Ly = K'K, by the bijectivity of (3). Lemma 2.3 then implies
that Lo N KKy = K'KoNK Ko = KKo(pip=) = Lo(jtp=). As a consequence,

Gal(Loo Koo|LoK o) = Gal(Loo|Loo N LoKoo) =~ Gal(Loo|Lo(ptp)) =~ Py
Further, Lemma 2.1 and Lemma 2.3 imply that

Cal(KKoo|KKo(pip=)) =~ GCal(Koo|Koo N KKo(ptp=))
~  Gal(Koo|Ko(pp~)) = Zh "

11



Finally, since K is totally unramified, any Eisenstein polynomial over Zp re-
mains irreducible over Ky. By a degree argument, FKy, N F*8 = F for any
algebraic extension F' of Qp. Now consider the commutative diagram of restric-
tion maps

Gal(f(KO(Mpm”kKO) - Gal(f((/‘p""”k)

Gl (Ko 1y )| Ko) —— Gal(@, (pp)|Qy) ~ Z7,

in which the vertical arrows are well defined by the preceding remark, and in
which the lower horizontal arrow is an isomorphism according to Lemma 2.1.
Moreover, Ko(pp=) N K KoNQyp(ppe) = K NQy(p1p< ), implying the upper hor-
izontal arrow to be an isomorphism, as well. (I

A generalization of J-M. Fontaine’s and J-P. Wintenberger’s theory of norm
fields to higher dimensional local fields was first given by V. Abrashkin (cf. [1]).
Building on results of G. Faltings, different and still more general approaches
were developed by A. Scholl (cf. [15]) and F. Andreatta (cf. [2]). We are going
to follow the ideas of Scholl.

Let again Fy be an arbitrary perfect field of characteristic p, and let Ky be as
at the beginning of this section. Let M|Kj be a finite extension of fields and
set My := M K. According to Lemma 2.1 and [15], Theorem 1.3.3, the tower
(MK ,,)m>o is strictly deeply ramified in the sense of [loc.cit.], page 692. More
precisely, Lemma 2.1, [15], Proposition 1.2.1, and the proof of [15], Theorem
1.3.3, show that if M,, := MK,, and if (, denotes a primitive p-th root of
unity, then there is an integer ng > 1 with the property that for all integers
n > ng the endomorphism (z +— x?) of o, , /(¢ — 1)ons, ., factors as

(4) 0Mn+1/(Cp - 1)0M'n.+1 - OMn/(C;D - 1)0Mnc—> 0Mn+1/(Cp - 1)°Mn+1'

Further, the ramification index of the extension M, ;1|M,, is p. In particular, one
can choose uniformizers myy, of M, sucht that 71'5\’/Mr1 =y, mod ((p—1)onr,,,
for all n > ng and set

s, = (7o, )nzng € X7 = limy>ne0nr, /(G — 1)on, -

In each step, the transition map in this inverse limit is the left arrow in (4). The
first main result of Scholl’s theory is the following theorem (cf. [15], Theorem
1.3.2).

Theorem 2.4 (Scholl). The ring XJJ\CIOO 1s a complete discrete valuation ring
of characteristic p with uniformizer . For any integer n > ng we have
MZH = M,, and the natural map )ﬁ"/lw — on, /(G — 1)onr, — M, induces
an isomorphism Xl\tloo /HMOOX]T/[OQ ~M,. O

Up to isomorphism, the quotient field Xjs  of XI\JZIOO depends only on M,
rather than on M, and only on a certain equivalence class of the tower (M, )n>0.
Due to this observation, the construction of X is actually functorial in M.
Scholl’s second main result is the following theorem (cf. [15], Theorem 1.3.5).

12



Theorem 2.5 (Scholl). The functor (Ms — X)) is an equivalence between
the category of finite field extensions of Ko, (with Koo -linear homomorphisms of
fields) and the category of finite separable extensions of Xy, (with X -linear
homomorphisms of fields). (|

Let X be the completion of X?;i with respect to the valuation induced from
Xk, . If M|Ky is a Galois extension, then so is MK,,|K, for any integer
m > 0. Since the ideal of oj/k,, generated by (, — 1 is stable under the action
of Gal(M K |Ky), it follows that the action of Gal(K;P|K) on X?;i and X
extends to an action of Gal(K;™|Ky).

There is a totally unramified complete discrete valuation ring og C W (X) with
residue class field X" which is stable under the Frobenius endomorphism

@ := W(x — zP) of W(X) and under the natural action of Gal(K;P|Kj) (cf.
[15], section 2.1 and section 2.3). In fact, in the notation of [15] we may set
0g 1= A.

3 Admissible y-modules

cont

Let H be a topological group. We let Repr (H) denote the category of p-
adically separated and complete Z,-modules V carrying a Z,-linear action of H
such that the structure map H x V — V is continuous for the p-adic topology
on V and the product topology on the left hand side. Note that if H acts Z,-
linearly on a p-adically separated and complete Z,-module V' then the structure
map H xV — V is continuous if and only if for every integer n > 0 the induced
H-action on V/p"V is smooth in the sense that the stabilizer of every element
of V/p™V is open in H.

If R is a commutative unital ring and if A and B are two R-modules, then we
denote by
ARrB = liLnnzo(A QR B)/pn(A ®gr B)

the p-adic completion of the R-module A ®r B.

Lemma 3.1. Let R be a commutative unital ring, and let A and B be two p-
adically separated and complete R-modules carrying continuous R-linear actions
of H. The diagonal R-linear action of H on A ®pr B induces a continuous R-
linear action of H on AQgB.

Proof: For every integer n > 0 there are canonical isomorphisms
(5) (A®rDB)/p"(A®rB)~A®gr (B/p"B) = (A/p"A) ®@r (B/p"B).

The H-representations A and B being continuous, the induced R-linear actions
on A/p™A and B/p"B are smooth, and hence so is the diagonal H-action on
the right hand side of (5). O

We need to slightly generalize the formalism of [6], section A.1.2, developed by
J-M. Fontaine.
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Let E be a field of characteristic p, let og be a Cohen ring of E, and set
& = Quot(og). The group H := Gal(E*P|E) ~ Gal(E™|€) acts on & and
0g in such a way that the induced action on the residue class field £5P of og
is the natural one. Note that this makes og an object of Rep%;nt(H ) because
for any integer n > 0 we have og/p"0g =~ 0gunr /p™0gunr, and the action of H on
Ogunr is smooth.

We choose a Frobenius endomorphism ¢ of og, i.e. a ring endomorphism whose
reduction modulo p is the endomorphism (z — zP) of E. The endomorphism
@ extends uniquely to Frobenius endomorphisms ¢ of ogun: and 0, commuting
with the action of H.

If H' is a closed subgroup of H we set og,, := og/ and let £y be its quotient

field. The ring og,, is the p-adic completion of og‘/nr and is a Cohen ring of
(Esep)H"

Now assume H’ to be a closed subgroup of H which is also normal. If V is an
object of Rep%;nt(H/H’) then we set

D (V) = (0g,, 82, V)T = (0g,, &z, V) /.
If H' = {1} we simply write D(V') := D13 (V).

Theorem 3.2. Assume H' to be a closed normal subgroup of H := Gal(E®P|E).
For every object V of Rep%;nt (H/H') the natural map

(6) USH/ ®05DH’(V) — O‘SH’ @ZPV

is a topological isomorphism of p-adically separated and complete og,,, -modules.
The functor Dy, from Rep%;nt (H/H') into the category of p-adically separated
and complete 0g-modules is faithful and transforms strict exact sequences into
strict exact sequences.

Proof: Let us first assume that p™V = 0 for some integer n > 0. Then all com-
plete tensor products in (6) can be replaced by the algebraic ones. Moreover,
since the ring extensions o¢,, |og and og,, |Z,, are flat, the algebraic tensor prod-
ucts involved, as well as the functor ( - )¥, commute with filtered unions. Now
V', being a smooth representation of the compact group H, is the filtered union
of its H-subrepresentations whose underlying Z,-modules are finitely generated.
Therefore, in order to show the bijectivity of (6), we may assume V to be of
finite type over Z,. This case is proved in [6], Proposition 1.2.4, and also gives
that Dy is exact on exact sequences of p-torsion representations of finite type
over Z,. Since the direct limit is an exact functor on filtered inductive limits
of og-modules, the latter result implies Dy to be exact on exact sequences of
objects of Rep%‘int (H/H') all of which are annihilated by p™.

