NOTES ON THE MOMENT MEASURE CONJECTURE

JOCHEN HEINLOTH AND XUCHENG ZHANG

ABSTRACT. The moment measure conjecture of Bialynicki-Birula and Sommese
gives a combinatorial characterization of all open substacks of a global quotient
stack for a torus action on a normal projective variety that admit a proper good
moduli space, in other words it characterizes the invariant open subvarieties
that admit a proper quotient. In this article we prove the conjecture for actions
on smooth varieties. This gives an instance of stability conditions defined by
cohomological invariants that are not given by Chern classes of line bundles.

1. INTRODUCTION

The existence result for moduli spaces of algebraic stacks [2] gives a new motivation
for the problem to find methods, that single out those open substacks of a given
algebraic stack that admit proper moduli spaces. One instance where a conjectural
answer to this problem is known is the case of global quotient stacks [X/T] that
arise from a torus acting on a projective variety, as this is the content of the moment
measure conjecture of Biatynicki-Birula and Sommese. This case in particular covers
examples of quotient spaces that are proper but not projective and therefore cannot
be obtained from a GIT construction. In this article we prove a version of this
conjecture using a cohomological interpretation of the combinatorial data of moment
measures. In contrast to GIT, in which the numerical criterion depends on the Chern
class of a line bundle, i.e., an element of the second cohomology of the stack, our
interpretation of moment measures is given in terms of (co)homology classes in the
degree corresponding to the top cohomological degree of the moduli space.

The first version of the moment measure conjecture [5, Conjecture (1.3)] of
Biatynicki-Birula and Sommese proposes an explicit combinatorial characterization
of the invariant open subsets of a normal projective variety X equipped with a torus
action, that admit a proper geometric quotient. They also formulate a version for
good quotients [B, Conjecture (1.4)] (see also [9] for a survey on these conjectures).
The sufficiency of the condition was known to the authors when they formulated the
conjecture, so the main point is to show that the combinatorial criterion is indeed
necessary.

Before formulating the conjecture, the authors had proved the result for 1-
dimensional tori [3, Main Theorem] and for geometric quotients of 2-dimensional
tori acting meromorphically on a compact K&hler manifold [4, (3.1) Main Theorem].
Later Biatynicki-Birula and Swiecicka [6], Biatynicki-Birula [8] and Hausen [I5]
proved that the conjecture holds for actions on affine spaces, projective spaces, and
affine varieties.

To formulate our result let T = GJ, be a split torus over an algebraically closed
field, acting on a smooth proper variety X. We assume that there exists a T-linearized
line bundle £ on X that restricts to an ample bundle on all orbit closures of closed
points (Definition 2.3| [Remark 2.7)).

From this datum Bialynicki-Birula and Sommese defined a cell complex C(X),
whose i-dimensional cells record which collections of fixed point strata can appear
in the closure of i-dimensional T-orbits of closed points (see . Their
conjecture states that the invariant open subsets U C X which admit proper
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geometric and proper good quotients can be described combinatorically in terms of
functions m: C(X) — {0, 1} called (geometric) moment measures (see[Definition 2.8)).
A moment measure defines an open subset U C X consisting of those points = such
that the orbit closure 7.z contains an orbit on whose cell the moment measure takes
value 1.

One reason why this conjecture is surprising, is that the set of points of X that
define the same cell, i.e., the set of points whose orbit closure intersects the same
collection of fixed point strata, can be disconnected and it is unclear why stability
conditions do not depend on the connected components of these subsets. A second
point is that although the definition of the moment complex C(X) is built from
data coming from orbit closures, one of the combinatorial conditions includes cell
decompositions that do not have to arise geometrically from a degeneration of an
orbit closure.

The main result of the article is the following theorem.

Theorem 1 (Conjecture of Bialynicki-Birula-Sommese). Let X be a proper smooth
variety over an algebraically closed field equipped with a torus action T x X — X
that admits a line bundle L that is positive on G,,-orbit closures of closed points.
A T-invariant open subscheme U C X admits a proper geometric quotient if and
only if it is defined by a geometric moment measure on the moment complex C(X).
A T-invariant open subscheme U C X admits a proper good quotient if and only
if it is defined by a moment measure on the moment complex C(X).

Our strategy to construct a moment measure from an open subset U is the
following: The closure of any T-orbit 7.z C X defines an equivariant cycle class

Cl[X/T] ([Tix/TD c H2(dim[X/T]—dim[T.a:/T]) ([X/TL K)

If U C X admits a proper geometric quotient U//T, the cohomology group in top
degree H?4™WU//T)(U//T,K) is 1-dimensional and in this case the cycle class of an
orbit closure of maximal dimension will restrict to a non-zero class in

2 dim(U//T) ([U/T),K) = 2 dim(U//T)(U//T, K)

if and only if the orbit closure intersects U. To obtain a moment measure from
this datum, we observe that we can alternatively compute the cycle class in
H?dm(U//T)([X/T),K) by equivariant localization to the fixed points of the torus ac-
tion. In this description it turns out that the cycle class of an orbit closure is uniquely
determined by its cell . The corresponding moment measure can
thus be defined as the function selecting those cells that define a cohomology class
in H*([X/T],K) that restricts to a generator of the top cohomology of the moduli
space.

For good quotients a similar strategy works, i.e., points of U can still be detected
as those points whose cycle class does not restrict to 0 in H*([U/T],K), but in this
case we have to consider cycle classes of orbits of different dimensions, that occur in
different cohomological degrees. Moreover in this case, due to positive dimensional
stabilizers of points in U the cohomology group in degree 2dim[U/T] is no longer
one dimensional and thus not isomorphic to the corresponding cohomology group of
the good quotient. This complicates the argument for good quotients.
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Notation and conventions. We will work over an algebraically closed field k. We
fix a split torus T' = GI,,. We write X*(T) = Hom(T,G,,,) = Z" for the character
lattice of T', X, (T) := Hom(G,,T) for the cocharacter lattice and

(, VX (T)x X (T) > Z

for the natural pairing of characters and cocharacters. We will write X*(T)g :=
X*(T)®z R and X*(T)g := X*(T) ®z Q for the real and rational vector spaces
defined by the character lattice.

We will write H*(__,K) to denote either étale cohomology with Q-coefficients
with ¢ # char(k) if k € C or singular cohomology with Q-coefficients if k C C.

Given a T-action on a proper variety X, a cocharacter A\: G,, — T andx € X (k) a
closed point we write A\.z-: P — X for the completion of the orbit map A\.z: G,, — X
given by t — A(t).x. We write lim;_,o A(¢).z (resp. lim;_,oo A(t).z) for the point
defined by evaluation of A.z at 0 € P! (resp. co € P!).

2. RECOLLECTION ON MOMENT MEASURES

In this section we recall the definition of moment measures and the moment
complex of a variety with a torus action as defined Bialynicki-Biroula and Sommese.
As our main result allows for a slightly weaker hypothesis than projectivity of the
underlying variety, we include proofs for the basic results on the structure of moment
complexes that allow for this slightly weaker assumption. The arguments needed
are however close to the original proofs and sometimes reduce to the projective
situation.

Throughout we will consider an action of the r-dimensional split torus T' = GJ,,
on a proper, connected, smooth variety X.

2.1. Recollection on the geometry of torus actions. The closed subscheme
of T-fixed points X7 C X is smooth ([7, Theorem 2.1]). We denote the set of
components of X7 by mo(X7) and the decomposition into irreducible subvarieties

by
x"= I F.
iemo(XT)

As closed orbits in X are proper and the only proper quotients of T' are points,
the only closed orbits of T" in X are T-fixed points.

By Sumihiro’s theorem [I8, Corollary 2] any point 2 € X is contained in an affine
open T-stable neighborhood U C X, so we can find a closed T-equivariant embedding
U — A" into an affine space, equipped with a linear T-action. In particular the
fixed points in U are then the intersection of U with the affine subspace A" C AN
on which T acts trivially.

This description allows to reduce computations of orbit closures to the case of
linear actions on affine spaces. In particular any specialization of orbits can be
realized by limits of cocharacters, i.e., if x € X (k) is a closed point and T.xq C Tz
is an orbit contained in the orbit closure, then there exists a cocharacter A € X, (T)
such that lim;_o A(t).x € T.x;.

2.2. Definition of the moment complex. For any geometric point € X (k) the
cell of x is the subset
cell(z) := {i € mo(XT) | T.x N F; # @}.

We will consider this subset as a dim(7.z)-dimensional cell of a combinatorial cell

complex. We will give a geometric realization of this cell in [Proposition 2.5| (1).
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Remark 2.1. It will sometimes be convenient to extend this definition to all points
of X, so for any field extension K/k and xx € X(K) we again denote the orbit
closure of zx in X := X Xy, Spec(K) by Tz C X and define

cell(a:K) = {’L S 7T0(XT> |T.T,‘K N Fi,K # @}

As the set of points z € X whose cell is a given subset ¢ C m(X7) is constructible,
any cell of a K-point also appears as a cell of a geometric point.

Definition 2.2 (Moment complex [5]). For a smooth proper variety X equipped
with a torus action T' x X — X, the moment complex

C(X) :={c Cm(X") | ¢ = cell(z) for some x € X}

is the partially ordered set, given by the subsets of 7o(X7T) that arise as cells of
points of X.

