Dedicated to Giinter Harder, with
gratitude for his beautiful mathematics

THREE LECTURES ON MOTIVIC COHOMOLOGY

These are notes from my short course giving an introduction to the parallel the-
ories of motivic cohomology furnished by Bloch’s higher Chow groups and Voevod-
sky’s motivic cohomology, as part of the “Conference on Motives and Automorphic
Forms in Honour of Giinter Harder’s 85th Birthday”. In addition to describing
these constructions of motivic cohomology and some of their categorical homes, we
will also discuss relations of motivic cohomology to algebraic K-theory, and to étale
cohomology, as well as extensions of the theory over arbitrary base-schemes.

All of this material has been covered in much greater detail in the literature;
some references can be found in the bibliography to this article. Our aim here is to
give the non-expert an introduction to some of the main ideas that have propelled
the development and applications of motivic cohomology over the past thirty years.

LECTURE 1: AN INTRODUCTION TO HIGHER CHOW GROUPS AND TRIANGULATED
CATEGORIES OF MOTIVES

In the first lecture, we will introduce Bloch’s cycle complex, and Bloch’s higher
Chow groups. After presenting the construction, we will briefly describe the ba-
sic properties of the higher Chow groups as a Bloch-Ogus twisted duality theory:
functoriality, homotopy invariance, projective bundle formula, and the localization
sequence. We conclude with an introduction to the connection of the higher Chow
group with algebraic K-theory via the Chern character and the Bloch-Lichtenbaum
spectral sequence.

In the second part of this lecture, we will introduces some categories of motives.
We start with Grothendieck’s category of Chow motives for smooth projective va-
rieties. Next, we discuss Voevodsky’s triangulated category of geometric motives
and the resulting theory of motivic cohomology.

LECTURE 2: MOTIVIC COHOMOLOGY AND TRIANGULATED CATEGORIES OF MO-
TIVES

We discuss Voevodsky’s sheaf-theoretic version of motives, the triangulated cate-
gory of effective motives. We describe Voevodsky’s embedding theorem and the
categorical description of Suslin homology. We discuss the comparison theorem
identifying motivic cohomology with Bloch’s higher Chow groups, and the relation
of mod m-motivic cohomology with étale cohomology.

We use the comparison theorem to embed the category of Chow motives in the
category of geometric motives, and briefly describe realization functors associated
to de Rham cohomology and Betti cohomology.

LECTURE 3: APPLICATIONS AND PERSPECTIVES

We introduce the construction by Morel-Voevodsky [70] of Al-homotopy theory

and Voevodsky’s construction of the stable version [I03], and briefly describe how

Voevodsky’s triangulated category of motives fits into this picture via the motivic

Eilenberg-MacLane spectrum. We discuss two applications of A'-homotopy theory
1
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to motivic cohomology: the slice spectral sequence and the solution of the Bloch-
Kato conjectures, concentrating on the case for the prime 2 (the Milnor conjecture).

The second part of this lecture is devoted to extensions of the theory to more gen-
eral base-schemes. This includes the Déglise-Cisinski category of Beilinson motives,
and its use by Spitzweck in constructing a motivic cohomology spectrum over an ar-
bitrary base. We conclude with a description of Hoyois’ construction of this motivic
cohomology spectrum, which relies on the theory of framed correspondences.

I would like to thank the organizers of the conference, Jitenrda Bajpai, Mattia
Cavicchi, Christian Kaiser and Pieter Moree, for inviting me to give this short
course and for giving me the opportunity of presenting these notes in this conference
volume.

This paper is part of a project that has received funding from the European Research Council
(ERC) under the European Union’s Horizon 2020 research and innovation programme (grant
agreement No. 832833).
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0. HISTORY AND BACKGROUND

We can start the story with Grothendieck’s idea of motives of smooth projec-
tive varieties as giving a framework for the universal Weil cohomology for smooth
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projective varieties over an algebraically closed field. This has never been carried
out completely, although the construction of motives for an adequate equivalence
relation makes perfectly good sense and is very much in use today.

Let me take this opportunity to recall a bit of the early history (and mystery?) of
Grothendieck’s constructions, without any attempt at completeness. The article of
Demazure [20] gives a detailed construction of motives for numerical equivalence,
and refers to a 1967 lecture of Grothendieck at the IHES, which never made it
into publication, as the original source of this construction, although a 1964 let-
ter from Grothendieck to Serre (reproduced in an appendix in [84]) does use the
term “motif” and outlines some of what Grothendieck hoped from such a theory.
Around the same time as Grothendieck”s lecture, we have Kleiman’s IHES lectures
on algebraic cycles and the Weil conjectures [55]. Here Kleiman discusses algebraic
cycles, correspondences and various equivalence relations on algebraic cycles, as
well as Grothendiecks’s standard conjectures. However, beyonds stating that these
conjectures “... imply the Weil conjectures and they are basic to Grothendieck’s
theories of motives ...”, the theory of motives itself is not introduced. Shortly
thereafter, Grothendieck’s two articles [36, 7] appear. The first of these, dealing
with his standard conjectures, mentions that these have already been introduced
three years previously, by himself and independently by Bombieri. Although the
conjectures are all about algebraic cycles and their relation to cohomology, there is
no mention of a category of motives until the concluding paragraph:

‘Conclusions. The proof of the two standard conjectures would yield results go-
ing considerably further than Weil’s conjectures. They would form the basis of the
so-called “theory of motives” which is a systematic theory of “arithmetic properties”
of algebraic varieties, as embodied in their groups of classes of cycles for numerical
equivalence. We have at present only a very small part of this theory in dimension
one, as contained in the theory of abelian varieties.’

The second paper, dealing with the generalized Hodge conjecture, only mentions
motives tangentially, giving ‘For the reader informed about the yoga of “motives”

.7 a motivic version of the “corrected” generalized Hodge conjecture.