For arbitrary V' the bijectivity of (6) follows from the same argument of passage

to the limit used in the proof of [6], Proposition 1.2.4. One also obtains a natural
isomorphism

(7) Dy (V/p"V) ~ Dy (V)/p"Dg (V).
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If V € Repy®™ (H/H') is such that Dy (V) = 0 then also Dy (V) /p" D (V) =~
]D)H/(V/p"V§ = 0 for all integers n > 0. Consider the isomorphism (6) for
V/p™V, in which the complete tensor products can be replaced by the algebraic
ones. Since og,, is faithfully flat over Z,, we obtain V/p"V = 0 for all n and
thus V = 0.

Recall that a homomorphism p : M — N of abelian groups is called strict for
the p-adic topology if p"im(p) = im(p) N p™ N for all integers n > 0. Consider
a strict exact sequence 0 — Vi — Vo — V3 — 0 in Rep%zm(H/H’).
By strictness, the induced sequence modulo p” is still exact for any integer
n > 0. Applying Dy to the latter, we obtain an exact sequence of og-modules
because of the exactness result already proved. We also know the natural maps
D (V1 /p"TiV1) — Dy (Vi /p™Vi) to be surjective, so that the Mittag-Leffler
criterion implies the sequence 0 — Dy (V1) — Dy (Vo) — D/ (V) — 0
to be exact. It is strict because it remains exact after reduction modulo p™ for
any integer n > 0 (cf. (7)). O

Corollary 3.3. If H' is a closed and normal subgroup of H = Gal(E®*P|E),
and if V is an object of Reps?™ (H/H'), also viewed as an object of Rep%;m(H)
via the projection H — H/H', then the natural og-linear map Dy (V) — D(V)
is a topological isomorphism for the p-adic topologies.

Proof: Let n > 0 be an integer. The diagram of homomorphisms of og-modules

Dy (V) /p" D (V) ——D(V)/p"D(V)

l |

Dg: (V/p"V) D(V/p"V)

is commutative and the vertical arrows are isomorphisms by (7). We may there-
fore assume V' to be annihilated by some power p™ of p. Consider the commu-
tative diagram of og-modules

0g Roe DH/(V) — > 0g Ko ]D)(V)

l l

P
The vertical arrows are isomorphisms by Theorem 3.2, so that the claim follows
from oz being faithfully flat over o¢. (]

We call (complete) p-module over og any (p-adically separated and complete)
og-module M together with a ¢-semilinear endomorphism ¢,s. The category

of complete p-modules over og will be denoted by ®'.

As usual, a p-module (M, pps) over og is called étale if M is finitely generated
over og and if the og-linear homomorphism

Q0 @opp M — M, a®@mi—a-pu(m),

is bijective. Note that any finitely generated og-module is automatically p-
adically separated and complete.
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Definition 3.4. A complete p-module (M, ppr) over og is called admissible
if for any integer n > 0 the p-module (M/p"M, ppr mod p™) over og is the
union of its étale p-submodules. The category of admissible ¢-modules over og
is denoted by @adm.

Note that if a ¢-module over og is the union of its étale p-submodules then it
is also the filtered union of its étale p-submodules (cf. [6], Proposition 1.1.5).

It follows from (5) that if (M, ¢pr) is an admissible p-module over og then the
natural map ®ps : 06®,, M — M is bijective. If M is finitely generated over
0g then the natural map

(8) 08 Qog,p M — 05@)05,@]\4

is bijective and M is admissible if and only if it is étale. Note also that if F
admits a finite p-basis then ¢ makes og a finitely generated and free module over
itself and the natural homomorphism (8) is bijective for any p-adically separated
and complete og-module M.

Lemma 3.5. If0 — M; — My — M3 — 0 is a strict exact sequence of complete
p-modules over og then My is admissible if and only if My and Ms are.

Proof: By strictness, the sequence remains exact after reduction modulo p”, and
we may assume p" My = 0 for some integer n > 0. It follows from Definition 3.4
and [6], Proposition 1.1.6, that together with Ms also M; and M3 are admissible.

Conversely, assume M7 and M3 to be admissible, let m € Mo, and let N3 be an
étale p-submodule of M3 containing the image of m. Choose a finitely generated
og-submodule N} of My mapping onto N3 and containing m. Let (n;); be a
finite set of generators of Nj. For every index i there is an element n, € N such
that @ar, (n;) —n} € My. Let Ny be an étale g-submodule of M; containing all
elements par, (n;) — nf, as well as N5 N Mj. Setting No := N7 + N, we obtain
a short exact sequence 0 — N7 — Ny — N3 — 0 of ¢-modules over og in which
N; and N3, and hence N, are étale (cf. [6], Proposition 1.1.6). O

If as above H = Gal(E®®P|E), and if V' is an object of Rep%;“t (H), then the re-
striction of p®idy from ogv@ZpV to D(V') makes the latter a complete @p-module

over og. If (M, @n) is an object of ®' then the @-semilinear endomorphism
0 ®@p of 0g ®,, M extends to an endomorphism of 05@)051\4. We denote this
extension by ¢,r, again. Note that ¢p; commutes with the action of H coming
from the natural action on og and the trivial action on M.

Theorem 3.6. (i) For any object V of RepZ“t(H), the complete p-module
D(V') over og is admissible. V' is of finite type over Z, if and only if D(V)
is of finite type over og.

(i) The functor D : Rep%‘;“t(H ) — ®39™ s an equivalence of categories trans-
forming strict exact sequences into strict exact sequences.

(iii) The functor V : @ggm — Rep%‘;“t(H) given by V(M) = (OgQA?agM)“”le
is quast inverse to .
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Proof: Let V be an object of Repcont(H). For any integer n > 0 we have

D(V)/p"D(V) ~ D(V/p"V) as cp-modules over og. Writing V/p"V as the fil-
tered union of its H-subrepresentations of finite type over Z,, it follows from
[6], Proposition 1.2.6, that the ¢-module D(V') is admissible.

Let M be an object of éﬂgm. If p"M = 0 then V(M), being an H-subrepresen-
tation of the smooth H-representation Ugv@ggM, is smooth, as well.

Now assume p"V = 0 and p" M = 0. By flatness, the algebraic tensor products
involved, as well as kernels and the functor (- ), commute with filtered unions.
In order to show that the natural maps M — D(V(M)) and V — V(D(V)) are
bijective, we may therefore assume V' to be of finite type over Z, and M to be
étale. In this case, the assertion was proved by J-M. Fontaine (cf. [7], Theorem
2.32). This establishes (ii) and (iii) for any of the full subcategories of objects
annihilated by some fixed power of p. In particular, the functor V is exact here,
as follows formally from Theorem 3.2.

Now let M be arbitrary and note that V(M) ~ lim,V(M/p"M). The results
we have proved so far imply that V(M) /p"V(M) ~ V(M /p" M) for all integers
n > 0. In particular, the Z,-module V(M) is p-adically separated and complete,
and the H-representation V(M) is continuous. We have

D(V(M)) =~ lim,D(V(M)/p"V(M)) = lim, D(V(M/p"M))
lim,, M/p" M = M,

1R

naturally in M, and likewise V(D(V)) ~ V by the torsion case already treated.

The final assertion in (i) follows from the fact that if V' (resp. M) is finitely
generated over Z, (resp. over og) then the functor D (resp. V) coincides with
that of Fontaine. O

If H is an arbitrary topological group then we let Repum(H ) be the category of
unitary representations of H over Qp, i.e. that of all Q- “Banach spaces V' carry-
ing a continuous Qp-linear action of H and admitting a bounded open H-stable
Z,-lattice V. As morphisms we consider all continuous H-equivariant Q,-linear
maps.