The generic cell is the cell defined by the generic point of X.

The boundary of a cell ¢ consists of those subsets ¢’ C ¢ that happen to be cells.

The motivation to consider the set C(X) and to equip it with the structure of a
cell complex, stems from projective varieties X over the complex numbers, where one
can identify the cells with the moment polytopes of the orbit closures. To get such a
description over general base fields it is convenient to describe the moment polytopes
algebraically. We will recall this in the next section and adapt the argument to cover
our slightly more general setup.

2.3. Geometric realization of the moment complex. Given a line bundle £ on
X, the T-action on X lifts to a power of L, because we assumed X to be smooth, in
particular normal. Let £ be a fixed T-linearized line bundle on X. We will assume
the following positivity condition on £, that is automatic if £ is ample.

Definition 2.3. A line bundle £ on a proper T-variety X is called positive on
Gy, -orbit closures of closed points if for all cocharacters A € X, (T') and closed points
x € X such that z is not a A-fixed point, the pull back of £ along the morphism
A.z: P! — X defined by the completion of the orbit map .z is positive.

For our computations it will be helpful to translate this positivity property in
terms of weights on fixed points.
For any T-fixed point 2 € XT we denote by

wt(L,z) € X*(T) = Hom(T, G,,)

the character of T given by the action of T" on the fiber £, of £ at z. In this article
we will use the sign convention taking the weights of the action on the fiber of the
sheaf of sections £, which is the one used in [2]. In [I6] we used the opposite sign
convention taking weights on the geometric realization I = Spec(Sym® £V). Let us
spell this out concretely in the basic example that is the key for computations.

Example 2.4. Let G,, x A! — A! be the standard action given on points by
t.a := ta. On the ring of functions k[z;] of A = Spec k[x1] this is the action for
which x; has weight —1. The action extends to P! = Proj(k[xo,z1]), such that the
homogeneous coordinates xg and x; have weight 0 and —1 respectively. For the
induced linearization of line bundle O(d) corresponding to homogeneous sections of
degree d we have
wt(O(d),0) = 0, wt(O(d), 00) = —d

because the fibers of O(d) at 0 and co are generated by the global section z¢ and

x¢ respectively. Thus

deg(O(d)) = wt(O(d),0) — wt(O(d), o).
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As any other linearization of O(d) differs from the standard one by a character, this
shows that for any G,,-linearized line bundle £ on P! the degree is determined by
the weights:

deg(L) = wt(L,0) — wt(L, 00).

Returning to our general setup, we now assume that £ is a T-linearized line bundle
on X that is positive on G,,-orbit closures of closed points. To give a geometric
interpretation of cells of points note that the weight wt(£,_ ) is constant on the
connected components F; of X7 and thus defines a map

wte: mo(XT) = X*(T)
i = wte(i) :== wt(L, z) for any = € F;.

For complex projective varieties and Kahler manifolds Bialynicki-Birula and Sommese
proved the following geometric interpretation of cells, using that in complex geometry
the convex hull
| cell(x)] := conv(wtz(cell(z))) C X*(T)g,

is the moment polytope of the orbit and the moment map identifies the topological
quotient T.x/(S1)" with the moment polytope. We will recall an algebraic argument
for this result below. We will refer to the polytope |cell(z)] C X*(T)r as the
geometric realization of cell(z) and write |celi(x)| for the relative interior of the

polytope, i.e. the complement of the geometric realization of the proper faces of
| cell(x)].

Proposition 2.5. Let £ be a T-linearized line bundle on X that is positive on
G, -orbit closures of closed points.

(1) For any point x € X the characters {wt.(i) | i € cell(z)} are the extremal
vertices of the convex polytope | cell(x)| C X*(T)r and the real dimension
of the polytope is equal to the algebraic dimension of the orbit T.x C X.

(2) Let R be a DVR with fraction field K and residue field R/m and xr € X(R)
an R-valued point and let Zp := T.xr C X X}, Spec R be the closure of the
T-orbit of xr. Let Zy = UT.x; be the mazimal dimensional T-orbits of the
special fiber Zy := Zr x g Spec(R/m). Then the geometric realizations of
|cell(z;)| define a subdivision of | cell(x )]

Proof for ample line bundles. Let us first recall the argument in the case that L is
ample: Replacing £ by a power if necessary, we may assume that £ is very ample,
because wton = n - wte and thus this replacement does not affect statements (1)
and (2). Let X C P(HY(X, L)) be the T-equivariant projective embedding defined
by L, let ®(L) = {x1,--.,xn} € X*(T) be the weights of T on H°(X,L). The
T-fixed points in P(H?(X, L)) are exactly the projective subspaces defined by the
weight-subspaces HY(X, L), C H°(X, L) for some x € ®(L) and the weight of L at
a point z, in the weight subspace P(H®(X, L), ) C P(H°(X, L)) is by construction

wt(L,zy) = X.

For x € X let supp(z) C ®(L) be the subset of those weights for which z has a
non-zero coordinate in the corresponding weight space.

For given z € X and any cocharacter A € X, (T) the limit z) ¢ := lim;_0 A(¢).z
exists in X and supp(zx,0) € supp(z) is the subset of those weights x € supp(z),
for which (x,A) is minimal. Moreover, the limit point z ¢ is a fixed point for
the T-action if and only if supp(zx0) = {x} is a single character. Conversely, a
weight y € supp(x) appears in this way if and only if there exists a cocharacter
A € X (T) for which (x,\) is the minimal value of A on supp(z), i.e., if and only if
X is an extremal vertex of the convex hull of supp(z). In this case x = wt(L, (zx,0))
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and in particular these weights are the extremal vertices of the convex polytope
| cell(z)| € X*(T)r. This proves (1)) for projective X.

For projective X part also follows from a direct computation: Write xx =
[2y]xew(c) € P(H(X, L))(K) for the projective coordinates of xx where z, is the
coordinate of xx in the weight space corresponding to the character y.

The points of the special fiber can be obtained as specializations of translates
T = tir.xk for some finite extension R'/R of DVR’s with fraction field K’ and
some txs € T(K'). To determine the support of the specialization, let 7’ € R’ be a
uniformizing element and write ¢ as A(7’) -t g for some A € X, (T) and tpr € T(R').
Then the support of the specialization of ©, = txs.xk in the special fiber consists
of exactly those elements of supp(z k) for which (X, x) + |xy| is minimal, where |z, |
is the order of the coordinate x,. Thus the possible supports that can be obtained
in this way are defined by the linear parts of the maximal convex piecewise linear
function v, : X*(T') — R that satisfies v, (x) < —|zy|. As these define a subdivision
of | cell(z )| this proves for projective X. O

We will reduce the general case to the projective situation. To do this, we need
to provide analogues of the above polyhedral descriptions.

Lemma 2.6. Let X be a proper normal variety with a torus action T x X — X
and L a T-linearized line bundle on X that is positive on Gy,-orbit closures of closed
points and x € X a closed point. Let {xi}ieceu(m) be the closed orbits in T.x. Then
we have:

(1) For any i € cell(x) the set
Ci:={Ne X.(T)| }irr(l))\(t).x =ux;} C X.(T)
—

is the interior of a convex polyhedral cone C;.
(2) The union X.(T) = Ujccen(z)Ci defines a fan in X.(T) and the function

wte o Xu(T) = Z
A= (wt(L, }51(1) At).x), )

defines a piecewise linear function that is strictly convez.
(3) The weights x; = wt(L,x;) € X*(T) fori € cell(z) are the extremal vertices
of a convez polytope in X*(T)g.

Proof. Given x € X and a closed orbit x; € T.z, as before there exists an affine
open T-stable neighborhood U; C X of z; by Sumihiro’s theorem [I8, Corollary 2]
and this contains T.z, as it intersects 7.z non-trivially. Choosing a T-equivariant
embedding U; < A" into an affine space equipped with a linear action of 7" and
noting that T-fixed points in A are the weight zero subspace, we see that we may
assume that under the embedding U; — A the fixed point z; is mapped to 0 € AN.

Let us write ®(AY) C X*(T) for the weights appearing in the T-representation
AN and (7y )yxeaany for the weight decomposition of the image of x in AN As before
let supp(x) C ®(AY) denote the set of weights for which z, # 0. By construction 0
is in the closure of the orbit of (7y),caan), o there exists a cocharacter A € X, (T
such that lim;_,o A(t).(zy) = 0. The condition lim; o A(t).(zy) = 0 is equivalent to
the condition that (X, x) > 0 for all x € supp(z). Thus

Ci = {A € X.(T) | m (). = z:} € X.(T)

is the non-empty interior of a polyhedral cone, which proves (1).

To prove (2) note that faces of the cone C; are given by cocharacters A satisfying
(A, x) > 0 for all x € supp(z) and with equality for some x. For these A the
limit limg 0 A(t).(zy) =: x exists in AN and is a point zy € T.x N U;, as
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specializes to x; € U;. The point z, is stabilized by a positive dimensional subgroup
N xesupp(a), Ker(x) € T. Moreover all T-orbits in T.z N U; C AN arise in this way.
(A, x)=0

As X is proper, we also know that for all cocharacters A\ € X, (7T') the limit
limy_,o A(t).x = z exists in X and the orbit closure T.z) contains some T-fixed
point x;. Thus T.x) defines a face of Cj, so X.(T) = Uieceu(m)@ defines a fan in
X.(T).