Between Grothendieck’s ITHES lecture and Demazure’s article, Manin [61] used
Grothendieck’s ideas to give a “motivic” proof of the rationality of the zeta function
of a smooth cubic threefold over a finite field. Manin mentions that, assuming the
standard conjectures, the category of Grothendieck motives for numerical equiva-
lence would be semi-abelian and the functor sending a smooth projective variety
to its corresponding object in Grothendieck motives would form the universal Weil
cohomology theory, calling this theory motivic cohomology. That Grothendieck
motives for numerical equivalence is in fact semi-abelian, without assuming any
supplementary conjectures, was proven much later, and to the great surprise of
many, by Jannsen [49] (published in 1992).

In both Manin’s and Demazure’s treatments, realization functors to Weil co-
homology theories were discussed, and this structure forms the main thrust in
Grothendieck’s 1964 letter to Serre. In Manin’s treatment it was silently assumed
that numerical equivalence implies homological equivalence (for the given Weil co-
homology theory), while in Demazure this is stated as an axiom, even though this
was already recognized as an open question that had an affirmative answer assum-
ing the standard conjectures. In any case, the emphasis in all of these works was
on zeta functions and the Weil conjectures, and very little was said about Chow
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motives, i.e., motives for rational equivalence. For a more detailed discussion of the
history and development of Grothendieck’s theory of motives, we refer to Serre’s
article [84].

The next step was the introduction of what would now be known as “oriented
cohomology with additive formal group law” but really goes under the name of
Bloch-Ogus twisted duality theory [I5]. This consists of assigning a bi-graded
ring X — ®H*(X,A(b)) for X smooth over k, together with Gysin isomorphisms
HZ(X,A(b)) =2 H*2¢(Z, A(b—c)) for smooth closed codimension Z C X (plus other
stuff, like 1st Chern of line bundles ...). The need for the second grading (twist)
arose from concrete examples, like f-adic étale cohomology over a non-algebraically
closed field. Beilinson [7] introduced Adams graded algebraic K-theory as a Bloch-
Ogus theory with Q-coefficients and used Gillet’s theory of Chern classes [35] that
this forms the universal theory with Q-coefficients. and the search was soon on for
the universal integral theory.

Beilinson [9] (see also Lichtenbaum’s discussion [60, §5]) and Lichtenbaum [60,
§3] produced axioms for sheaves of complexes X +— T'x(q) that would produce
the universal integral theory by taking hypercohomology; Beilinson used Zariski
sheaves, while Lichtenbaum used étale sheaves. The axioms include a close relation
with algebraic K-theory (enhanced to an Atiyah-Hirzebruch type spectral sequence
giving an integral relation), a connection with the classical Chow ring and with
Milnor K-theory of fields, as well as the identification of the mod n theory with a
truncated version of étale cohomology.

Another axiom, the so-called Beilinson-Soulé vanishing conjectureﬂ may have
inspired Beilinson to reframe this conjectural universal theory as arising as Ext-
groups in an abelian category of “motivic sheaves” over each scheme X, with a six
functor formalism on the derived category [8, §0.3]. Indeed, if one does have such
an abelian category M My on each X, with “Tate motivic sheaves” Zx (¢), then the
complexes of Zariski sheaves I"x (¢) conjectured to exist in Beilinson’s list of axioms
would be given as

I'x(q) := RHomnx (Zx(0), Zx (q)),
where Homps sy (—, —) is the ShAb(X zar )-valued mapping sheaf functor. The mo-
tivic cohomology would then be the Ext groups

H?(X,Z(q)) = EXtZI)\/IMX (Zx(0),Zx(q)),

which would vanish for p < 0. The vanishing for ¢ > 0 and p = 0 would arise
from a suitable theory of weights, analogous to the situation for variations of mixed
Hodge structures. Following this framework, the universal Bloch-Ogus cohomology
theory became rechristened as “motivic cohomology” in [8], §0.2] and [10, §5.10] (this
superseded Manin’s use of this term for the theory given by Grothendieck’s motives
for numerical equivalence, mentioned above).

This vision has not been completely realized, but nearly so. The first construction
of complexes that (partly) satisfied the Beilinson-Lichtenbaum axioms was given by

1Soulé framed this conjecture in terms of the y-filtration on rational K-theory [85] §2.9 Conjec-
ture|, Beilinson [7] §2.2.2] in terms of Adams-graded rational K-theory. For motivic cohomology,
these say that the rational motivic cohomology HP (X, Q(gq)) should vanish for p < 0 and ¢ > 0.
Soulé’s version is for an arbitrary affine scheme, while Beilinson’s version appearing in loc. cit.
is for a regular scheme X in the same range. The version encoded in the Beilinson-Lichtenbaum
conjectures [9], [60} §3| is the vanishing of integral motivic cohomology H?(X,Z(q)) in the range
p<0,q>0.
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Bloch, with his cycle complex and higher Chow groups [I1]. There were a number
of proposals for a categorical framework (see for instance [40], 4T}, 42]), but Voevod-
sky (together with Friedlander and Suslin) [104] came up with the most successful
version, a triangulated category that has the “feel” of the derived category of the
conjectural category of motivic sheaves over a field. Remarkably, the motivic coho-
mology that arises out of this categorical construction agrees with Bloch’s higher
Chow groups. Work of others (Cisinski-Déglise [I8, [19], Ayoub [3] 4], Rondigs-
Ostveer [76], Spitzweck [86], Hoyois [45], ...) has extended Voevodsky’s triangu-
lated category to a very satisfying theory (actually several different constructions
that yield more or less the same theory) over arbitrary base-schemes.