We let ¢ be the category of unitary Banach p-modules over &, i.e. that of
&-Banach spaces M carrying a ¢-semilinear endomorphism ¢j,; and admitting
a bounded open and ¢j,/-stable og-lattice M. As morphisms we consider all
continuous &-linear maps which commute with the given Frobenii. We let q)gdm
be the full subcategory of ®2" consisting of those objects for which the bounded
open s-stable og-lattice M can be chosen in such a way that the complete
o-module (M, pr|M) over og is admissible in the sense of Definition 3.4. The
objects of ®24™ will be called admissible p-modules over E.

Remark 3.7. If V is a Qp-Banach space carrying a continuous Q,-linear action
of a topological group H then the condition of V being unitary in the above sense
is equivalent to the existence of a norm on V, defining its topology, for which
the action of H is by isometries. Note that if H is compact then any continuous
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Qp-linear representation of H on a Qp,-Banach space is automatically unitary
(cf. [11], Remark 8.2).

Similarly, if M is an £-Banach space carrying a ¢-semilinear endomorphism ¢y,
then the existence of a ¢,s-stable bounded open og¢-lattice M of M is equivalent
to the existence of a norm on M, defining its topology, for which ¢, is norm
decreasing. Indeed, @) is norm decreasing for the gauge norm associated with
M because @ : € — &£ is an isometry. The converse is clear.

If F'is a complete valued nonarchimedean field with valuation ring op, and if
V and W are two F-Banach spaces, then we denote by V@pW the completion
of V ®p W with respect to the tensor product norm. It is again an F-Banach
space. If F is discretely valued, if mp denotes a uniformizer and if V and W are
bounded open o p-lattices in V and W, respectively, then the mp-adic completion
V®0FW of V Rop 1% injects as a bounded | open op- -lattice into V&pW. In par-
ticular, there is an isomorphism F' ®,,. (V®0FW) V@rW of F-vector spaces.
If V and W carry unitary F-linear actions of H, this implies that the diago-
nal H-action on V®@pW extends to a unitary action on V& W (cf. Lemma 3.1).

Likewise, if (M, ps) is a unitary Banach ¢-module over £ and if M is a M-
stable bounded open og-lattice of M, then the ¢-linear endomorphism ¢ ® @as
of €®e M extends to ERg M by continuity and stabilizes the bounded open og-
lattice o gu@o 81\04 . We denote this extension by ¢, again. The following theorem
is a direct consequence of Theorem 3.6.

Theorem 3.8. Let H' be a closed normal subgroup of H := Gal(E*P|E) and
set g = EM' . Let V be an object of Rep“m(H/H’), viewed also as an object

of Rep“m( ) via the projection H — H/H'.

(i) The restriction of pRidy from Eg®q,V to Dy (V) = (Eg®g, V) gives
the latter the structure of an admissible p-module over £. The natural map
Dg/(V) — D(V) := Dgy (V) is a topological isomorphism of &-Banach
spaces.

(ii) The functor D : Rep}ézi(H) — ®2Im s an equivalence of categories trans-
forming strict exact sequences into strict exact sequences. A quasi tnverse
V is given by V(M) := (E&s M)#¥=". An object V of Rep“m( ) is finite

dimensional over Q, if and only if D( ) is finite dzmenswnal over £.

4 Admissible (p,I')-modules

Let Fo be as in section 2, let ¢1,...,¢,—1 be indeterminates, and denote by Ko
the quotient field of ok, := o, [[t1, - - - 7th—1”(p)- We let K, and X be as above.

As a set, the ring W(X ) of Witt vectors over X is in bijection with Hn>0 X.
Endowing the latter with the product topology of the valuation topologies on
each factor, one obtains the so-called weak topology on W (X). It makes W (X X)
a topological ring. Note that for any integer n > 0 the projection W (X X) — X"
onto the first n components induces a bijection W (X)/p"W(X) ~ X™. Endow-
ing each of these quotients with the quotient topology (which is the product
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topology of the valuation topologies on each factor), the bijection
W(X) = limy oW (X) /p" W (X)

is a topological isomorphism for the weak topology on the left hand side and for
the inverse limit topology on the right hand side.

Recall further that there is an action of Gal(Ky™|Kq) on X, as well as a totally
unramified complete discrete valuation ring oz € W (X) which is stable under
the action of Gal(K;™”|K() and under the Frobenius endomorphism of W (X).
Its residue class field is a separable closure of the norm field Xx__ .

H
- £
with the subspace topology of W (X). In this way, it becomes a topological ring.

If H is a fixed closed subgroup of Gal(K;"|K) we endow the ring og := 0

If M is a finitely generated og-module then its weak og-topology is defined to
be the quotient topology of 0&/ker p for any og-linear surjection p : 0% — M.
If M is any p-adically separated and complete og-module then we define its
weak 0g-topology to be the inverse limit topology of M ~ liLnnZOM/p”M where
each og-module M /p"M is the topological inductive limit (in the category of
topological spaces) of its finitely generated og-submodules endowed with their
weak og-topologies.

Remark 4.1. Note that if M is a finitely generated og-module then it is p-
adically separated and complete, and the two notions of weak og-topology given
above coincide. Namely, endow M and any of the modules M/p™M with the
quotient topologies coming from suitable presentations p as above. The projec-
tion M — M /p™M is then continuous and open, and it suffices to see that the
continuous bijection M — lim, M /P M is a topological isomorphism. This in
turn is due to the fact that M admits a basis of open neighborhoods of zero
consisting of additive subgroups, each of which contains some submodule p™ M.

Note also that if M and IV are two p-adically separated and complete og-modules
then any og-linear map M — N is automatically continuous for the weak og-
topologies.

We need to supplement the results of [15], section 2.1, by a few topological
considerations. The necessity of doing so was pointed out in the diploma thesis
[14] of T. Schoeneberg.

Lemma 4.2. Let F|Fy be a finite totally ramified extension and set G :=
Gal(Ky|FKy), H := G N Gal(Ky™P|Koo) ~ Gal(Ky™"|FKoo) and og == of . If

cont

V' is an object of Repy’ (G) then the diagonal action of G on ogv@ZpV is contin-
uous for the weak og-topology. The action of T := G/H onD(V) := (ogv@ZpV)H
is continuous for the weak og-topology.

Proof: The first assertion is easily established. As for the second assertion, we
follow the arguments of [14], Proposition 3.2.21, and have the results of Theorem
3.2 at our disposal. Thus, we may assume p"V = 0 for some integer n > 0 and
V' to be finitely generated over Z,. The natural map

05 Do D(V) — 05 @z, V
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is an og-linear isomorphism, hence a topological isomorphism for the weak o4-
topologies. Since it is also G-equivariant, our above result reduces us to showing
that the natural map D(V) — og ®,. D(V) is a topological embedding if the
left (resp. the right) hand side is endowed with its weak og-topology (resp. with
its weak og-topology). Since D(V) is a finitely generated torsion module over
the totally unramified discrete valuation ring o¢ of characteristic zero, we may
assume D(V') >~ og /p™og for some integer m > 0.

The homomorphisms og — o0g — W (X) being continuous, the induced ho-
momorphisms modulo p™ are continuous for the quotient topologies, and it
suffices to see that the homomorphism og /p™0s < W (X)/p™W(X) is a topo-
logical embedding.

Gal(K5P|Koo)

For the moment, consider the ring og(k,) = 0 P , corresponding to

the case F' = Fy. According to A. Scholl’s construction in [15], section 2.1 and
section 2.3, the ring o0g(x,) contains a G-stable and ¢-stable two dimensional

noetherian regular local subring og( Ko) such that og(f,) =~ (o;( Ko)) ) and

(p
0 /pot =0 C Xk, =0 /po .
E(Ko)/ PO (Kky) XKoo Koo E(Ko)/POE(Ko)

Choosing a Cohen ring C C 0‘5"( Ko) of Xg.__, there is a noncanonical isomor-
phism OZ( Ky = C [[¢]], sending the formal variable ¢ to a lift of a uniformizer
of 0x,_. Further, og(s,) is isomorphic to the p-adic completion C[[t]][t™!] of
C[[#]][t~1], which is also the complete local ring of UZ_(KO) at (p).