Finally the function

A= (wt(L£, lim A(2).2), \)
t—0

is linear on the cones C;, because on each cone it is given by the pairing with the
weight x; of £ at the fixed point x;. To show convexity, we use that £ is positive on
G,,-orbit closures and therefore we know from that for all A and all
7’ € X the difference

(wt(L, lim A(t).x'), \) — <Wt(£7t1i>n;o A(t).z'),A) >0

is positive. Thus if \g € C; ﬂéj lies in a face, 2’ = lim;_,¢ Ao (). is the corresponding
limit point and A € X, (T) is a cocharacter that defines a line through Ag connecting
Cin éj, the above inequality implies the convexity of our function. This shows (2)
and Part (3) follows from the convexity of the function defined by the ;. O

Proof of [Proposition 2.5 (general case). We have shown (1) in[Lemma 2.6](3). More-
over, for the proper toric variety 7.2 given by any orbit closure, the convexity assertion
of shows that £ is ample on T.z ([I3, Section 3.4, Proposition]). There-
fore, the pull back of £ to the relative orbit closure 7.z g is ample and thus statement
(2) also follows from the case of ample line bundles. O

Remark 2.7. In the above argument we have seen that the existence of a T-
linearized line bundle £ on X that is positive on G,,-orbit closures of closed points
implies that the restriction of £ to any orbit closure of a closed point T.z C X is
ample. In particular, in this case orbit closures are projective.

By [Proposition 2.5|the geometric realization | cell(z)| of a cell is a convex polytope

in X*(T)r and its boundary consists of the geometric realizations of the boundary of
cell(z). Thus C(X) defines a cell complex. A subdivision of a cell c € C(X) is a finite
collection of cells {c;};cr such that their geometric realizations define a subdivision
of the convex polytope |c¢| C X*(T)g, i.e. such that
le| = Uier|eil.
With these notions in place, we can now recall the definition of moment measures.

Definition 2.8 (Moment measure [9],[5]). A moment measure on C(X) is a map
m: C(X) — {0,1}

that is not identically 0, such that if {c¢;}ier € C(X) are cells whose geometric
realizations define a subdivision of some cell ¢ and m(c) = 1, then

m(c) = Zm(ci).
icl
A geometric moment measure is a moment measure that only takes the value 1 on

cells of maximal dimension.

To a moment measure m: C(X) — {0, 1} Bialynicki-Birula and Sommese attach
the open subscheme

Uiy = {x € X | m(cell(z')) # 0 for some 2’ € T.z} C X.
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As a moment measure is by definition not identically zero Uy,,) is non-empty. As
the set of points whose cell is a fixed subset of mo(X7) is constructible and Uimy is

stable under generizations by [Proposition 2.5((2), U, is a non-empty open subset

of X. Also, by definition different moment measures define different open subsets of
X.

3. PROPER QUOTIENTS DEFINED BY MOMENT MEASURES

As the definition of moment measures fits nicely with the existence criteria for
good moduli spaces, we include an argument for the existence of proper moduli
spaces for open substacks defined by moment measures.

Theorem 3.1 (Bialynicki-Birula—Sommese). Let X be a proper normal variety
equipped with a torus action T x X — X and L a T-linearized line bundle on X
that is positive on Gy,-orbit closures of closed points. Let m be a moment measure
on C(X). Then the open substack [Uy,)/T] C [X/T] admits a proper good moduli
space [Uimy/T] — Uiy //T that is a scheme.

The good moduli space Uy /T — Uy //T is a coarse moduli space if and only
if m is a geometric moment measure.

Proof. By the main theorem of [2], the open substack [U,,)/T| admits a proper
good moduli space if and only if it is ©-reductive, S-complete and satisfies the
existence part of the valuative criterion for properness.

To check these valuative criteria let R be a DVR with fraction field K and 7 € R
a uniformizing element.

The existence criterion for properness follows from the assumption that moment
measures are non-zero on some cell of a subdivison: Let 2x € [Upy,)/T](K) be
a K-point. As T-torsors on Spec(K) are trivial, we can lift the point to a point
T € Upmy(K). As X is proper this lift extends to an R-valued point Tp € X(R)
and by ’gﬁm‘ (2) the orbits in the special fiber of the orbit closure Zp :=
T.xr C X x}Spec R define a subdivision of cell(ZT ). As Tk € Uy, (K) there is a cell
¢ C cell(Zg) with m(c) = 1. The subdivision of cell(Zk) also defines a subdivision
of ¢ and thus the special fiber of Zg intersects Uy,,). Therefore, a translate of Tx
extends to an R-point ', € U,y (R) and this defines a point of [U(,,)/T|(R) that
extends x k.

To show S-completeness let us recall that ST = [Spec R[x,y]/(zy — 7)/G,,]
is the quotient by the G,,-action on Spec R[x,y]/(zy — ) for which = has weight
—1 and y weight 1. The open substack ST ~ {0} is isomorphic to a union of two
copies of Spec(R) glued along their generic points. The condition that [Ug,y,)/T] is

S-complete means that any morphism ST \ {0} — [U(n) /T extends uniquely to
STg.

To show this let f: STz~ {0} — [U(m)/T] be a morphism, i.e., f is given by two
R-points x1, 22 € [U(y,)/T](R) together with an isomorphism of their generic points
T,k S To K.

As T-torsors are trivial on Spec(R) the points z1,22 € [Upy)/T](R) admit
preimages T1,To € U(m)(R). Their generic fibers 2 g, T2 x differ by an element
tx € T(K), because their images in [U(,,)/T](K) are isomorphic. Thus we can lift
the morphism f to a morphism

f: Spec R[z,y]/(zy — ) ~ {0} = X

that is equivariant with respect to a cocharacter A: G,, — T satisfying A(7) = tk.
As X is proper, the morphism f extends to an equivariant blow-up

[+ Bly(Spec Rlz,y]/(zy — 7)) = X,
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where we may assume (|16l Lemma 2.1]) that the exceptional fibers of the blow-up
is a chain of projective lines which is mapped to the closure of .71 x = T'Z2 x in
Xpg. Note that Bly(Spec Rz, y]/(xy — m)) — Spec R is a partial compactification of
Gy % Spec(R) C Spec R[z,y]/(zy —7) ~ {0}.

As the morphism f factors through the orbit closure 7.%; in X (which coincides
with the orbit closure T.73), we can as in replace X by this closure
and thus assume that X C P(H°(X, L)) is projective. We write Z; = [z,] for
projective coordinates of the point Z;. In this case the T-orbits in the image of
the special fiber of Bl;(Spec R[x,y]/(zy — 7)) — Spec R arise as closures of the
points A(ak).[zy] for some ax € K*, because the generic fiber of the blow up is
Gm % Spec K. As in[Proposition 2.5] this means that the support of the specialization
of AMagk).[zy] to the special fiber of R consists of those characters x for which
(X, A\) - lax| + |y | is minimal. The subdivision of cell(Z1 x) = cell(Z2,x) defined
by the specialization T.Z; is obtained from the convex piecewise linear function
defined by the the valuations —|z,| and by our assumption the cells of the orbits
corresponding to the extremal parts of the chain of projective lines are given by
z; € Uy (R). As m is a moment measure it takes the value 1 only on a single cell
of the subdivision of cell(Z1 x) and as T; € Uy, (R) this implies that the cells of
the extremal parts share a common cell in their closure. By convexity this implies
that the same holds for all orbits of the chain, so these have to lie in Uj,,) as well.
As Uy was defined by a moment-measure, only one orbit of the intersection of

U(m) and the special fiber of the orbit closure T.%1 = T.%5 is closed in U@y and all
other orbits in the intersection contain this orbit in their closure. As closed orbits
admit affine open T-invariant neighborhoods, all orbits in the intersection have to
be contained in this affine neighborhood in particular this neighborhood cannot
contain projective lines. Thus all exceptional fibers of the blow-up are mapped to the
same point in X, i.e. f extends uniquely to Spec R[z,y]/(xy — 7) and this induces
a unique extension of f. This proves S-completeness. The same argument applies to
O-reductivity.

Thus [Uy)/T] admits a good moduli space Uy, //T. This algebraic space is
a scheme, because every closed orbit in U,,) admits an open T-invariant affine
neighborhood which has an affine good quotient and these define an open cover of

Finally the good moduli space is a geometric quotient, if and only if the preimage
of every point in Uy, //T is a single T-orbit, which happens if and only if the
moment measure takes the value 1 only on cells of maximal dimension, as otherwise
the orbits corresponding to cells that contain a cell with value 1 in their closure are
identified. (]

4. EQUIVARIANT CYCLE CLASSES OF ORBIT CLOSURES

This section contains our key technical result that cycle classes of orbit closures
in the equivariant cohomology of our variety X are determined by the cells of the
orbits (Proposition 4.5|). To prove this result, the main examples we need to compute
explicitly are the equivariant cycle classes for orbit closures of linear torus actions
on affine spaces .