The lack of a Beilinson-Soulé vanishing theorem is at least partly responsible
for having all these constructions at the triangulated level, rather than admitting
the framework of an abelian category of mixed motivic sheaves following Beilinson’s
vision. To recover such an abelian category from the triangulated version, one would
need a “motivic t-structure”, but Voevodsky has shown that, for his triangulated
category of effective geometric motives over a given field k, a “reasonable” t-structure
does not in general exist. He gives an obstruction involving a conic over k£ without k-
points (see [I04, Chap. 5, Proposition 4.3.8]). His obstruction does however vanish
if one passes to the category with Q-coefficients, or if %k is algebraically closed, so
perhaps not all hope is lost.

In these three lectures, I will begin in the first lecture with a description of Bloch’s
cycle complex and the first of Voevodsky’s categorical constructions. This latter
has a very straightforward definition, but has the disadvantage that the motivic
cohomology resulting from it is nearly impossible to compute or even relate to
other theories, such as the classical Chow groups.

In the second lecture, I will discuss Voevodsky’s great innovation, which was to
put this rather naive theory into a sheaf-theoretic context and, combining fairly
classical constructions with the cohomological methods made available by the use
of sheaves and the derived category, was able to realize the categorically-defined
motivic cohomology as the hypercohomology of a sheaf of complexes, just as envis-
aged by Beilinson and Lichtenbaum. Moreover, a similar combination of geometry
and sheaf theory allowed him (with Friedlander and Suslin) to connect the motivic
cohomology with Bloch’s higher Chow groups, and to embed Grothendieck’s cat-
egory of Chow motives (motives for rational equivalence) as a full subcategory of
the triangulated category of motives.

In the third lecture, I will look at the interplay of the categories of motives
with a finer theory: motivic homotopy theory. This will clarify the relation of
motivic cohomology with algebraic K-theory, as well as providing many of the
tools used by Voevodsky and others to verify the Beilinson-Lichtenbaum conjectures
describing the relation of mod n motivic cohomology with mod n étale cohomology.
In addition, this gives a framework for expanding the theory over a field to one over
an arbitrary base-scheme, using methods that are interesting in their own right.

Here is a partial table of the historical development of motivic cohomology and
its categorical framework:



THREE LECTURES ON MOTIVIC COHOMOLOGY 7

Contributor Cohomology/ Category

representing object (sometimes conjectural)
Weil Weil cohomology
Grothendieck universal Weil cohomology motives for smooth

projective varieties

Bloch, Ogus twisted duality theories

Beilinson, Lichtenbaum | universal cohomology,
motivic complexes

Beilinson motivic cohomology abelian categories of
motivic sheaves

Bloch Cycle complexes,
higher Chow groups
Suslin algebraic singular complex,
algebraic homology
Voevodsky motivic cohomology triangulated categories
on Smy, of motives over a field
Morel-Voevodsky, generalized motivic motivic homotopy
Voevodsky cohomology categories
Rondigs-Ostveer motivic cohomology modules over Hy,o7Z
on Smy, HyotZ € SH(k)
Cisinski-Déglise rational motivic cohomology | Beilinson motives:
over B, HS € SH(B) modules over HE
Spitzweck motivic cohomology modules over MZpg
over B, MZp € SH(B)
Hoyois motivic cohomology modules over M Zg

over B, MZ1 € SH/"(B)

1. LECTURE 1: AN INTRODUCTION TO HIGHER CHOW GROUPS, MOTIVIC
COHOMOLOGY AND THE TRIANGULATED CATEGORY OF MOTIVES

1.1. Higher Chow groups.

1.1.1. Motivation. The idea behind Bloch’s construction of his higher Chow groups
[I1] is to give a “resolution” of the classical Chow group of dimension ¢ cycles on a
variety (reduced, separated, finite-type k-scheme) X modulo rational equivalence,
that encodes what one might call “higher rational equivalences”.

We first recall some of the elementary structures available on algebraic cycles.
We work in the category Schy of separated, finite-type k-schemes, and in the full
subcategory Smy, of smooth k-schemes. We call a reduced scheme X € Schy a
k-variety.

For X € Schy, we have S,;(X), the set of integral, dimension ¢ closed subschemes
of X and Z,(X), the group of dimension ¢ algebraic cycles, i.e., the free abelian
group on S, (X):

Zy(X) = Bwes,(x)Z-W

Here the dimension of an integral finite type k-scheme W means equivalently the
Krull dimension, or the transcendence dimension over k of the function field k(W).
By passing to the generic point, we often identify S,(X) with the set X, of points
x € X with closure Z of dimension q.
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Let Z C X be a closed subscheme such that each irreducible component of Z has
dimension ¢, and let 21, ..., 2z, be the generic points of Z. We have the associated
cycle cycx (Z) € Zy(X) defined by cycy(Z) = Y.i_, miz;, where m; > 0 is the
length of Oy ., over Ox ..

For f : Y — X a proper map, there is an induced map f. : Z,(Y) — Z,(Y),
with

L1 W) = 0 if dimf(W) < dimW
: O [EOW) s k(fOV))] - f(W) i dimf (W) = dimW.
We have (fg)« = f«gs«. There is an external product
X : Zg(X)x Z.(Y) = Zggr (X X Y)

defined on W, € S,(X), Wa € S.(Y) by Wi x Wy := cycx .,y (W1 xi Wa).

For f: Y — X a flat morphism, of relative dimension d, there is a well-defined
functorial pullback f*: Z,(X) — Z,4+q(Y).

If D C X is an effective Cartier divisor, let Z,(X)p C Z4(X) be the subgroup
generated by integral W with W not contained in D. There is a well-defined
intersection map

D (=): Zy(X)p = Zy-1(D)
defined for integral W € Z,(X)p by
D -W :=cycp(DNW),

where D N W is the scheme-theoretic intersection, and then extending to Z,(X)p
by linearity.