The choice of ¢ on og(g,) — viewed abstractly as a Cohen ring of Xy — is
related to the embedding og(g,) — W(X') through a factorization

0e (Ko) o W (08 (1)) —> W (0g(10) /PO (10)) — W (X).

The two arrows on the right are the natural ones, whereas p is determined by the
condition that for any element a € 0g(x,) and any integer n > 0 the n-th ghost
component of u(a) be ¢™(a). Since the subring og(KO) of 0g(k,) is p-stable, the

embedding og(x,) W (X) restricts to an embedding og(KO) CW(og).

Note that the weak topology of W(X) can be defined by the basis of open
additive subgroups p'W(X) + t/W (o) with integers i > 0 and j > 0. We re-
topologize og(g,) by defining a basis of open neighborhoods of zero through
the og( K,)-Submodules Pos(Ky) + 1 og( Kk,)- This topology is finer than the
weak 0g(x,)-topology and induces a continuous embedding og¢(x,)/P™0e (k) —

W(X)/p™W (X). Tt suffices to see that the latter is topological. For this it
suffices to see that

0% (ko) /P08 (1) = O (o) /P 0 (10) VW (0%)/p" W (0%)

in W(X)/p™W (X). The analogous result for o & was shown in [6], Proposition
B.1.8.3 (iv).
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For brevity, we set R, := R/p™R for any of the rings R we are working with.
We have 0;( Koym = Cml[t]], where C'is a complete discrete valuation ring of

characteristic zero with maximal ideal p - C. Any element f € 0;( Ko)ym is of
the form p"t®e with a unit e € (ozf(KO) ) and integers 0 <7 < m and s > 0.
Since 0g(ky),m = szot_jog(KD))m and since 0g(g,),m N Wy (0%) is a ring con-
taining o‘g(KO) > the assumption UZI(KO) m 7 0(Ko),m N Wi(og) would imply
prtTe e Wm(oj() for certain integers 0 < r < m and s > 0. This is absurd be-
cause the r-th component of the Witt vector p"t—* is the image of t " € 08 (Ko)

in Xg_ = 0g(k,)/Pos(K,), Which is contained in X \og.

Let us return to the general case. The extension FK,,|K,, is totally ramified
for any integer m > 0. According to [15], Theorem 1.3.4, so is the extension
Xrk | Xk, . In particular, any uniformizer of Xpg_ is the root of an Eisen-
stein polynomial over oy, —and generates ox,, . We lift such a polynomial
to a monic polynomial over og( Ko)' It is Eisenstein with respect to the maximal
ideal of o;f( Ko) and, by Hensel’s lemma, admits a root t' € og. By the corollary
to [3], VIIL.5.4 Proposition 4, the subring o} := og(KO) [t'] of og is regular with
maximal ideal generated by p and t'.

Since oz and 0;( Ko) have the same residue class field, there is a noncanonical
isomorphism o} ~ C[[t']], where C is the subring of 02'( Ko) We considered before

(cf. [3], VIIL.5.5 Théoreme 2). Further, the natural homomorphism (0;)(;) — og
is an isomorphism because it is so modulo p.

Although we cannot guarantee that t' € W (o), we have C' C W (o). Further,
the fact that the image of ¢ in 0 has positive valuation implies that for any
integer m > 0 there is an integer kg > 0 such that (#')* € p”W(X) + W (og)
for all integers k > ko. The idea of [14], Proposition 3.2.21, is to consider the
subring B := W (o ¢)[t'] of W (X). By the preceding remark, the weak topology
on W (X) admits the fundamental system pW (X) + (t')7 B of open neighbor-
hoods of zero with ¢ and j running through all positive integers.

As above, we retopologize 0g by means of the fundamental system plog + ()7 0'5"
of open neighborhoods of zero. We need to show that the corresponding quotient
topology on o¢ ,,, coincides with the coarser topology induced from Wm(X ). De-
noting by B, the image of B in W,, (X), it suffices to prove that the set oi{m
contains the subset og ,, N (') By, = (') (0g,m N By,) for some integer j > 0. If
this is not true then the above argument implies the existence of an integer r with
0 < r < m and a strictly increasing infinite sequence of positive integers (j;);
such that p"(#')~7* € By, for all i. This would imply p" € N;>o(t') By, = {0},
i.e. p" =0in og,, — a contradiction.

As a consequence, the weak topology of og admits the fundamental system of
open neighborhoods of zero given by the sets p'og + ¢/ (0g N W (0 g)). O

Let G, H,T' = G/H and og be as in Lemma 4.2.
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Definition 4.3. An admissible (p,I')-module over og is an object (M, par) of
(I)EIS’I, carrying a semilinear action of I', such that for all integers n > 0 the
p-module (M/p™M, @ mod p™) over og is the union of its T'-stable étale ¢-
submodules and such that on each of the latter, the action of I' is continuous
with respect to the weak og-topology. The category of admissible (¢, I')-modules

over og is denoted by <I>1"‘*dm.

Note that the I'-action on an admissible (¢, I')-module over og is continuous for
the weak og-topology. Moreover, Theorem 3.6 and the proof of Lemma 4.2 show
that if V' is an object of Repcont(G) then the complete p-module D(V') over o¢
carries the structure of an admissible (¢, T')-module over og.

Lemma 4.4. With the notation of Lemma 4.2, if (M,on) is an object of
<I>l""‘dm then the diagonal action of G on 05®08M is continuous for the weak
0g- topology. The induced action of G on V(M) := (05®0£M)“’M Lis continuous
for the p-adic topology.

Proof: For the first assertion we may assume M to be a finitely generated p-
torsion module. Let of 1= 0g N W(og) and M := 0480, M =~ 0g @, M. Let
the element t € o} ¢ be as in the proof of Lemma 4.2. By the usual reasoning,

one is reduced to the claim that the map G x M — M is continuous at (1,0).
Let (ei); be a set of generators of M over o¢, and let m > 0 be an integer. Then
U:= D tmol #Ci C M is a basic open neighborhood of zero in M whose intersec-
tion with M contains the basic open neighborhood U := )" t"(og N W (0 ¢))e;.
Since the G-action on M is continuous, there is an integer n and an open sub-
group Gg of G such that Gy - >, t"(0c NW(0g))e; € U. Since 025 is G-stable,

this implies Go - >, t”og‘ei - 0; U =U.

As in the proof of Lemma 4.2, the second assertion is reduced to the claim
that for any integer n > 0 the natural map Z,/p"Z, — og/p™oz is a topolog-
ical embedding for the p-adic (i.e. the discrete) topology on the left and the
weak 0z-topology on the right hand side. The latter, however, is Hausdorff, and
the discrete topology is the only Hausdorff topology on the finite set Z, /p™Z,.0

Summarizing Theorem 3.6, the remark after Definition 4.3, and Lemma 4.4,
we find the following generalization of the results [6], Théoreme 3.4.3, of J-M.
Fontaine and [15], Theorem 2.1.3, of A. Scholl.

Theorem 4.5. Let F|Fy be a finite totally ramified extension and set G :=
Gal(K,’|FKy), H := G N Gal(K;P|Kx) ~ Gal(KyP|FKw), 0g := og and
T:=G/H. The functor

D : Reps?™(G) — @I5™,

given by D(V) := (055921) V)H is an equivalence of categories transforming strict
eract sequences into strict evact sequemces. A quasi inverse is given by the
Junctor V with V(M) := (05®o, M)#¥ =1, O

An admissible (p,T')-module over € := Quot(og) is a unitary Banach p-module
(M, o) over € carrying a semilinear action of I such that M admits a bounded
open og-lattice M which is stable under the actions of I' and ¢,; and which,
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with respect to the induced structures, is an admissible (¢, I')-module over og
in the sense of Definition 4.3. We denote by @ngm the category of admissible
(¢, T')-modules over £. Theorem 4.5 implies that the functor

D : Repy(G) — @T™,

given by D(V) := (5v<§>@p V)H is a well-defined equivalence of categories trans-
forming strict exact sequences into strict exact sequences. A quasi inverse is
given by the functor V with V(M) := (E@egM)#m=1

5 Unitary representations of compact groups

Let the characteristic of K be arbitrary. Let ¢1,...,t;_1 be indeterminates,
set E := Quot(k*P[[t1,...,th-1]]), and let og be the complete local ring of
W (k*P)[[t1,-..,tn—1]] at the prime ideal generated by p, viewed as a Cohen
ring of E. Choose any Frobenius endomorphism ¢ of og, and let £ be the
quotient field of og.