In the following we will use cohomological cycle classes for closed substacks
[Z/T] C [X/T). For quite general quotient stacks Edidin and Graham constructed
equivariant cycle classes [11l page 606] and explained why they satisfy the same
properties as cycle classes for schemes. In our special situation of a smooth global
quotient stack [X/T] obtained from a torus action, their general construction is
explicit and allows to deduce the properties we need directly from the case of schemes:
Both Chow groups and cohomology groups do not change under pull-back to a
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vector bundle and in any fixed degree the groups do not change when one removes
a substack of high enough codimension. For the classifying stack BG,, this shows
that P = [A"T! <\ {0}/G,,] C [A"T!/G,,] computes the cohomology of BG,, up to
degree 2n and thus H*(BG,,,K) is a polynomial ring generated by the first Chern
class of the universal line bundle. Similarly fixing an isomorphism 7' = G} , for all
n > 0 the quotient stack [X x (A"T1 ~ {0})"/T] is a smooth proper scheme and for
large enough n the smooth morphism

[X x (A™H S A{0})"/T] — [X/T]

induces an isomorphism on cohomology groups up to any given degree.
For a closed substack [Z/T] C [X/T] of codimension ¢ one can thus define the
cycle class
cix/m([Z/T)) € H*([X/T],K)

as the cycle class of the preimage of [Z/T] in H*(X x (A"*1 < {0})"/T,K). This
allows to deduce the properties of cycle classes from the corresponding results on
schemes.

Our first ingredient is a local computation for the cycle classes of orbit closures
in affine spaces. Let us introduce some notation that is convenient to formulate the
result.

As T = G, the cohomology of the classifying stack H*(BT,K) is a polynomial
ring with generators in degree 2. More precisely, any character x € X*(7T') defines a
line bundle £, on BT and the morphism

X*(T) — H*(BT,K)
given by the first Chern class of line bundles x + ¢1(£,) induces an isomorphism
Sym® X*(T)x = H**(BT,K).

If V is a finite dimensional vector space with a T-action we will write ®(V') C
X*(T) for the weights that occur in V' with positive multiplicities and for xy € ®(V)
we denote by m, € N the multiplicity of the corresponding weight space. For any
point z € V we will as before write

supp(z) € ®(V)

for the set of weights such that = has a non-zero coordinate in the corresponding
weight spaces.
If supp(z) contains a basis of X*(7")q the stabilizer Stabr () = Ny csupp(a) ker(x)
is finite and we write
sz := deg(Stabp(z)).

If supp(x) does not span X*(T')q, let Ty, := Stabp(z),4 denote the reduced connected
identity component of the stabilizer, i.e. T}, is the subtorus of T" whose character
lattice is the quotient of X*(7T')/ Span(supp(x)) by its torsion subgroup and define

8z := deg(Staby(z)/T,).

In both cases s, is the order of the torsion subgroup of X*(7T')/ Span(supp(x)), as
this coincides with the degree of Stabz(x)/ Stabr (z)5.y-

The following lemma computes the equivariant cycle classes of orbit closures in
H*([V/T], K).

Lemma 4.1 (Orbits in representations). Let V' be a d-dimensional representation of
T considered as affine space over k, ®(V) C X*(T) the set of weights of T occurring
in 'V and suppose that 0 & ®(V'). Let x € V be a closed point, r,, := dimT.x the
dimension of the orbit of x and s, as before the order of the torsion subgroup of
X*(T)/ Span(supp(z)). Then we have:
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(1) The cycle class clyy ) ([T.x/T)) € H*4=)([V/T],K) is non-zero if and
only if 0 € T.x lies in the closure of the orbit T.x.
(2) The class

s, - clpyz)(T@/T)) € H*@=)([V/T],K) = H**~")(BT,K)

depends only on the extremal rays of the cone spanned by supp(x).

(3) For any subset I C supp(z) let us denote by x; € V' the projection of x on
the sum of the weight spaces given by the weights in I.
(a) If I Csupp(x) is a set of r, weights spanning a simplicial cone, then

Ayyr(Tar/T) = [ ™[

x€P(V)NI x€erl

(b) If the weights supp(x) span a strictly convex cone C' in X*(T)g and
I,J C supp(x) are subsets such that the cones spanned by them define
a subdivision of the cone C, then

sz - liyyry([T-x/T)) = sa; - o) ([T21/T)) + 82, - vy ([T /T)).

Proof. Let us denote the orbit closure of the point 2 € V by Z :=T.x C V.
We will compute the cycle class of [Z/T] C [V/T] in H*([V/T],K) = H*(BT,K)
by a reduction to the following simple cases:
(A) If 0 is not in the orbit closure Z = T.z C V, i.e. 0 € V \ Z, then the cycle
class vanishes, because the composition

H*([V/T,K) - H*([(V ~ 2)/T),K) — H*([0/T],K) = H*(BT,K)
is an isomorphism and the cycle class of [Z/T] C [V/T] is contained in the
kernel of the first map.
(B) If the orbit closure Z = T.z = V is the entire affine space, then the cycle
class clyy/7([T.z/T]) in HY([V/T],K) = H([T.z/T],K) = K is 1.
Case (A) shows that the condition in part (1) of the lemma is necessary to obtain a
non-zero cycle class.

STEP 1: REDUCTION TO ONE DIMENSIONAL WEIGHT SPACES. To reduce to these
cases, let V/ C V be the T-invariant subspace of V spanned by the non-zero weight
components z,, of z. By the Gysin sequence for the smooth pair V' C V' we have

clyyr([Z2/T]) = 11 x™- I x™ el ((2/T)) € H* (BT, K).
X€®(V)~supp(x) X€Esupp(z)

Thus we are reduced to computing the cycle class in the case that ®(V’) = supp(z)

and that all weight spaces are 1-dimensional. Combining the result with (B) we

obtain the formula for the case of a simplicial cone claimed in (3)(a).

STEP 2: REDUCTION TO FINITE STABILIZERS. We can now reduce to the case that
the stabilizer Stabr(x) = Nyea(v+) ker(x) is finite. To do this let T, := Staby ()54
again denote the reduced connected identity component of the stabilizer of x. Then
T, is again a torus, so that we have a splitting T' = T,, x T'/T, and

[V!/T] = BT, x [V'/(T/T5)].
Thus the class clyy/7([Z2/T]) € H*([V'/T],K) = H*(BT,K) is the image of
clyr ooy (1Z/(T/T:)]) € H*([V'/(T/T,)],K) = H*(B(T/T,),K) under the in-
jective restriction map H*(B(T/T.),K) — H*(BT,K) induced from X*(T/T,) <
X*(T). And the stabilizer of = in T'/T}, is finite by construction. We can thus replace
T by T/T, to assume that the stabilizer of x is finite.

STEP 3: CLASS DEPENDS ON EXTREMAL RAYS ONLY. Let us show next that we
can assume that all elements of supp(z) are extremal rays. Let E C supp(z) be the
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subset of characters that lie in extremal rays of the cone given by the support of x
and denote by xg the projection of z on the sum of the weight spaces given by FE.
Let sg be the degree of the stabilizer Stabr(zg). We claim that

SE - CI[V//T]([T.xE/TD = Sz - CI[V//T]([T.QS/T]).

To show this, consider the family of points x4: C V'’ x Al defined as

TAL 1= ((JUX,G : xT)XeE‘,TeP(V’)\Eaa) CV/ x A"

and the flat closure Zy1 := T.zp1 C V'’ x Al. The fiber over 1 of the flat closure Za:
is T.x = Z. The fiber over 0 of the flat closure Z,: contains only points of T.2 g,
because for any point yo € Zy1 N (V' x {0}) there exist a DVR R over Al with
fraction field K and tx € T'(K) such that

tk.TK = ((X(tK)$X7a : T(tK)mT)XEE,TECP(V/)\E?G‘)

extends to an R-valued point with closed point mapping to yg. As x,:1 has integral
coordinates, this implies that x(tx) € R for all x € E. As the characters not
contained in E are convex combinations of the characters contained in F, 7(tx) € R
for all 7 € ®(V') \ E as well and as the coordinate function a of A! maps to the
maximal ideal in R, this shows that the coordinates of any limit point have to vanish
outside E and so yy € T.2g.

To compare the multiplicities of the fibers over 1 and 0, we note that s, and sg
are the local degree of the map xz,,

A 2 (2,0 /T] C [V!/T] x Al

Al
to the points 1 and 0 over their images in [V//T] x Al. Thus we find

The same argument applies if we find colinear elements in the extremal rays E of
the support of x, as these can similarly be specialized to g with a single non-trivial
weight in the corresponding weights, by multiplying all other coordinates in the ray
by a as above.

This shows that the class s, - cljy//71([Z/T7]) only depends on the extremal rays,
which is the claim of (2). It also shows that to prove (3)(b) we may assume that
x = xg € V' has only non-trivial components in extremal rays and only one non-zero
component on each of these rays.

STEP 4: THE INDUCTIVE FORMULA. The strategy used above also allows us to
compute the cycle class of xg by induction, using the result for simplicial cones as
a starting point.