More generally, if W e S9(X), W’ € S7(X) are integral closed subschemes on
some X € Smy, we say that W and W’ intersect properly if each integral component
W; of W N W’ has codimension g + ¢/ on X. If this is the case, we have the well-
defined cycle W - W’ € Z9+4'(X) defined by

=1

where W1y, ..., W, are the integral components of W NW’', and the positive integer
m; is given by Serre’s intersection multiplicity formula:
dimg X
m; = Z (fl)jlngOXYWiTor;DX’Wi(OW7Wi,(9W/7Wi)
j=0

The Chow group CH,4(X) is the quotient Z,(X)/R4(X), where R, (X) C Z,(X)
is the subgroup of cycles rationally equivalent to zero. Rq(X) has many equivalent
definitions, but for us, let’s use

Ry(X) :={ig(W) —if (W) | W € Zgy1 (A" X X)oxx+1xx}

Here 5 (W) = pj.(j x X) - W, j = 0,1, with p; : j x X — X the projection. In
other words, we have the coequalizer sequence

%

!
(1.1) Zq-i-l(A1 x X)O,l *%) Zq(X) - CHq(X)
%o
The proper pushforward map descends to f, : CHy(Y) — CHy(X) and the flat
pullback map descends to f* : CHy(X) — CHg1q(Y). If X is equi-dimensional



THREE LECTURES ON MOTIVIC COHOMOLOGY 9

over k of dimension d, we can index by codimension, with S9(X) = Sq_,(X),
XD = X(4_q), ZYX) 1= Z4_q(X), and similarly for R?(X) and CH?(X).

For f : Y — X a morphism in Schy with X € Smy and Y locally equi-
dimensional over k, there is also a partially defined pullback map f* : Z}(X ) —
Z(Y'), with Z}(X) C Z9(X) the subgroup generated by integral closed W C X
such that each component of f~!(W) has codimension q on Y. Explicitly, we take
the graph I'y C Y x X, giving the cycle

Ff : (Y X W) € Zq(Ff)

and then use the projection p; : 'y = Y to transform this to the cycle f*(W) €
Z1(Y). This descends to a well-defined pullback f* : CH?(X) — CHY(Y), functorial
on Smy,.

For X € Smy, external product and pullback by the diagonal Ay : X x X — X
gives the graded group CH*(X) := @,CHY(X) the structure of a commutative ring,
with intersection product

a-fB:=A%(axp),
and unit 1x := 1-X. If @ and 3 are represented by cycles Z, Z’ on X that intersect
properly, then « - 3 is the class in CH*(X) represented by the well-defined cycle

intersection Z - Z' € Z*(X). Moreover, for f : ¥ — X a morphism in Smy, the
pullback map f* is a ring homomorphisms. Finally, one has the projection formula

for f: Y — X a proper map in Smy. See e.g. |28, Chap. 1] for more details on
the basic properties of the cycle groups and the Chow groups and more of [28] for
details on the pullback maps for arbitrary f € Smy.

If p: E — X is an affine space bundle (torsor for a vector bundle) with fiber
dimension d, then p* : CHy(X) — CHg1q(E) is an isomorphism for all ¢ € Z.
Ff F is in fact a vector bundle with zero section s : X — FE, one can define
s* = (p*)~1: CHy1a(E) — CHy(X), even if X is not smooth; this does agree with
the pullback map s* defined above if X is smooth.

If p: L — X is aline bundle with zero-section s : X — L, we have the 1st Chern
class operator

é1(L) : CHy(X) — CHy—1(X)
defined by & (L)(a) = s*(s.()). For X € Smy, we have ¢;(L) € CH'(X) defined
by ¢1(L) := ¢1(L)(1x) and in this case, ¢;(L)(«) = ¢1(L) - a.
Let p : V — X be a rank n + 1 vector bundle, with associated projective
space bundle f : P(V) — X and tautological (quotient) line bundle O(1). Let
a; : CHy(X) = CHgqn—i(P(V)) be the map

a;(B) := & (0(1))"(f*(8))
Then

Zai t @i CHg—ni(X) = CHy(P(V))
=0

is an isomorphism. If X is smooth, this says that CH*(P(V)) is a free CH*(X)-
module (via f*) with basis {¢1(O(1))*}i=0,....n. This is known as the projective
bundle formula.
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1.1.2. Bloch’s cycle complex and higher Chow groups. Bloch’s idea is to extend the
co-equalizer sequence defining CH, (X)) to the left, using cycles on algebraic
versions of the topological n-simplices to give a complex whose higher homology
describes the “higher relations” arising from the relation of rational equivalence of
cycles on X.

Definition 1.1. 1. For n > 0 an integer let
A} C A= Specklto, . . ., tn)

be the affine hyperplane defined by > .t; = 1. A codimension ¢ face of A} is a
subscheme ' C A} defined by equations of the form ¢;, = ... = t;, = 0, with
0<i1 <...<i:<n,c<n.

2. Let X be in Schy. For n,q > 0, let 24(X,n) C Zz4n(A} x X) be the subgroup
freely generated by integral closed subschemes W such that, for each ¢ and each
codimension ¢ face F' of A}, each irreducible component of WNX x F' has dimension
qg+n-—ec.

Remarks 1.2. 1. Since for each codimension ¢ face F' of A", the closed subscheme
F x X of A™ x X is a complete intersection, it follows that for each integral closed
subscheme W of A™x X of dimension g+n, each irreducible component of WNX x F'
has dimension > ¢ + n — ¢. The property that each irreducible component of
W N X x F has the minimal dimension ¢ + n — ¢ is often stated as saying that W
intersects X x F properly.