Theorem 5.1. With the above notation, there is a closed subgroup H' of H :=

Gal(E*P|E) such that H/H' ~ GLj,_1(0). Let og,, = o and g := EM.

(i) The functor Dy : Repcont(GLh,l(o)) — ®29m defined through Dg (V) :=

(0, @Zp V)GLn-1(0) s an embedding of categories transforming strict ex-
act sequences into strict exact sequences.

(i) The functor Dy : Rep“m(GLh_l(o)) — @2 defined through Dy (V) :=
(EH/@)QPV)GL’L 1(0) is an embedding of categories transforming strict ex-
act sequences into strict exact sequences. A unitary representation V of
GLyj,—1(0) over Qy, is topologically irreducible if and only if the correspond-
ing admissible o-module over £ admits only the trivial closed p-invariant
E-subspaces.

Proof: With the notation of section 1, E ~ Ly, so that the existence of H' follows
from Theorem 1.3. The assertions on the functors Dy follow from Corollary
3.3, Theorem 3.6 and Theorem 3.8. It remains to prove the last assertion of
(ii). If V is topologically reducible, then the corresponding ¢-module admits a
nontrivial closed p-stable £-subspace because Dy is fully faithful and exact on
strict exact sequences.

Conversely, let M be a closed ¢-stable -subspace of My := Dy (V) =~ D(V),
and set M3 := My /M. If M2 is a @-stable bounded open og- -lattice in My which
is an admissible p-module over og, then we let M1 and M3 be its intersection
with M; and its image in M3, respectively. Since M3 and hence M3 is p-torsion
free, the exact sequence 0 — J\;Il — ]\;[2 — M3 — 0 is strict. It follows from
Lemma 3.5, that the p-modules M; and M3 are admissible, and Theorem 3.8
implies the sequence

0— V(M) — V(My) — V(M;3) — 0

to be a strict exact sequence in Rep‘“:(H). Since V(Ms) =~ V, we have
V(M1) =0 or V(M;) = V. This implies M7 =0 or M; = Ms. O
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Note that all assertions of Theorem 5.1 remain valid if instead of E = Ly we
—rad

choose the perfect field £ := L, C Lo, because foo|fgad is Galois with Galois
group isomorphic to GLp_1(0) (cf. Theorem 1.3 and Corollary 1.5). We then

have og = W(fgad) and og,, = W(Lx).

5.1 char(K)=p

Assume the characteristic of K to be p, and let t1,...,t,_1 be indeterminates.
With the notation of section 1, let F := Lg, which is isomorphic to the quo-
tient field of the complete local ring of kP[[m, t1,...,th—1]] at the prime ideal

generated by m, i.e. to Quot(kSP[[t1,...,tn—1]])((7)). We choose

0 1= (W(ksep)[[tl,...,thfl]](;;)> (7]

as a Cohen ring of E where, by abuse of notation, 7 is viewed as a formal
variable reducing to m. Let £ be the quotient field of o¢ and choose an arbitrary
lift to og of the Frobenius endomorphism of E. Setting H' := Gal(E®**P|L),
the following result is proved as in Theorem 5.1.

Theorem 5.2. Assume K to be of characteristic p. With the above notation,
there is a closed subgroup H' of H := Gal(E*?|E) such that H/H' ~ P,. Let
0g,, = 0? and Er = EMT .

(i) The functor Dy : Rep%(;m(Po) — &34 given by Dy (V) := (0g,,®z, V)P
is an embedding of categories transforming strict exact sequences into strict
exact sequences.

(ii) The functor Dy : Rep&‘:(Po) — ™ given by D (V) == (Eg®g, V)P
is an embedding of categories transforming strict exact sequences into strict
exact sequences. A unitary representation V. of Py over Q, is topologically
irreducible if and only if the corresponding admissible w-module over £
admits only the trivial closed p-invariant €-subspaces. (]

Again, all assertions remain valid if E = Lo is replaced by E = L5*4. We then
have og = W(L§*) and og,, = W(L2). Similarly, we could work with the
field E = QX0 or with its perfect closure.

With the notation of secton 1, we can also consider E := @, which is isomorphic
to the quotient field of k%P([[m,t1,...,tn—1]]. As a Cohen ring og of E we choose
the complete local ring of W (k*¢P)[[r, 1, ..., tnh—1]] at the prime ideal generated
by p. We let € be the quotient field of o¢ and choose an arbitrary lift of the
Frobenius endomorphism of E to og. Setting H' := Gal(E*P|Q), the following
result is proved as in Theorem 5.1.

Theorem 5.3. Assume K to be of characteristic p. With the above notation,

there is a closed subgroup H' of H := Gal(E®*P|E) such that H/H' ~ Gy :=

GLy(0). Let og,, = og’ and Egr = ET'.

(i) The functor Dy : Rep%(;"t(Go) — 029 given by Dy (V) := (0g,, &z, V)%
is an embedding of categories transforming strict exact sequences into strict
ezact sequences.
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(i) The functor Dy Rep&’;i(GO) — ®2Im given by Dy (V) = (Eg®qg, V)
is an embedding of categories transforming strict exact sequences into strict
exact sequences. A unitary representation V of Gy over Q, is topologically
irreducible if and only if the corresponding admissible w-module over £
admits only the trivial closed p-invariant €-subspaces. (|

Once again, all assertions of Theorem 5.3 remain valid on replacing E = Qg by
E = Q4. We then have o¢ = W(Qi*?) and og,,, = W(Q2).

The group Py is a closed subgroup of G so that the corresponding categories
of p-adically continuous representations are related to each other. For the sake
of brevity, we are only going to consider the respective categories of unitary
representations on Q,-Banach spaces.

First of all, we have the restriction functor
. uni uni
res : Repg'(Go) — Repg, (Fo).

uni

In the other direction, let V' be an object of Repg, (Py) and choose a Py-invariant
norm on V, defining its topology. We let ind(V) := indIGDO0 (V') be the Qp-vector
space of all continuous functions f : Gy — V such that f(gp) = p~*f(g) for all
elements g € Gy and p € Py. The space ind(V') is complete with respect to the
supremum norm, and the left regular action makes it a unitary representation
of Gy. We obtain the induction functor

ind : Rep&i(Po) — Rep&’:(Go).

We pass on to admissible ¢-modules. In order to avoid the technical difficulties
of constructing Cohen rings for different fields, related by ring homomorphisms
for which the structures of Galois actions and Frobenius lifts are compatible, we
are going to work with perfect fields only (cf. the remarks following Theorem
5.2 and Theorem 5.3).

The embedding Q™4 — L4 induces an embedding W(Q™2d) — W (L)
which is Pp-equivariant and commutes with the natural Frobenius endomor-
phisms. It induces an equivariant embedding W (Q*24)[1/p] — W (L:24)[1/p]
of the corresponding quotient fields. These embeddings restrict to embeddings
W(Q§) — W(Lg*!) and W(Qg*)[1/p] — W (L§)[1/p].

Let (M, nr) be an admissible ¢-module over W (F)[1/p] for some perfect sub-
field F of Li2d. Choose a ¢)s-stable bounded open W (F)-lattice M of M which
is admissible as a ¢-module over W(F). The ¢-semilinear map ¢ ® ¢y on
W(LEY) @w (ry M extends to the p-adic completion and, after localizing at p,
makes W (LE)[1/p]@w (r)yp/pM an admissible ¢-module over W (LE) (note
that the algebraic base extension from W (F) to W (L) preserves étale (-
modules).