If the cone spanned by supp(zg) is not simplicial, let x; € supp(zg) be some
extremal ray and yao,..., Xxs be linearly independent rays such that there exists a
cocharacter A € X, (T) with

<X1’ )‘> <0
(xj;A)=0for j=2,...,s
(1, A) >0 for 7 € supp(zg) ~ {x1,---5Xs}
Consider the family of points 51 € V' x Al defined as

Tpr 1= ((xxw )‘(a)~m‘r)7,':1,".,S,Tesupp(zE)\{Xl,...,XS}7a) - V' x Ala
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specializing to
Ta<o = (('I:Xi)i:l:--ws’o) ev’.

The flat closure Zu1 := T.xs1 C V’ x Al contains the second section

/. y—1 _ — (A,
Ty = A7 (@) = ((a ( Xl)xXl7mX'i’xT)i:27~~~,577'ESUPP(IE)\{X1vuaXs}’a)
that specializes to

P !
x>0 = ((0, (éﬂxi)izz,...,s,xT)Tesupp(wE)\{Xl7__,XS} ev.

As before, the fiber over 0 of Z,1 is the union of the orbit closures T.zx<o UT.zx>0,
because the condition that for the fraction field K of a DVR R over A! and a
point tx € T(K) the element ¢k .z extends to an R-valued point and has non-zero
reduction over 0 for a basis of characters implies that the specialization is one of
the two given points.

The multiplicities are determined as before, so we find

Sap-Cliy 1 ([T.2p/T))) = say<o-clyyryr)([T-2x<0/T]))+5ess0 v 1) ([T-2220/T1)).-
Thus the class is the sum of the classes obtained from any simplicial decomposition
of the cone. This shows (3)(b).

Finally, we claim that the sum of the cycles classes obtained form a decomposition
of the cone defined by supp(zg) = ®(V') C X*(T) into simplicial cones is non-
zero. This holds because the characters in supp(zg) lie in an open half-space in
X*(T)g, as we assumed that 0 € T.z. Thus the monomials in (3)(a) are products of
Chern classes of characters lying in an open half-space and as cly j7)([T.xg/T]) €
H*([V'/T],K) = Sym® X*(T)k is a positive linear combination of these classes
sg-clyr([Tap/T)) = su-clyyr ) ([T.z/T]) # 0. This finishes the proof of (1). O

By (2) we may define the cycle class of a cone of weights as the class
of any point z € V such that the weights in supp(z) span the corresponding cone:

Definition 4.2 (Cycle classes of cones). Let V be a finite dimensional representation
of T = G, let ®(V) C X*(T) be the set of weights of T occurring in V. If
C C X*(T)g is a strictly convex cone spanned by extremal weights I C ®(V) and
rs € V is any point such that supp(zz) = I we define the cycle class of the cone C
to be:

cliyy1)(C) = su - vy ([Tag/T]) € H*([V/T],K),
where as before s,_ is the order of the torsion subgroup of X*(7')/Span(I).

From we can deduce the following result on cycle classes of cones.

Lemma 4.3. Let V be a finite dimensional representation of T = G, , let (V') C
X*(T) be the set of weights of T occurring in V. Then the cycle classes of cones
satisfy the following properties.

(1) If C = U, C; is a subdivision of C into strictly convex cones of the same
dimension, then we have

el (C) = Z ) (Ch).
i=1

(2) If X*(T)g = U, C; is a subdivision of X*(T)q into strictly convex cones
of mazimal dimension, then

Z CI[V/T] (61) =0.
i=1
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Proof. Part (1) of the lemma follows by induction from (3)(b), because
any subdivision can be refined into a simplicial subdivision.

For (2) we show that the sum of the cycle classes is equal to the cycle class of an
orbit that does not contain 0 in its closure, by (1) this will imply the
claim. To show this choose a point = € V such that supp(xz) C ®(V) has a single
non-trivial coordinate in each extremal ray occurring in the decomposition. Then
the orbit closure T.2 does not contain 0, because there does not exist a cocharacter
A € X, (T) such that (x,A) > 0 for all x € supp(x). In particular the cycle class

Consider the orbit closure of the family of points given by (ax,a) € V x Al. Then
the fiber over 0 is the union of the orbit closures T.z; where I C supp(z) are those
subsets, such that there exists a rational cocharacter A € X, (T")g such that (x, \) =
—1for x € I and (x,A) > —1 for x € supp(x)~\1,i.e. I has to be a face of the convex
polytope defined by supp(z7). As by construction the cones C; are subdivisions of
the cones defined by these faces Y. ; clyy/7)(Ci) = sa - clpyyr)([Tox/T]) =0. O

To translate the local computation to general X we show that the cell of a point
in X determines the cones of weights in the tangent space to fixed points.

Proposition 4.4. Let X be a smooth proper variety equipped with a torus action
T x X — X that admits a line bundle L that is positive on G, -orbit closures
of closed points. Let x € X be a point, x; € T.x N F; a fized point of the orbit
closure and suppp, () € X*(T') the set of weights that appear in the tangent space
TT—_%“ C Tx 4, to the orbit closure at x;.

Then the extremal rays of the cone generated by suppp, () in X*(T)r are those
differences wtz(j) — wtz (i) for j € cell(z) that define the one dimensional facets
of the polytope | cell(x)| at the vertex wtz(i). In particular the extremal rays are

determined by cell(z).

Proof. We saw in [Proposition 2.5] that the line bundle £ is ample on the orbit closure
T.z. In the sequel we will not need that X is smooth, so we replace X by T.x and

replacing £ by some power embed X C P(H°(X, L)) equivariantly. We abbreviate
V := H°(X, £) and denote by ®(V) C X*(T) the set of weights of T that appear
in the T-vector space V.

As the T-fixed points in P(V') are given by the weight spaces, for every fixed
point z; there is a unique weight x; € ®(V) such that the point is contained in
the corresponding weight space. The weights of the tangent space Tp(v) ., are thus
given by the differences x; — x; for x; € ®(V) and x; = x; is allowed if and only if
the weight space of the character y; has multiplicity > 2.

Let us denote by ®(x) C ®(V') the weights such that the projective coordinates of
have a non-zero component in the corresponding weight space. As any specialization
x ~ x; to a T-fixed point can be obtained by a cocharacter A € X, (T), i.e.,
xj; = lim;_,o A(t).z, and fixed points only have a non-zero coordinate in a single
weight space, the fixed points in the orbit closure are given by those elements
X; € ®(x) such that there exists a cocharacter A € X,(T) such that

(X, A) > (x;, A) for all x € ©(z) ~ {x;}
Thus the extremal vertices of the convex hull of ®(z) are the weights defined by
cell(z). L
Applying this to a fixed point x; € T.xz implies that
suppp, (z) {7 [ 7=x = xi:x € ®(2)}

because these are the weights appearing in the tangent space to x; in the projective
subspace defined by the non-zero coordinates of z.
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We claim the extremal rays of the right hand side appear in suppg, (x). This
holds, because the extremal rays are given by characters Y = x — x; such that there
exists a cocharacter A € X, (T") for which (x, A) = 0 and (X" — xi,A) > 0 on all other

rays x’. This implies that lim;_,q S\(t)x = 7 exists in X and the limit curve \.z
then shows that the extremal ray defined by the weights of & appears in suppp, (z).
Thus the extremal rays of suppy, (x) are determined by cell(z). O

Together with the computation of cycle classes in [V/T] this allows us to deduce
our key result.

Proposition 4.5. Let X be a smooth proper variety equipped with a torus action T x
X — X that admits a line bundle L which is positive on G, -orbit closures of closed
points. Let & € X be a point and s, the degree of the quotient Staby(z)/ Stabr(z)g. 4.
Then the cycle class

8¢ - lix ) ([T-z/T]) € H*([X/T], K)
is determined by cell(z).

Proof. By the localization theorem for equivariant cohomology ([I4], [10, Theorem
1]), the restriction map

H(X/TLK) > @ H*(F/T),K)
i€mo(XT)
is injective.

If i & cell(z), the cycle class cljx,r([T.z/T]) restricts to 0 in H*([F;/T],K),
because in this case the restriction map factors through H*([X \ T.z/T],K).

If i € cell(x), we can reduce the computation of the restriction of the cycle class to
H*([F;/T],K) to the case of vector spaces as follows. Let A € X,.(T") be a cocharacter
such that lim;_,0 A(t).x = z; € F; is the unique fixed point of the orbit closure that
lies in F;. Moreover, for a generic choice of such A, the fixed point components F;
coincide with components of the A-fixed points of X, because a generic A will pair
non-trivially with the finitely many characters of 1" appearing in the normal bundles
of the fixed point strata. The Bialynicki-Birula stratification of X with respect to
the G,,-action defined by the cocharacter A defines an attracting subset

Ffr={yeX| lm A(t).y € Fi}

containing z, that is locally isomorphic to the positive part of the tangent bundle
T;Ei X CTE X to F; in X. The stratum F;r comes equipped with a projection map
it FiJr — F; which is an affine bundle and a section s;: F; — Fi+.

Moreover, there exists an open union of strata U = Ujc F’ j+ C X, such that the
inclusion ¢f : F;" — U is a closed embedding ([3, Lemma 1.3.1], [20, Lemma 7.3.18]).
We compute the restriction of the cycle class using the composition of maps

~ Lz LF Jju
Th o SR e B g

D

r,———F;

where the left square is cartesian and F. f X r, x; is isomorphic to the positive part of
the tangent space to z; with respect to the G,,-action given by the cocharacter \.