2. Letting i : F' — A} be the inclusion, the fact that F' is a complete intersection
in A} means we can still use Serre’s intersection formula to define

(Idx xip)* W) :=(X X F) - W € Zgyn—c(X X3 F)
for each W € z,(X,n).
The collection of k-varieties {A}},,>0 forms a smooth, cosimplicial scheme over
k as follows. Letting Ord be the category with objects the finite ordered sets
[n] :={0,...,n} (with the standard order) and maps the order-preserving maps of
sets, we have
Ak : Ord — Sm,,
by Ax([n]) = A} and for g : [n] — [m] an order-preserving map, the map
Ax(g) - AL — Af

is the affine-linear map

Ap(@)(tor- - tn) = (Ao Ae(@m): Ailg)y= >

(recall that the empty sum is defined to be 0).
Note that Ay(g) factors as a smooth map p(g) : A} — F followed by the inclusion
ip 1 F' — AJ' for some face F, so we have a well-defined pullback

g" = (Idx x Ak(g))" := (Idx x p(g))” o (Idx X ip)" : 2g(X,m) = 2(X,n)

This gives us the simplicial abelian group [n] — z4(X,n), with corresponding ho-
mological complex (z4(X, %), d); as usual, dy, : 2¢(X,n) = 24(X,n — 1) is the map
Soro(=1)10"*, with 6 : [n — 1] — [n] the unique injective order-preserving map
with ¢ not in the image.
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Definition 1.3. Take X in Schy. The complex (z4(X, *),d) is Bloch’s dimension
q cycle compler and the homology is Bloch’s higher Chow group

CH(I(Xv n) = HTI((Z(I(X7 *)v d))
If X is equi-dimensional over k of dimension d, we may index by codimension,
defining (29(X, *),d) := (24—q¢(X, *),d), CHY(X,n) = CHgq_q(X,n); we extend the
notation to X locally equi-dimensional over k (e.g., X smooth over k) by taking
the direct sum over the connected components of X.

1.1.3. Basic properties. Here is a list of the fundamental properties of the cycle
complexes and higher Chow groups.

Theorem 1.4. 1. Let z,(X,0) = CHy(X,0), Z;(X) = CHy(X) be the canonical
surjections. There is a unique zsomorphzsm CH,(X,0) =2 CHy(X) making
)

z4(X,0) Z,(X

| |

CH,y(X,0) —~— CH,(X)

commute.

2. Let f 1Y — X be a proper map in Schy. The push-forward maps (Id x f).
Znsg(AR XY) = Zp1q(A} x X) define a functorial pushforward map of complezes
f* : (zq(}/’ *)7d) - (Zq(X7*)7d)

and on homology, f.: CHy(Y,n) — CHy(X,n).
The inclusion i : Xyeqa — X induces an isomorphism i, : (2¢(Xied,*),d) —
(24(X, %), d).
3. Let f:Y — X be a flat map in Schy, of relative dimension d. The flat pullback
maps
(Ad X f)" : Zgn (AR X X) = Zgnta(AL X Y)
give rise to well-defined functorial maps of complezes

J7 i (2g(X, %), d) = (2g4a(Y, %), d)
and on homology f* : CHy(X,n) — CHgyq(Y,n).

3. Let f:Y — X be a morphism with X smooth and Y locally equi-dimensional
over k. The “partially defined” pullback maps

(Id x £)* : Z9(AR x X)axyr — Z9 (A xY)
give rise to a well-defined pullback map
Fr 29X, %) — 29(Y, %)
in the derived category D~ (Ab) and on the homology f* : CHY(X,n) — CHY(Y,n),
which are functorial on Smy,.

4. Let p: E — X be an affine-space bundle (torsor for a vector bundle over X ) of
relative dimension d. Then p* : CHy(X,n) — CHyyq(E,n) is an isomorphism.

5. For X, X' k-varieties, we have well-defined external products
Mx x : Zq(Xv *) @z, Zq/(X/a *) — Zq+q/(X XY, *)

in D~ (ADb), inducing external products on homology Kx x+ : CHy(X, n)®@CHy (X', n
CHyyq (X x X',n+n').
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For f:Y =X, f:Y' — X' we have
(f x f)oByyr =Bx,x/ o (£ ® f))
if f,f are proper.
(fx f) olx x =Wyy o(f @ f7)
if f and f' are flat or if X, X' are smooth and Y)Y’ are locally equi-dimensional.

5. If X is smooth over k, let Ax : X — X x X be the diagonal. Then Ux := A*o
My, x makes CH" (X, %) := @4,>0CHY(X,n) a bi-graded Z-algebra, commutative
i q and graded-commutative in n. Moreover, if f :Y — X is a proper morphism
in Smy, then we have the projection formula

feo(ffUldy) =Idx U f..
6. (Projective bundle formula). Let V — X be a rank n+1 vector bundle over some
smooth X , with associated projective space bundle P(V) := Proj(Sym*V) & X. We
have € : ¢1(O(1)) € CHY(P(V)), and via ¢*, CH*(P(V'), %) is a bi-graded CH* (X, *)-
module. Then CH*(P(V),*) is a free CH* (X, *)-module with basis 1,&,...,&™.

Finally, all these structures and properties restrict to the classical ones for CH,(—)
and CH*(—) via the isomorphism (1).

A crucial property of the higher Chow groups is the long exact localization se-
quence. Let X be a k-variety, ¢ : W — X a closed subvariety with open complement
7 : U — X. We have the classical right-exact localization sequence

CH, (W) 5 CH,(X) 1 CH,(U) — 0

Theorem 1.5 (Bloch [12], 1992). With i : W — X, j : U — X as above, the
sequence

2q(W, %) LN 2q(X, %) ]—> 2q(U, %)

extends canonically to a distinguished triangle

2g(W, %) 55 20(X, %) L 20(U, %) — 2o (W, #)[1]

in D™ (AD), giving rise to the long exact localization sequence
= CHy(W,n) 25 CHy(X,n) L5 CH,(U,n) 22 CH,(W,n —1) — ...
— CH,(W,0) 25 CH,(X,0) 2 CH,(U,0) — 0
extending the classical sequence via the isomorphism CHy(—,0) = CHy(—).