If (M, ppr) is an object of q)?/s?l@’)[l/p] for some field Q' with Q4 C Q' C Q*ad

then, by restriction of scalars, we obtain a unitary Banach ¢-module res(M)
over W (Qrad).
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Proposition 5.4. Assume K to be of characteristic p.

(i) Up to natural equivalence the following diagram is commutative

uni D adm
Repg, (Go) —— W gz 1/p)

resl iW(LB“d)[1/P]®W<and>[1/p1( ?)

uni D adm
Repg, (Po) —— Py (Lrsa)i /-

(ii) Let Q' := (Q4)Fo C L5, The functor
rad > . adm adm
W(LG)/plew@)n/p () ®Wonn e — PW(Lemd)n/m

is an equivalence of categories.

(iii) Let Q' = (Q2N)o. If V is an object of Rep&i(Po) then the p-module
res(D(V)) over W(QE4)[1/p] is admissible, and up to natural equivalence
the following diagram is commutative

uni D adm
Repg, (Go) —— Prwgza)/s

indT TTGS

uni

D adam
Repg)! (Po) ——= P31/

Proof: As for (i), let V be an object of Rep}él:(Go), and let V be a Go-invariant
bounded open Z,-lattice in V. It suffices to see that the natural map

W(LE) S qgpy W (Q2) Bz, V)% — (W(LL)Bz, V)"

is an isomorphism. We may assume that p"‘o/ = 0. After the faithfully flat base
extension from W (L) to W (L), the claim follows from Theorem 3.2.

Using that the natural restriction map Py ~ Gal(L™24|L5d) — Gal(Q224|Q) is
an isomorphism, assertion (ii) is proved similarly.

As for (iii), the map (f — f(1)) : ind(V) — V induces a Py-equivariant
map W(Q™24)[1/p]®q, ind(V) — W (Q=2)[1/p]®q,V, whence a homomorphism
D(ind(V)) — res(D(V)) of unitary Banach y-modules over W (Q5)[1/p]. We
need to see that it is an isomorphism. Choose a Go-invariant bounded open
Zy-lattice V in V. The p-adically complete Z,-module ind(V') consisting of all
continuous maps f : Gy — V with the above transformation properties, is a G-
invariant bounded open Z,-lattice in ind(V'). It suffices to see that the natural

homomorphism D(ind(V)) — res(D(V)) in @;51@,,3(1) is an isomorphism. Since
0
both sides are p-torsion free, it suffices to see that the map induced modulo p

is bijective.
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Let W be a Py-subrepresentation of V/ pf/ which is finite dimensional over F,,.
It suffices to see that the natural map

(Q2 @p, ind(W))% — (Q2 @5, W)

is bijective. Since W is finitely generated, the kernel of the Py-action contains
an open subgroup. Therefore, the Go-representation ind(W) is the union of the

Go-subrepresentations ind(I, W) := indg;’//fpom ; (W) with I running through the

open normal subgroups of Gg such that Py N I acts trivially on W. It suffices
to see that for any such subgroup I the natural map

(QE @, ind (I, W))% — (Q! @r, W)™
is bijective. Set Q7 := (Q™2%)!. We have
(QR! @, ind(1,W))% = (Qr ®x, ind(1, W)/,
and there is a G/I-equivariant isomorphism
Q1 @r, ind(I, W) ~ Qr ®grea ind(1, QY @5, W).

Since [Q1 : Q5] < oo, Frobenius reciprocity for finite dimensional Q5*-linear
representations implies

(Qr ®r, ind(I, W))So/!

1

HOmGO/[(Q?, lnd(Iv QBad ®]Fp W))
HomPU/POOI(Q?a (r)ad ®]Fp W)
(Q] ®]Fp W)P()/P()ﬁ[ ~ (Qroid ®]Fp W)PO ‘:l

¢

1

With the notation of Theorem 5.2, there is a unique choice of ¢ on o =
(W(k‘sel’)[[tl, e ,th,l]](;)) [[’R’H(;) whose restriction to W (k*P) is the canonical

Frobenius and which satisfies p(t;) = t¥ for 1 <i < h—1and ¢(7) = (1+7)P—1.
If og, := W(k*P)[[r]] ) then og, is a p-adically separated and complete ¢-stable
subring of og, and we have the functor of complete base extension

adm adm
CIJOSO — P5.

Note that the restriction homomorphism Gal(K3P|K) — I := Gal(K3°P| K1)
into the inertia group of K is an isomorphism (cf. [10], Corollaire I1.3.4). Since
og, is a Cohen ring of K, Theorem 3.6 implies that the category @ﬁg;“ of admissi-

ble p-modules over og, is equivalent to the category Rep%znt(l K ) of continuous

representations of Ix on p-adically separated and complete Z,-modules. Al-
though we obtain two functors

Rep™™ (Py) — ®32™ «— Reps?™(Ix),

this gives only a weak link between the two categories of representations in-
volved.

cont

Proposition 5.5. Let V' be an object of Repy ™ (Fo). There is an object o of
Rep%;nt(IK) and an isomorphism D(V) ~ 05@050]@(0) in ®29™ if and only if
the action of Py on V factors through the determinant. In this case, the action
of Ix on o factors through Gal(f('|f() ~ 0%, where K’ is the extension of K
obtained by adjoining to K all w-power torsion points of a formal Lubin-Tate
module of height one over o.
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Proof: Consider the embedding K C Lo. The K-subalgebra of Li® consisting
of all elements which are separable algebraic over K is a separable closure of K.
Set H := Gal(Lg™®|Lg) and consider the restriction homomorphism H — Ij. It
was shown in the proof of Theorem 2.2 that K®P N Lo = K so that KbepLo
Ksep ®p Lo. It follows that the above restriction map is surjective, hence gives
rise to the inflation functor inf : Repcont (Ig) — Repcont( ). We claim that up
to natural equivalence the diagram

Rep™ (1) — @2

infl \LOS@OSO(.)

n ]D)
Repz, “(H) —— Padm

is commutative. Replacing K and L by their perfect closures, it suffices to see
that for any object o of Repcont(l k) the natural map

W(LE) Sy jraay (W (E8)Bz,0) % — (W(LG*)®z,0)"

is an isomorphism. We may assume p"c = 0 for some integer n > 0. After
the faithfully flat base extension from W (L) to W(Lglg) the bijectivity of the
above map follows from Theorem 3.2.

On the other hand, the functor RepCont (Py) — ®29™ is the composition
Repcont(Po) _nf Repcont(H) o Padm,

It follows that if o exists as in the proposition, then its inflation to H has to be
trivial on H' := Gal(L™|Loo).

Below, we are going to show that L., N Ksep = K. Assuming this, it follows
that o is trivial on Gal(K®®P|K”’), hence factors as desired. For V this means
that the action of Py is trivial upon restriction to Gal(Log|K'Lg) ~ Py NSLy(0)
(cf. the proof of [16], Theorem 4.4).

Conversely, if V' is an object of Repc‘;m(Po) which factors through the determi-
nant then the existence of o is clear from the fact that the restriction homo-
morphism Py/(PyNSLy(0)) ~ Gal(K'Lg|Lg) — Gal(K'|K) is an isomorphism.