As before let us abbreviate the orbit closure by Z = T.x. The restriction of the
class clix,7([Z/T]) to H*([F;/T],K) is given by the composition of restriction maps

sivrdu ixy ([2/T]) € H([F/T), K).



16 J. HEINLOTH AND X. ZHANG

As jy is an open embedding, j; clix,r)([Z/T]) = cly/m([(Z N U)/TY).

As tf is a closed embedding of a smooth subscheme, the composition ¢}, with
the Gysin map ¢r . is given by the cup product with the top chern class er, of the
normal bundle T+ U /T joss Ff, so

i lym ((Z N 0)/T1) = iy ((Z 0 F)/T]) Uer.
As p; is the projection from an affine bundle, the pull back s} is an isomorphism on
cohomology.
Finally the intersection Z N F;“ is contained in the fiber Fi+ X F, T; OVEr x; as
orbit closures can intersect fixed point strata only in a single point. Thus we can
again compute cl[F;r/T]([(Z N F;t)/T)) as the image of the cycle class

7

gt g oy ((ZNET xp, 20)/T)) € H([F xp, 2;/T],K) = H* (BT, K)
under the Gysin morphism
Lot H([F" x5, 2;/T),K) — H*([F;"/T],K) = H*(F;,K) ® H*(BT,K)

that raises the degree by 2 dim F;.
Thus we find that

s7 clips /) ((Z 0 F)/T1) = (elp, (20) @ lipt oy ((Z 0 ET x gy 20)[T])) U sier,
€ H*(F;,K) ® H*(BT,K).

as the first term clp, (z;) is a generator for the top cohomology H*(F;, K) the result

of the cup product Usfep, only depends on the restriction of ep, to H*(BT), which

is given by the product of the negative weights in T, X. We described the cycle class

of the orbit closure of = in T;fi =z, above in multiplying this class with the

er, we thus obtain the equivariant cycle class of the orbit closure in T, 5, D bei o

We showed in [Proposition 4.4] that the resulting class only depends on cell(z). This
shows that the restriction of the cycles class of [Z/T] to H*(F;,K) is also determined
by cell(x). O

Notation 4.6 (Cycle class of a cell). If ¢ € C(X) is a cell we define

clix/ry(c) == sy - clixyr)([1'2/T]) € H*([X/T],K)

for any « € X with cell(z) = c. By the above proposition, this is independent of the
choice of x.

As for cones, the classes of cells are additive with respect to subdivisions.

Lemma 4.7. Let X be a smooth proper variety equipped with a torus action T x X —
X that admits a line bunodle L whicoh 1s positive on G,,-orbit closures of closed points.
Let c € C(X) be a cell, |c| = Ujer|c;| a subdivision of ¢ and let ¢q,. .., cs be the cells
of maximal dimension in this decomposition. Then

S

clixyry(e) = clixyri(es)-
j=1

Proof. As the restriction map
H(X/T).K) » & H([F/T],K)
i€m(XT)

is injective ([I4], [I0, Theorem 1}), it suffices to prove the equality for the restrictions
of the classes to the fixed point strata Fj;.

We saw above, that the restriction of cljx/7(c;) to H*([F;/T],K) = H*(F;,K) ®
H*(BT,K) for i € ¢; can be computed as the the product of the cycle class of a
point in F; and the class of the cone C; spanned by the differences wt,(¢) — wt (i)
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for £ € c;, considered as weights of the representation of 1" given by the fiber IV; ..
of the normal bundle N; to F; at a point x € F;.

As || = Ujer|ej| is a subdivision of the cell ¢, the restriction of 3 77_, clix/r)(c;)
therefore vanishes in H*([F;/T],K) for all 4 that are not extremal vertices of ¢ and
coincides with the restriction of cljx,7)(c) at the extremal vertices by |Lemma 4.3] [J

5. PROOF OF THE MAIN RESULT FOR GEOMETRIC QUOTIENTS

We can now prove our main result that any nonempty open substack
of [X/T] that admits a proper geometric quotient is defined by a geometric moment
measure.

Suppose that jy: [U/T] < [X/T] is an open substack that admits a proper
geometric quotient p: [U/T] — U//T of dimension dimU//T = d = dim X — dim 7.

We claim that the map

m: C(X)— {0,1}

1 if ¢ is of maximal dimension and j;; cl(c) # 0 € H*([U/T],K)
(d .
0 otherwise

is a geometric moment measure for which U = Uj,,).
To show this note that as U//T is irreducible and proper of dimension d the top
cohomology group
H*(U//T,K) =K

is one-dimensional and it is generated by the cycle class of any smooth closed point.
Moreover, as U//T is a geometric quotient the map p induces an isomorphism on
rational cohomology groups

p*: H*(U//T,K) = H*([U/T],K).

For a point x € X the condition x € U is equivalent to the condition Tz C U.
As U C X is open and admits a geometric quotient this is equivalent to the
condition T.z N U # 0 and it implies that Staby(z) is finite of degree s,. Thus
the cycle class s, - cljx/7)([T.x/T]) € H*([X/T],K) restricts to the cycle class
sz - iy ([T NU/T),K) € H*([U/T],K) = H**(U//T,K) and this class is the
cycle class of a smooth closed point if and only if T.z N U is non-empty.

Thus we find that « € U if and only if j7; clix,r)([T.2/T]) # 0.

In particular m maps the generic cell to 1 and for any subdivision of a top-
dimensional cell ¢ into top-dimensional cells {¢;};=1.. s, we have

Zﬁ} clix/r(ci) = jo Z clix/r)(ci) = jir clixym(c),

i=1 i=1
because we can check this for the restrictions of the classes to the cohomology of the
fixed point strata H*([F;/T],K), where the result follows from the local computation
for cones (Lemma 4.3).

As for a cell of maximal dimension the restriction of cljx/7j(c;) to H*([U/T], K)

is either 0 or the cycle class of a smooth closed point, the function m will be non-zero
on exactly one of the ¢}s. Thus m is a geometric moment measure and x € U if and
only if m(cell(z)) = 1, i.e., U = Uyp).

6. PROOF OF THE MAIN RESULT FOR GOOD QUOTIENTS

Let us now show the main result[Theorem 1] for good, but not necessarily geometric
quotients. Suppose that jy: [U/T] — [X/T] is an open substack that admits a
proper good quotient p: [U/T] — U//T. To show that the subscheme U C X is
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defined by a moment measure, let us first show, that the points in U can again be
detected by a cohomological criterion.

Proposition 6.1. A closed point x € X is contained in U if and only if the
equivariant cycle class clix,r([T.x/T]) € H*([X/T],K) of its orbit closure restricts

to a non-trivial class ji; clix,r([T.x/T]) # 0 € H*([U/T],K).

Proof. As ji; clix/r)([T-z/T)) = el ((T-x NU)/T]) = 0 if z ¢ U we only need
to show that the cycle class does not restrict to 0 if z € U.

STEP 1: POINTS WITH CLOSED ORBITS OF MAXIMAL DIMENSION. Let us denote by

Jus: (U)T)* = U))T
the (possibly empty) open subset over which the fibers of ¢: U — U//T consist of a
single orbit of maximal dimension and let

juee: U= ((U)/T)*) = U
be the inclusion of the preimage in U:

Ust s U

qSt::qust,J/ r J{q

(U//T)* —— UJ/T.

As q : U — UJ/T is a good quotient, the restriction ¢**: Ut — (U//T)* is a
geometric quotient, i.e., p*t: [U*/T] — (U//T)*" is a coarse moduli space.

Let us first assume that x € U is a point, such that its T-orbit T.z C U is closed
in U and its stabilizer Stabr(z) is finite. Then x € U®t, because all fibers of ¢
contain a unique closed orbit and points with finite stabilizers are the points whose
orbits have maximal dimension. In this case we can argue as before that the cycle
class is a multiple of the cycle class of a smooth closed point that generates the top
cohomology of U//T: The map p** induces an isomorphism on cohomology sheaves
Rps'K = K and thus the induced map p***: HX((U//T)*,K) — H}([U**/T],K) is
an isomorphism. As U//T is irreducible and proper, the morphism

H([U**/T),K) = H((U//T)*,K) — H*(U//T,K)

is an isomorphism in the top cohomological degree 2 dim U//T" and this group is gen-
erated by the cycle class of any smooth closed point. As the class s, -cljyst 71 ([T.2/T)

is independent of the point x € U by [Proposition 4.5| it is mapped to a non-zero

class in H*(U//T,K) under the above morphism. The image of this non-zero class
under the pull back map p*: H*(U//T,K) — H*([U/T),K) coincides with the cycle
class s, - cliy/r)([T.2/T]), because for a point € U*" mapping to a smooth point
q(x) in (U//T)** we get a Cartesian diagram:

[T.z /T [U/T]

lp

g(x)—>U)/T

and the corresponding Gysin morphisms LL!L!QJK — K and Lq(z)’gL;(w)K — K from
which the cycle classes are defined, can be computed locally. As this construction
commutes with smooth base change, and p is smooth around ¢(x) we conclude that
s¢ -l ([T.2/T]) is the image of a generator of the top cohomology of U//T under
the pullback map.
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Finally the top cohomology of H*(U//T,K) is a direct summand of H*([U/T],K),
because the one dimensional top cohomology of H*(U//T,K) coincides with intersec-
tion cohomology and this is a direct summand of H*([U/T],K) by [19, Corollary 3.5].
This shows that the cycle class cliy/)([T.2/T]) in H*([U/T],K) is also non-zero.