Remarks 1.6. 1. The construction of the proper pushforward and flat pullback
maps is straightforward. The homotopy property for the projection A! x X — X
is proven by identifying (Al,ig,i1) with (Al,§{,6?) and using an algebraic version
of the standard subdivision of A™ x A!. One needs to be careful here as the
“new” faces introduced in A™ x A! to make the subdivision need to be taken into
account when defining the suitable cycle groups on A™ x A x X, and one needs an
elementary moving lemma to make the proof of homotopy invariance of homology
from topology work in this setting.

The contravariant functoriality for morphisms to a smooth variety relies on a
version of the classical Chow moving lemma, in case X is affine or projective. To
get this to work in the general smooth case, one needs to use the localization
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property to yield a Mayer-Vietoris sequence (as discussed in (2)), which reduces to
the affine case.

2. By a standard argument, the localization theorem gives a long exact Mayer-
Vietoris sequence: For X =U UV, U,V open, we have W := X \U =V \(UNYV)
and one pieces the two resulting localization triangles together to give a Mayer-
Vietoris distinguished triangle

Sk ek Vs Ux
2q(X, ) M) 2q(U, %) ® z4(V, %) JuavIuav, 2,(UNV, %) 9, 2q(X, %) [1]

The Mayer-Vietoris sequence is then used to extend the basic homotopy invariance,
for X x A = X, to the general version, and is similarly used to prove the pro-
jective bundle theorem, starting from the case of a product (which is proven using
localization for the standard cell decomposition of P™, plus homotopy invariance).

The proof of the localization theorem uses essentially new ideas introduced by
Bloch [12]. The basic problem is as follows. Let i : W — X, j : U — X be as in the
statement of Theorem and let z, (U, *); C z,(U,*) be the image j*(z4(X, %)).
This gives us the degree-wise exact sequence of complexes

0 = 2g(W, %) 5 2,(X, %) L5 2,(U,%); — 0

so it suffices to show that the inclusion z,(U, *); — 2z4(U, %) is a quasi-isomorphism
(it is easy to construct examples for which this is a proper inclusion). The problem is
that a subvariety W € z,(U, n) may have closure W in Z,;,, (A" x X) that no longer
intersects all faces properly. To deal with this, Bloch shows that after a sequence
of blow-ups of faces U x F in A™ x U, which creates a new “polyhedral” version
A" x U of A™ x U, the inverse image of W has closure in A™ x X that intersects all
“faces” properly. Then by a clever subdivision construction, Bloch puts this blow-
up of W back in z,(U,n) and shows that it actually lands in z4(U,n);. Finally,
Bloch shows that this transformation defines a retraction z4(U,*) — z4(U, *); in
the derived category (at least on finitely generated subcomplexes), which shows
that the inclusion z4 (U, *); — 24(U, %) is a quasi-isomorphism.

Since this is a crucially new idea in intersection theory, let’s at least look at a
simple case to see what is going on in a bit more detail. For simplicity, we look
at a cycle W on U x A? intersecting all faces properly, and consider its closure
W C X x A?. The possible non-proper intersections all involve faces of the form
X x v, with v a vertex (0-dimensional face) of AZ2.

We try to resolve the problem by blowing up such a face X x v. This creates a
new codimension one face, the exceptional divisor of the blow-up A? — A2 and
two new vertices, v’, v, both lying over v. Continuing in this fashion, we have a
sequence of blow-ups of vertices,

2 2 2
A, — ... = AT = A7

where A2 has a “polygon” of m + 3 codimension one faces, each with two vertices,
these being the codimension two faces of A% . We continue the process by blowing
up one of the vertices on A2 .

The fact that W intersects faces in U x A2 properly says that the pullback W,,
of W to U x A2 is equal to its proper transform, and that W, intersects all faces
in U x A2 properly. The blow-up part of the story says that for some m >> 0,
the closure W,,, of W,,, in X x A2, also intersects all faces in X x A2 properly.
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Accepting all this, how to we get back to a cycle W’ on U x A2 with closure W’
in X x A? that both intersect faces properly, in such a way that the induced map
of complexes z2(U, ) — 29(U, *) sending W to W' is homotopic to the identity?
The answer is Bloch’s clever subdivision construction, which we now describe.

On A2 each vertex v comes with a canonical choice of coordinates (., ¥, ), with
v = (0,0). Indeed, A% = Specklto,t1,t2]/> ;ti — 1. At t; =t; =0, t, = 1, we
take x, = t;, y» = t; with ¢ < j. Now suppose we have coordinates (z,,y,) on
some open neighborhood U, of v € A%. On the blow-up s, : AZ ., — A2 of
A2 at v we have local coordinates (x, = Ty, Yy = Yy/T,) at one new vertex v’
and (2,7 := Ty /Yp, Yo := Yo) at the other. We take U, = uy; 1 (U,) \ py [z, = 0],
Upr = 1y 1 (Uy) \ 1y [yo = 0], where py1[—] denotes the proper transform.

If w € AZ 11 s vertex mapping to a vertex w € A2 different from v, we use
coordinates (z(w),y(w)) on Uy := Uy, \ E,, where E, is the exceptional curve of
Lho-

For the subdivision, one chooses a very general point ¢ = (cg,c1,co) € A2
(with respect to the chosen cycle W). Since ¢ is not in any face, we have the
unique point ¢,, € A% mapping down to c. We define new canonical coordinates
(@v,e = Zo/2u(C), Yo,c = Yu/Yu(c)). This gives the coordinate system (U, Ty, c, Yo c)
a cubical structure, with four faces z, . = 0,1, ¥, = 0,1, and thus an open immer-
sion j, : Vi, = U, of an open subset V,, C Speck[z,y] via ji(xy.c) = 2, 7 (Yv,c) = ¥
By construction we may assume that V, contains all four vertices (x,y) = (€1, €2)
with ¢; € {0,1}. Let 0% := Speck[z,y], endowed with the four codimension one
faces x = 0,1, y = 0,1 and four vertices (codimension 2 faces) (z,y) = (€1, €2) with
€ € {0, 1}

We now have the crucial lemma.