Thus, it remains to prove Ly, N KsP = K’. For any integer m > 0 let K,
be the field obtained by adjoining to K the 7m™-torsion points of a one dimen-
sional Lubin-Tate module of height one over o. By a result of M. Strauch, we
have ok, C Ry, Coyp, , and if &, denotes a uniformizer of Km then the ring

Ry, /€m Ry, is reduced (cf. [16], Corollary 3.4 and Proposition 4.2). In particular,
K’ C Ls. Since mor, C &nor, C myor, , the ideal &,0r, of o  is open,
and the natural homomorphism of rings

(Rm)(ﬂm)/fm : (Rm)(vrm) B 0L7n/§m0Lm

is an isomorphism. Since the ring on the left is isomorphic to the localization of
R, /&m Ry, at the prime ideal generated by 7, it is a reduced ring. As in the
proof of [9], Lemma 1.5, this implies K, to be separably closed in L,,. (Il
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5.2 char(K)=0

Assume the characteristic of K to be zero. Taking up the notation of section 2
and section 4, we let t1,...,t,_1 be indeterminates and choose

e i) = (Wt - tailly ) [l

as a Cohen ring of Xg_. According to [15], section 2.3, the image of the
embedding oy — W (X) — which depends on the choice of a Frobenius lift — is
stable under the action of Gal(K;P|Kj) if we let ¢ be the uniquely determined
endomorphism of og(f,) whose restriction to W (k*P) is the natural Frobenius
and which satisfies

o(ti)=thfor1<i<h—1 and ¢(r)=(1+m)? -1

The W (k*°P)-linear action of Gal(Ku|Ko) ~ ZI~" X ZX on 0g(f,) is then given
by

(bl,...,bh_l,a)ii:(1+7r)bit¢ and (bl,...,bh_ha)'ﬂ':(l—i—ﬂ')a—l
for all (by,...,bp—1) € Zz_l and all a € Z).

Consider the finite totally ramified extension K|Q,, and let G := Gal(K;P| L),
H = GNGal(K;P|Ky) ~ Cal(K;P|KKy) and T := G/H. Letting H' :=
Gal(K;P|Loo K ), any representation of P := G/H' ~ Gal(LK|Lo) is also
one of G via inflation. We set og := og and let £ := Quot(og). The following
theorem follows from Corollary 3.3 and Theorem 4.5. The last assertion of (ii)
is proved as in Theorem 5.1.

Theorem 5.6. Assume K to be of characteristic zero and let the notation be
as above.

(i) The functor Dy : Rep%c;m(ip) — I with Dy (V) = (ogl@)ZpV)H, is
an embedding of categories transforming strict exact sequences into strict
ezact sequences.

(ii) The functor Dy : Rep&i(‘,ﬁ) — LA™ with Dy (V) == (E7'®g, V)T, is
an embedding of categories transforming strict evact sequences into strict
ezact sequences. An object V' of Repg (B) is topologically irreducible if
and only if the corresponding admissible (¢, T')-module over £ admits only

the trivial closed (p,T)-invariant €-subspaces. O

Note that P admits Py ~ Gal(Ls|Lo) as a quotient. Via inflation, the cate-
gories Rep%;m (FPy) and Rep&’;i(Po) become full subcategories of Rep%;nt (B) and
Rep}é‘:(‘ﬁ), respectively. Further, I' ~ A x 'y with 'y ~ Gal(K(ﬂpm)|k) (cf.
Theorem 2.2). Forgetting the action of A gives a functor f : ®I'2dm — (I)adm,
where (@Fo)ﬁgm is the category of complete ¢-modules over og which carry a
semilinear action of I'g such that hypotheses analogous to those of Definition
4.3 are satisfied. Similarly, one defines the category (®T'g)24™. The linear dis-
jointness property in Theorem 2.2 yields the following fact.
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Theorem 5.7. Assume the characteristic of K to be zero. With the above
notation, if at least one of q or h is different from 2, then the functors foDg :
Repg™(Py) — (®T0)52™ and f o Dpv : Repgy. (Po) — ($T0)2™ are embeddings
of categories.

Proof: The choice of a section of the projection I' — I'/A ~ T’y gives rise to
a section of the projection P — PB/A ~ Py. By construction, any object V of
Rep%;nt (Py) is viewed as a continuous representation of 8 >~ A x P via inflation.

Since the action of A on
V= (0f Go Dy (V)7

is trivial, the Py-representation V is determined by the restriction of the di-
agonal JB-action on the p-module og ®o D/ (V) to the subgroup Py. For the
latter, however, it suffices to know f(Dg/(V)). If V is an object of Repér;i(Po),
then the proof is similar. (I

6 Example: Modular representations of GL;_1(0)

Let the characteristic of K be arbitrary. Since the functor D = D g of Theorem
5.1 commutes with reduction modulo p, we obtain an embedding of categories

D : Repi™ (GLy—1(0)) — @™,

The category on the left is that of F)-linear smooth representations of GLj_1(0).
The simple objects of this category are finite dimensional and, assuming p # 2,
factor through the quotient map GLj,_1(0) — GLp_1(k). Viewing the category
Repg, (GLy—1(k)) of finite dimensional Fy-linear representations of GLy,_1(k) as

a subcategory of Repf}f;nt (GLj,—1(0)) via inflation, the functor D restricts to an

embedding )
D : Repy, (GLp—1(k)) — Py,

Since most interesting F,-linear representations of GLj_1(k) are defined over
k rather than over F,, we slightly change our point of view and study the
embedding of categories D : Rep,(GLj_1(k)) — ®% using the Frobenius
p:=(x—z%) on E.

Such an embedding can be obtained from any Galois extension F|E of fields
of characteristic p with Galois group GLj_1(k). One simply sets D(V) :=
(F @ V)Gln-1(k) a5 before. We are going to specify an extension F|E for
which the simple étale p-modules over E corresponding to many irreducible k-
linear representations of GLj_1(k) can be written down explicitly.

Namely, we let F := L; ~ Quot(k*P|[[rs, ..., 74]]) with the action of GLj,_;(k)
given by g(;) := Z?;ll 9ijTit1 for all 2 < j < h and g = (gs5) € GLp—1(k). If
the characteristic of K is p then one can show this action to coincide with the
one considered in section 1, whereas it constitutes a linearized version thereof if
K is of characteristic zero. Since the above action of GLj,_1(k) on F is faithful,
F is a Galois extension of E := FGLn-1(%) with Galois group GLp,_1 (k).
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We let u(X) € E[X] be the minimal polynomial of 7o over E. Its roots are the
different Galois conjugates of 7o, i.e.

/J’(X): H (X*Oll'rQ*...*Olh_lTh).
t(ala"'7ah71)€kh71\{0}

An elementary argument shows that p(X) is of the form pu(X) = Z;:é A X ¢’ ~1
with A1 = 1.

Let the natural number f be defined through ¢ = p/. For any integer n with
0 <n < f—1 consider the (h — 1)-dimensional k-linear representation p,, of
GLp—1(k) given by

pn: QL1 (k) — GLy_1(k),  (gi) = (¢} ).

For example, pg is the standard representation of GLj_1(k) on k"~1. Further,
we view det : GLp_1(k) — k* as a one dimensional k-linear representation.

Proposition 6.1. There is a basis with respect to which the representing matrix
of the étale p-module D(det) is given by \y* € GL1(E). For any integer n with
0 <n < f—1 there is a basis with respect to which the representing matriz of
the étale p-module D(py,) is given by

—(M /A" =(nez/A0)P" 1/
1 0 0
EGthl(E).
0 1 0

Proof: Let e := [ cqr, k) g(m2)~! € F*. A direct computation shows that
g(e) = det(g)~'e for all g € GLj,_1(k) and that \;' = NF|E(TQ_1) = i L,
Thus, ¢(e) = Ay e, proving the first claim.

Since the functor D commutes with duals (cf. [6], Proposition 1.2.6), it suffices to
see that p;, is represented by the transpose-inverse of the given matrix. However,

D(p;,) = (F @y ply) =1 *®) ~ Homyar, ) (pn, F).