STEP 2: POINTS WITH CLOSED ORBITS. If the T-orbit of x in U is closed, but
Stabp(z) is not finite, let us again denote by T, := Stabp(z)%,4 C T the reduced
identity component of the stabilizer, which is a subtorus of T'. As before the fixed
point set X7= C X is a union of smooth subschemes of X and as T is abelian
and connected, both X7= and its components are T-stable. Moreover T, acts with
non-trivial characters on the normal bundle of X7 in X. Let F € XT= be the
irreducible component containing . As F' C X is closed, so is [(F N U)/T) C [U/T)
and therefore the (scheme theoretic) image of [(FNU)/T] in U//T is a good moduli
space ([I, Lemma 4.14]) and it is closed in U//T (I, Theorem 4.16]), so it is again
proper. We denote this good moduli space by (FNU)//T.

As T, acts trivially on F' the action of T on F' factors through the quotient T'/T,
and (FNU)//T = (FnU)//(T/T,) is a good quotient for the T/T,-action. The
action also defines a Cartesian diagram

[F/T) BT

| |

[F/(T/Ty)] — B(T/Tx)

and as the rational cohomology of BT is the symmetric algebra on X*(7T)k, base
change for the proper horizontal maps shows that

H*([F/T),K) = H*([F/(T/T.)],K) ® H* (BT, K).

As the stabilizer of « in T//T, is finite, the orbit (T/T,).« = T.x C FNU is closed
and (FNU)//(T/T,) is proper, we can apply the first step of the proof to obtain
that Cl[(FmU)/(T/T_L)]([Tm/(T/Tl)]) € H*([(F N U)/(T/Tx)}, K) is non-trivial.

As [(FNU)/T| = [(FNnU)/(T/T,)] x BT,, the pull back map

H([(FnU)/(T/T,)], K) — H*([(F N U)/T], K)

is injective and commutes with the formation of cycle classes. Thus the result for
Cl[(FﬂU)/(T/Tl)]([T[E/(T/Ta:)]) implies the same result for Cl[(FmU)/T]([TZC/TD S
H([(F N U)/T],K).

The cycle class cliy/r([T.x/T]) € H*([U/T],K) is the image of this class under
the Gysin map H*~2¢([(FNU)/T),K) — H*([U/T],K), where ¢ = dim U —dim FNU.
This Gysin map is injective by the argument for Kirwan surjectivity ([I7]), because
the composition

H*72([(F N U)/T],K) = H*([U/T],K) — H*([(F N U)/T],K)
= H*((FnU)/(T/T)],K) ® H* (BT, K)

of the Gysin map with the restriction map is the cup product with the top Chern
class of the normal bundle of FNU C U. As T, acts with non-trivial characters
on the normal bundle and the Kiinneth-component of the top Chern class in
HY([(FNU)/(T/Ty)],K) @ H*(BT,,K) is given by the product of these characters,
the cup product with this class is injective.

This shows that the equivariant cycle classes of closed orbits in U are non-trivial
in H*([U/T],K) if U//T is proper.

STEP 3: POINTS WITH NON-CLOSED ORBITS. If the orbit of x is not closed in U, the
orbit closure T.2NU in U contains a unique closed orbit T.21, because [U/T| — U//T
is a good quotient ([Il, Theorem 4.16]). As the dimension of the closed orbit Tz
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is smaller than the dimension of T.x, the stabilizer Stabr(z) C Staby (1) of 7 is
of larger dimension than the stabilizer of x. In particular the stabilizer of x; has
positive dimension.

To conclude that the cycle class cliy,7)([(T.xNU)/T]) € H*([U/T], K) is non-zero
we argue by localization to the fixed point stratum of the stabilizer of the closed
orbit T.x7.

Again let Ty := Stabyp(z1)2,4 be the reduced identity component of the stabilizer,
let F C X' be the irreducible component of the T} fixed point locus in X that
contains x; and let Fyy := F N U denote the intersection of F with U, so that
Fy//T CU//T is a proper good moduli space.

We claim that the restriction of the cycle class clix,7)(T.x/T) to

H*([Fy/T],K) = H*([Fy /(T/T)], K) @ H*(BTy, K)

is of the form cljp, /71([T.21/T]) U e, where e is not a zero-divisor. As we already
proved that the cycle classes of closed orbits are non-zero, this will prove our
claim that the cycle class of T.z is non-zero as it restricts to a non-zero class in
H*([Fy /T), K).

As T.x specializes to the closed orbit T.z; C U, there exists a cocharacter
A: G, — T such that 7 = lims0 A(¢).2. As x7 is fixed by A, we have that
A: G, = T7 C T is a cocharacter for T7.

Let us denote by FJ C U the locus of points y € U such that lim; o A(t).y € Fy,
i.e., the Bialynicki-Birula stratum corresponding to Fy, which comes equipped with
a retraction 7: FJ — Fy. In particular, locally on Fyy we can describe F[Jj in terms
of the normal bundle to Fy;, namely let

TFU = @ TFU7X

XEX*(T1)
be the decomposition of the tangent bundle into weight spaces for the T;-action.
Then
+ .
TFU = @ TFU7X
XEX*(Ty)
{(X,A)>0

is locally over Fy; equivariantly isomorphic to Fyf [7, Theorem 4.1 (b)].

As T is abelian and Fy is T-invariant, the stratum FJ is T-invariant as well.
Also FJ C U is closed in U, because U admits a good quotient and is therefore
©-reductive ([2, Proposition 3.13 and Remark 3.14]), in terms of orbit closures we
can also see this directly, because any orbit closure T.y contains a unique closed
orbit in U, but as Fy C F is closed orbit closures of points in F(}L have to lie in Fy.

If we denote Fj », =7 '(T.z1) we thus obtain a commutative diagram:

TanUC Ff,.C JJans U
T.ax1—s Fy——=U

in which the horizontal arrows are closed embeddings.

The cycle class of [(T'.z N U)/T] in H*([U/T],K) can thus be computed from
cl[F;II/T]([(T.a: NnU)/T]) € H*([F;f_xl/T], K) as the image under the composition
of the Gysin homomorphisms

H*([Ff,, /T),K) — H([Ff /T),K) — 22U/ T, K).

where f = dim FJ —dim F;{xl = dim Fy —dim 7.z . As before, the second morphism
is injective, because the composition of the Gysin homomorphism with the restriction
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to H*([F;+ /T),K) is the cup product with the top Chern class of the normal bundle
to Ff. Now r is an affine fibration so

H*([Fy /T),K) = H*([Fy/T],K)

and the restriction of the normal bundle of FJ to Fy is

Tp = B Trox

XEX*(T7)
(x,2) <0

so that the stabilizer 77 again acts with non-trivial characters on the normal
bundle and therefore the top Chern class is not a zero divisor in H*([Fy /T),K) =
H*([Fy/(T/T)],K) @ H*(BT3, K).

The cycle class of [F:,fml/T] in H*([F;}/T),K) = H*([Fi;/T),K) agrees with the
cycle class of [T.z1/T] in H*([Fy/T],K), as Fy., is the pull-back of T.z;.

To compute the cycle class Cl[qu,ml/T]([(ﬂm U)/T]) we note that as [Tz /T]| =

B Stabr(z) is the classifying stack of a multiplicative group, the restriction of the
fibration 7 to T.x; is equivariantly isomorphic to the positive part of the tangent
space T;U,xl =V, i.e.,
Fi-i_.xl = T.J}l X V1

where V; is a representation of T' on which T} C T acts with non-trivial characters
only. Splitting "= Ty x T/T; we see that the closure T.x in Fq‘f_xl 2T.x xVyis
the product of T.z; with the closure of the T;-orbit in V;, for which we computed
the cycle class in as non-trivial expression in H*(BT1,K) in terms of the
characters of T that appear in V;. As these classes are the restriction of the first
Chern classes of the bundles T, , which are non-zero divisors in H*([Fy/T],K)

this proves our claim that we can express cljp+ 7 ([T.z N U/T]) as product of the
U
cycle class of [T.z1/T] with a non-zero divisor. O

As by cycle classes of orbit closures only depend on the cell of

the corresponding point, the above proposition again shows that the condition for
a point € X to lie in U, only depends on cell(x). This allows us to construct a
moment measure from U.

Proposition 6.2. Let X be a smooth proper variety equipped with a torus action
T x X — X that admits a line bundle L which is positive on Gy, -orbit closures of
closed points and U C X an open T-invariant subscheme that admits a proper good
quotient [U/T) — U//T. Then the map

m: C(X) — {0,1}
o { 1 if ¢ =cell(z) for some v € U such that T.x C U is closed

0 otherwise

is a moment measure and U = Uy,).