Lemma 1.7 (see [12, Lemma (1.3.1)]). Let i, : A2, — A2 be the blow-down map.
Suppose that ¢ is suitably general. Then

1. iy © o : Vi, = A? extends to a morphism f, : (0% — A2,
2. (Idy x f,)*(W) intersects U x F properly for all faces F of [J2.

3. Suppose that (Idy X ju,,)*(W) has closure in X x A2, that intersects all faces
X x F properly. Then the closure of (Idy x f,)*(W) in X x O? intersects X x I
properly for all faces F of O?.

Finally, one needs to take an appropriately signed sum f,, := > o, f; over
vertices v € A2, 7, € {£1}, giving the cycle (Id x f,,)*(W) on U x 0%, whose
closure in X x [J? intersects all faces properly.

It thus becomes useful to replace the simplicially based cycle complex z7(—, %)
with a cubical version z4(—,«). For this, we replace A™ with its n + 1 maximal
faces t; = 0 with the algebraic n-cube O™ = Spec k[x1, ..., z,], with its 2" maximal
faces z; = € € {0,1}; let «§ : "1 — O" be the corresponding inclusion. The
differential d,, := >, (—1)*(Id x 07)* for 2%(—, ) is replaced with the differential
On = Y0 (=1)Y[(Id x ¢})* — (Id x ¢)*]. The resulting complex of cycles inter-
secting faces properly, 24(X, ), has some uninteresting homology, arising from the
subcomplex of “degenerate” cycles, namely, the cycles in 24(X,n) that are pull-
backs from Z¢(X,n — 1) via a projection onto n — 1 factors (0" — "', Taking
the quotient by this subcomplex defines the cubical complex zZ(X, x).

We have concentrated on the case z9(—,2) for simplicity, but essentially the
same procedure gives a similar result for each finitely generated subcomplex C' of
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29U, %)< N, giving a sequence of blow-ups
AN s AN

and a map of complexes f}, y o :C — 24(U, %) with image landing in the subcom-
plex z4(U, x); of cycles with closure in z4(X, *); one needs to take the central point
¢ to be suitably general with respect to the generators of C' (for this, one needs to
assume that k is an infinite field, but for a finite field F,, the usual trick of passing
to an infinite /-primary extension of F, for two different primes ¢ allows one to
assume this).

One shows rather easily that 22(U, x) and z4(U, %), are quasi-isomorphic to the
simplicial versions z2(U, *) and z7(U, ) ; respectively. To show that the composition

¢ Imxey Laa), Uy a4

is homotopic to the inclusion C' — z9(U, %) followed by a quasi-isomorphism 6 :
29U, x) = 28(U, %), let fo n.c : C — 29(U, *) be the map associated to the identity
tower AV — AY. One makes a sequence of blow-ups of AN x A! by applying the
given sequence to AN x0 C AN x Al a similar cubical decomposition gives a homo-
topy between io f,, n ¢ and fy n,c. Degenerating the point ¢ to a vertex shows that
fo,~,c is homotopic to the identity. A similar argument shows that the restriction
of fr. .o to CN 29U, *); is homotopic to the inclusion C'N 29(U, *); = 29(U, %),
followed by the quasi-isomorphism 29(U, *); — 2%(U,*);. Taking a limit over C,
this shows that 29(U, *); — 29(U, ) is a quasi-isomorphism. which completes the
proof of the localization theorem, subject to the assertion that one can always
achieve the proper intersection of the closure by blowing up faces.

This is not at all obvious: a version of this, local around a fixed vertex, for
the case of codimension 1, is known as “Hironaka’s polyhedra game”, which was
solved by Spivakovsky [87]. Bloch builds on this local result to arrive at a global
version. For this, he considers the collection of the vertices of all possible iterated
blowups of A™, and the maps between them, as a profinite set, and uses the resulting
compactness to reduce to the local case. In other words, given a divisor D on A™,
Bloch shows that there is an iterated blow-up pu : 0" — A" such that the proper
transform p~'[D] avoids all the vertices on (J*. This becomes the first case in an
inductive proof that handles the case of arbitrary codimension; see [I12, Theorem
(2.1.2)] for details.

1.1.4. Relations with algebraic K -theory. For a variety X, the Grothendieck group
Go(X) of coherent sheaves on X is closely related to the Chow groups CH,(X)
by taking the topological filtration: Let Coh,(X) C Coh(X) be the full sub-
category consisting of coherent sheaves with support in dimension < ¢ and let
Fi°PGo(X) C Go(X) be the image of Ko(Cohy(X)). A weak form of Grothendieck’s
Riemann-Roch theorem implies that sending a dimension ¢ subvariety W to [Ow] €
F;°PGy(X) descends to a well-defined homomorphism

clg : CHy(X) — gri*Go(X)

and this map is in fact an isomorphism modulo torsion (at least for X smooth).
Bloch and Lichtenbaum [I4] extended this construction to the higher algebraic

G-theory, G.(X) = G.(Coh(X)) on the one side, and the higher Chow groups

on the other, by considering a “topological filtration” of the cosimplicial scheme
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[n] — A} x X. One lets F, Coh(X,n) C Coh(A} x X) be the full subcategory of
coherent sheaves F with support satisfying

dim[supp (F)NX x F]<n+q—c

for each face F' C A™ of codimension c¢. Applying Quillen K-theory gives a tower
of simplicial spectra

[n] = (... = K(F, Coh(X,n)) = K(Fy+1 Coh(X,n)) —
... = K(Faimx (Coh(X,n))) = K(Coh(A} x X)))
and associated tower of total spectra
... = K(F, Coh(X, *)) - K(Fp1+1 Coh(X, %)) — ...
— K(Faimx (Coh(X, %))) = K(Coh(A} x X))
Moreover, the natural map Coh(X) — Coh(Aj x X) induces a weak equivalence
G(X) := K(Coh(X)) = G Coh(A* x X)
The tricky part is to show that
7n (K (Fp Coh(X, ))/K(F,_1 Coh(X,*))) =2 CH,(X,n).