Denoting by (e1, . ..,ex_1) the standard basis of k"~! and by ey the correspond-
?:_11 T/ ® ef € D(p};). The element
Tf_:l satisfies the polynomial Z?;& X;nX ¢ independently of i, and we have
_ f s _ h=2 \p" j X
Foo(f)s- 0" 72 (f) € D(py,) with "~ (f) = =370 A7 @?(f). Now D(p;,)
is a simple @-module since the representation p,, is irreducible. As f # 0, it
follows that D(p?) is represented by the matrix

ing dual basis vectors, we have f := >

0 -~ 0 A
1 0 -

, O
0 1 =N
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The functor D commutes with symmetric powers so that we obtain explicit
descriptions of D(Sym™ py ® ... ® Sym"/~'py_1 ® det™) for any integer m and
all natural numbers ry, ..., r¢_1. If h = 3, for example, the above tensor product
representations with 0 < m < g—1 and 0 < r; < p — 1 are irreducible, pairwise
inequivalent and exhaust all irreducible k-linear representations of GLy(k). As
an example, if h = 3 then we see that ]D)(Sym2p0) can be represented by the
matrix
M/ AN 1/
—2X\1 /X0 —1/Xo 0
1 0 0

7 Unitary representations of noncompact groups

Let the characteristic of K be arbitrary and consider the field Lo, of charac-
teristic p introduced in section 1. According to Corollary 1.5, it is perfect, and
by Theorem 1.3 and Corollary 1.6 it carries an action of GLj_1(K) whose re-

c . - . . —rad . .
striction to GLj_1(0) makes Lo, a Galois extension of L, = with Galois group
GLp—1(0). By functoriality, there is a Z,-linear continuous action of GLj_(K)
on the Cohen ring 0z := W (L) of Lo, commuting with the natural Frobenius.

Let G be the subgroup of GLp_1(K) consisting of all elements g with det(g) €
0*. Let U C G be any compact subgroup and choose g € GLj,_1(K) such that

p— J— -1 J— p—
gUg™! C GLj_1(0). We have LOUO = g’l(ngg ), and the extension LOO|LOUO is
Galois with Galois group U.

Varying the notion of a coefficient system, as developed in [12] by P. Schneider
and U. Stuhler, we shall see that an object V € Repz‘:’“t(G) is completely deter-
mined by the family of admissible p-modules (0g ®z, V)Y with U ranging over
a particular family of compact open subgroups U of G.

More precisely, let X denote the Bruhat-Tits building of GL;,_1(K), viewed as
an abstract simplicial complex. It carries an action of G such that the stabilizer
subgroup U, of any simplex o of X is compact and open in G. We let 0, := 0?”.
A cohomological coefficient system of p-modules on X is a family M = (M, ),
of objects M, € @351, parametrized by the simplices o of X, such that for any
two simplices ¢/ and o with ¢/ C o there is a p-equivariant o,/-linear map
r7, Mg — M, satisfying r§ = idy,, as well as 7, = r7, o Tg:/ whenever
0" C ¢’ and ¢’ C o. Note that U, C U,  and hence 0, C 0, whenever ¢’ and
o are simplices of X with ¢/ C 0.

As in [12], Chapter V, there is a natural notion of G acting on a cohomolog-
ical coeflicient system M of p-modules on X. We call M locally trivial and
admissible if all p-modules M, are admissible, if the homomorphisms rZ, in-
duce isomorphisms oa@)oa, M, ~ M, whenever ¢/ C o, and if M carries an
action of G such that for any simplex o of X the induced o,-linear action of U,
on M, is trivial. We denote by ¢-Coeff%*™ (X)) the category of locally trivial
cohomological coefficient systems of admissible ¢-modules on X.
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Theorem 7.1. The assignment (V +— M = (M,),) with My := (0587, V)Y
is an equivalence RepZnt(G) — @-Coeﬁg’adm(X) of categories.

Proof: Let V € Rep%znt (G) be given and consider the family M. For any simplex
o of X the o,-module M, is an object of @gfm by Theorem 3.6. If ¢/ C o then
U, C U,, and we have the obvious ¢-equivariant and o0,/-linear homomorphism
7, My — M,. It induces an isomorphism Uaééoa,Mg/ ~ M, as can be seen
by reducing modulo p", performing the faithfully flat base change og ®,_ (),
and by referring to Theorem 3.2. The G-action on M comes from the diagonal
action of G on o 5@)2,,1/ and makes M a locally trivial cohomological coeflicient

system of admissible p-modules on X as required.

Conversely, given an object M of @-Coeﬂgadm(X ) and a simplex ¢ of X, we
let V, := (0®,, M,)?M-=1 € Rep%z“t(Ug) and set V := @,V,. Note that if
o’ and o are simplices of X with ¢/ C o then rJ, induces a U,-equivariant
Zy-linear isomorphism V,» — V. We again denote it by 7, and let W,/ be the
Z,-submodule of V which is the image of the endomorphism >°_- _, (idy, —r%,)
of V. Set V := V/ > or Wor. The G-action on M induces a semilinear G-action
on @gog<§>%Mc, and Z,-linear actions on V and V. Note that for any simplex
o of X the natural map V, — V is a U,-equivariant Z,-linear isomorphism. To
see this one is easily reduced to a maximal simplex and uses the fact that any
two such can be joined by a gallery. In particular, the Z,-module V is p-adically
separated and complete. The G-action on V' is continuous because its restriction
to any of the open subgroups U, is and because any Z,-linear endomorphism
of V' is automatically continuous for the p-adic topology.

It is a straightforward matter to show that the assignment (M — V') is functorial
and quasi inverse to the one above. We leave the details to the reader. O

7.1 char(K)=p

Assume the characteristic of K to be p and consider the field L724 of character-
istic p. According to Proposition 1.2 and Theorem 1.3 it carries an action of P
whose restriction to Py makes L4 a Galois extension of Lid with Galois group
P,. By functoriality, there is an action of P on the Cohen ring oz := W (L:24)
of L4, As in section 5 we could use it to embed the category Rep&ti(PO) into
the category é?,f,h(r};md)[l ol However, here we are interested in the functor

B P]

D : Repy (P) — ‘I’Lléﬁ(kmdm/pl’

given by D(V) := (SV@QQPV)P. Note that 7 = W (K™)[1/p] by Theorem 1.7.
There is also a functor V in the other direction, given by

V(M) = (E@yygrmay1 /g M)V,

but we do not expect the functors D and V to be as well behaved as for Ga-
lois groups. In particular, there is no reason as to why D should still be exact.
Therefore, instead of considering D(V') = HY, . (P, & ®q, V) as the only invariant

cont
of the semilinear P-representation & @QPV, we suggest to consider also its higher
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continuous P-cohomology.

Consider the complex Cf := C3 (P, € ®g, V) of bounded continuous cochains
on P with coefficients in 5®QPV. For each integer ¢ > 0, the space C} is
naturally an &-Banach space. We endow it with the p-semilinear endomorphism
g given by q(f)(g0,---,9¢) = ©(f(g0,...,9q)), Where ¢ = ©®idy denotes
the Frobenius endomorphism of £8g,V. The differentials d, : Cf — C{,
given by

g+1

(dqf)(goﬂ s 7gq+1> = Z(—l)if(go, s 7@'7 s 7gq+1)7

=0

(P,_g@)@pV) be the cohomology of

W) [1/p] Usually, the unitary

Banach @-modules over W (K™4)[1/p] which appear in this complex will not
be admissible, of course, as the example of the trivial one dimensional repre-
sentation V' = Q,, shows. Indeed, Cy(P, g@)QPQP)P ~ &, viewed as a p-module
over W (K™)[1/p]. It is easy to see, however, that L29 is not an admissible
p-module over K unless h = 1.

obviously commute with @,. We let HY

the complex (Cg)F, which is a complex in ®

If the cohomology of the above complex is Hausdorff, it follows that the co-

q &S : : uni :
homology group H¢o, (P, E®q, V') is an object of ¢ (&rad)[1/p] for any integer

g > 0. In this case one might even hope the p-structure to be admissible, in
which case HY, (P,E®q, V') would correspond to an object of Rep&l(l ) with

cont

I = Gal(K5P|K"™) ~ Gal(K*2|K*2d) (cf. Theorem 3.6).

Note, by the way, that if o5 C W(Ivfalg) is an I-stable Cohen ring of K™ and

if og, = oif , then there is a commutative diagram of functors
adm
D (I)W(f(rad)
Reps™™ (1) WK™ )8, (),
D\. ad
CHou

as can be seen as in Proposition 5.4. Now Theorem 3.6 implies the vertical one
to be an equivalence of categories, thus generalizing [6], Proposition 1.1.3.

Deeper results relating D and V will crucially rely on a better understanding of
the P-representations €& and L9, and of their cohomology. We hope to come

0o I

back to these questions in the future.
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