Proof. We have already seen that U,,) = U: For any x € U, there exists a unique
point ¥’ € T.x N U such that T.2’ C U is closed, since [U/T] — U//T is a good
quotient. Then m(cell(z’)) = 1 and by definition 2 € Uj,,). Conversely, for any
& € Ugyyy by definition m(cell(z')) = 1 for some 2’ € T.z.. As the equivariant cycle
class of &’ is determined by cell(z'), implies that «’ € U and hence
x € U since U is open and T.z’ is in the closure of T.z.

It remains to prove that m is a moment measure, i.e. that if m(c) = 1 for some
cell ¢ and |c\ = U|CZ\ is a subdivision of ¢ then m(c;) = 1 for exactly one 3.

We will first prove this in the case that U contains points with closed orbits that
define maximal dimensional cells.
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STEP 1: REDUCTION OF THE CLAIM FOR CELLS OF MAXIMAL DIMENSION TO THE
CASE OF THE GENERIC CELL. First assume that ¢ = cell(z) is a cell of maximal
dimension satisfying m(c¢) = 1, i.e., = is a point with closed orbit of maximal
dimension in U. In this case, we can reduce to the case that c is the generic cell: As
any point x can be obtained as specialization of the generic point and specializations
define subdivisions , there is a subdivision of the generic cell
|cgom| = U cello(:z:i)| such that x = x; for some i. Thus any subdivision of ¢ induces a
refinement of this subdivision of cgep,.

We claim that if U contains a point « with closed orbit of maximal dimension, then
the generic orbit is closed in U and thus m(cgen) = 1, which finishes the reduction
step. To see this, write x as specialization of the generic point z4., € U, i.e. choose
a DVR R with fraction field K and a point xr € U(R) such that zx lies over the
generic point of U and the special fiber of g maps to z. As p: [U/T] — U//T is a
good quotient, there is a unique orbit 7.z in the closure of the generic orbit, that is
closed in Uk . As p is universally closed, this orbit will specialize to some orbit T.xg
in the special fiber of T.zp NUg. If 2% is not the generic orbit, then its stabilizer is
of positive dimension so the same would hold for its specialization zo. However, as
U//T is separated, only one closed orbit in the special fiber of T.zg N Ug can lie in
U and therefore the specialization T.xzq is necessarily T.x. As the stabilizer of z is
finite, this implies that T2/ is the generic orbit.

STEP 2: REDUCTION TO A COMPUTATION OF CLASSES OF STARS OF A CELL. If

m(cgen) = 1, a general orbit in U is closed. Thus as in [Proposition 6.1| the open

subset
jus: (UJ/T)* = UJ/T

over which the fibers of p: U — U//T consist of a single orbit of maximal di-
mension is non-empty and jj; clix/71(cgen) € H24™W/T([U/T],K) is the im-
age of the cycle class of a smooth closed point of U//T under the morphism
p*: H2AWU/T) (U /)T, K) — H?23™U/T)([U/T],K). So we need to prove that for
any subdivision |cgoen| = Ui61|c°i| of the generic cell, there is a unique j € I such
that m(c;) = 1, i.e. such that ¢; is the cell of a point with closed orbit in U.

To prove this, we mimic the argument for geometric moment measures, where we
used that for geometric quotients cells corresponding to closed orbits of maximal
dimension in U all give rise to the same cycle class. For cells ¢; that are not of
maximal dimension we will show that the same result holds for the sum of the
maximal dimensional cells appearing in the star neighborhood of c;.

Suppose m(c;) = 1 for some j then no cell in the boundary of ¢; corresponds
to points in U, because c; corresponds to a closed orbit in U by definition and the
boundary of a cell corresponds to cells of points in the orbit closure.

Let us denote by Star(c;) the union of the cells appearing in the subdivision
|cgoen| = Ui€1|coi|, that contain ¢; in their closure. Then by all cells
c; € Star(c;) also satisfy jg; clix/r)(c;) # 0 € H*([U/T],K), because U is open and
thus a point lies in U if and only if some orbit in its orbit closure lies in U.

Moreover, as p: [U/T]| — U//T is a good quotient, all orbit closures in U contain
a unique closed orbit. This implies that if m(c;) = 1 for some other cell, then
Star(c;) N Star(c;7) = @, as any point corresponding to a cell in this intersection
would be in U and contain 2 closed orbits in its closure.

As clix/1)(cgen) is the sum of the classes of the maximal dimensional cells in the

decomposition |C;en| = UieI|coi| by it thus suffices to show that

Ju CI[X/T](Star(cj)) =Ju clix/m (Cgen) € H*([U/T],K)
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whenever m(c;) = 1, because we just saw that any two stars of classes satisfying
m(c;) = 1 are disjoint and cells that do not contain a cell ¢ with m(c¢’) = 1 map to
0 in H*([U/T],K).

We have already seen this if ¢; is a cell of maximal dimension satisfying m(c;) = 1,
because then Star(c;) = ¢; and ¢; corresponds to a closed orbit that appears as
specialization of the generic orbit. Thus in the cell decomposition of cge, defined
by a specialization to ¢; the only maximal dimensional cell corresponding to closed
orbits in U is ¢;.

STEP 3: IDENTIFYING THE CLASS OF A STAR OF CELLS. To compare j;; clix /7 (Star(c;))
for orbits that are not of maximal dimension with the class of maximal dimensional
orbits, we use a Kirwan blow-up to increase the dimension of the closed orbit.
Suppose that ¢; = cell(z) is a cell satisfying m(c;) = 1, which is not of maximal
dimension. Then the subtorus

T; = ({t € T | xi(t) = xu (t) for all i,i" € cj}):ed cT
is the reduced connected identity component of Stabr(x), because the dimensions
of the tori agree and cocharacters in T have constant orbits in T.x by our positivity
assumption on the line bundle £ and the basic example

Now let XTi =[] F, 7 be the connected components of the fixed point strata of T
and let F, denote the stratum containing x. As this stratum contains exactly those
T-fixed point strata F; for j € cell(z), the stratum only depends on the cell ¢;, not
on the choice of .

Let b: X := Blg, (X) — X be the blow up of X in F,. Then the preimage b~ (Fj)
of a T-fixed point stratum F; C F} is the projectivization of the normal bundle to
F,. Let x; € X*(T) for £ =1,..., f be the characters appearing in the fibers of the
normal bundle, so that the T-fixed point strata

!
by ()" =] Fiv
/=1

of X above F}; are the projectivizations of the subbundles of the normal bundle
corresponding to the characters xj. Because in projective spaces all subsets of
characters that define the extremal vertices of a convex polytope define cells, the
same holds for the cells of orbits contained in b~!(F}). More precisely, the map b
induces a map on the cell complexes C(X) — C(X) and the preimage of a cell can
be computed as in the description of blow ups of toric varieties.

We choose for all maximal dimensional cells ¢; of our subdivision of ¢4, a point
x; € X satisfying ¢; = cell(z;). Then x; ¢ F, as the stabilizer of x; is finite, so x;
has a unique preimage in X and we denote by & € C(X) the cell of this preimage.
Then the union Ujes¢; can be completed to a subdivision (Ujesé;) U (UgeLJg) of
the generic cell ¢gep in X by adding in cells dy of C(b~1(F})) from all j such that
F; C F,, because we saw that all convex subsets of fixed point strata in b=!(F})
appear as cells.

Let b=!(Star(c;)) be the subset of cells in this decomposition of ¢y, that
map to Star(c;). We claim that clx,7) (b~ (Star(c;))) = b*(clix,71(Star(c;))) €
H*([X/T],K). This holds, because the class cl(Star(c;)) only restricts to a non-
trivial class in H*([F;/T],K) for the extremal vertices in the star and these are not
contained in F,. Similarly, clx/7y(b~" (Star(c;))) only restricts to a non-trivial class
in fixed point strata outside of the exceptional divisor and there the classes agree
by construction.

Now by [12, Proposition 3.4] the saturated blow up Bl%, . ([U/T]) € [X/T] has
a good moduli space p: Bly, - ([U/T]) — Blyp, vy (U//T) and in this blow up the
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dimension of the stabilizer dropped over X77. As b* maps the cycle class of a general
orbit in X to the cycle class of a general orbit in X by induction this reduces the
claim to the case that the ¢; is a cell of maximal dimension.

This concludes the argument for subdivisions of cells ¢ that have maximal dimen-
sion and satisfy m(c) = 1.

STEP 4: SUBDIVISIONS OF CELLS THAT ARE NOT OF MAXIMAL DIMENSION. In
general, if we start with a subdivision |¢| = U|¢;| of a cell ¢ that is not of maximal
dimension, let 7. C T be the torus defined by ¢ and F, C X’ the component of
the fixed point set of T, that contains the points with cell ¢, i.e. the component
containing the T-fixed point strata F; for i € c.

Then the cycle class clix;r)(c) € H*([X/T],K) is the image of the cycle class
clip, /r(c) € H*([F./T],K) under the Gysin map. By definition, the cell ¢ corre-
sponds to an orbit of maximal dimension in F, and any cell decomposition of ¢
appears as a cell decomposition in C(F.). As before U N F. C U is closed and
T-invariant and thus admits a good moduli space (U N F,.)//T. Thus we can apply
the result for cells of maximal dimension to U N F, and obtain that m(c;) =1 for a
single cell of the subdivision of c. O
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