The arguments used by Bloch-Lichtenbaum [14] for the case X = Spec F', F a field,
are very close to that used to prove the localization property for the higher Chow
groups in [12]. Friedlander and Suslin [27] rely on the Bloch-Lichtenbaum result to
generalize to the case of arbitrary finite-type X over a field. Levine [57), 58] uses a
somewhat different approach to arrive at the same result.

In any case, this tower gives the Atiyah-Hirzebruch spectral sequence

E, ,=CHy(X,p+q) = Gpig(X)

For X smooth, we have G,.(X) = K.(X), and one usually reindexes to an Es
spectral sequence looking like

EPY=CH Y(X,-p—q) = K_,_(X)

We will see later on that Voevodsky’s motivic cohomology H?(X,Z(q)) agrees with
Bloch’s higher Chow groups after a reindexing: H?(X,Z(q)) = CHY(X,2q — p),
giving the Atiyah-Hirzebruch spectral sequence in its more familiar form

(1.2) By = HP (X, Z(~q) = K_p_q(X).

Gillet’s theorem of Chern classes for higher K-theory [35] gives Chern class maps
(for X smooth)
Cqn : Kp(X) - CHY(X,n)

extending the classical Chern classes ¢q : Ko(X) — CH?(X). Using these, one can
show that the AH spectral sequence degenerates rationally.
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1.1.5. Milnor K-theory. For a field F, the Milnor K-theory of F' is the N-graded
ring defined as a quotient of the tensor algebra (over Z) on the abelian group of
units F'* modulo the “Steinberg relation™

KM(F) = (F*)®/({a® (1 - a) |a € F\{0,1})

This was originally constructed by Milnor [66], inspired by Matsumoto’s theorem
[62] describing the Quillen K5 of a field:

Ky(F)2F*@F*/({a® (1 —a)|ac F\{0,1}).
For x = (21,...,2,) € (F*)", let ¥(x) = ), x;. Nestorenko-Suslin [72] showed
that the map sending (F*)™ \ {Z(x) | x € (F*)"} to 2" (F,n) by
-1 1 T )
1-2(x) 1-%(z)"" " 1-X(x)
descends to give an isomorphism K (F) — CH"(F,n). This fact was also proven
by Totaro [91], using the cubical construction of the higher Chow groups described

~

above. These maps for varying n yield an isomorphism of graded rings KM (F) =
®,CH"(F,n).

x=(x1,...,2n) — (

1.2. Triangulated categories of motives.

1.2.1. Grothendieck-Chow motives. Grothendieck constructed a series of categories
of motives for smooth projective varieties, depending on a choice of a so-called ad-
equate equivalence relation for algebraic cycles. His ultimate goal was to construct
the universal Weil cohomology theory using purely geometric means. This is still an
open question. However, using the finest adequate relation, namely, rational equiv-
alence, one arrives at the category of Chow motives, which was later expanded by
Voevodsky to form a categorical framework for a good theory of motivic cohomol-
ogy.

To fit better with Voevodsky’s construction, we define a homological version of
Chow motives, essentially following [56].

Definition 1.8. The category of Chow correspondences over a field k, Corcpu(k),
has objects [X] for each smooth projective variety [X] over k& and morphism groups
(for irreducible X)

HomcorCH(k)([X], [Y]) := CHgimx (X x Y);

in general, write X = II; X; as a disjoint union of its irreducible components and
define HomCOrCH(k)([X]’ [Y]) = H1 HomCOYCH(k)([Xi]a [Y]).

The composition law is that of correspondences: For Wi € CHgimx (X x Y) and
Wy e CHdimy(Y X Z) define

W o Wi = pxxz«(Dx xy (W1) - Py x 2(W2))
The identity on [X] is given by the diagonal cycle Ax € CHgimx (X x X).

Note that we need Y to be proper for px«z« to be defined, and we need X,Y
and Z to be smooth, and we need to pass from cycles to cycles mod rational
equivalence, for the intersection product to be defined (we use projective instead
of proper varieties to be able to use classical moving lemmas for the intersection
product, but this is not really needed).

We have the functor SmProj, — Corcpu(k) sending X to [X] and f: X — Y
to the graph I'y € CHgimx (X x Y).
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Corcp (k) is an additive category with @ induced by disjoint union in SmProj,,.
Similarly, product over k makes Corcy (k) a tensor category. The next step is to
adjoin summands corresponding to idempotent endomorphisms; this is a formal
process where one has objects (X, «) with a : [X] — [X] in Corcu(k)([X], [X])
an idempotent endomorphism. This gives the category of effective Chow motives
Motcn (kJ)CH, with

HomMotCH(k)e“((Xa Oé), (Ya ﬂ) = /8 : HomCorCH(k)([X]a [Y]) ey

and with composition induced from Corcy (k). Corcp (k) is embedded in Motcg (k)°f
by sending [X] to (X,Id). In Motcyu(k)*™, we have the Lefschetz motive L, this
being the summand of [P!] given by 0 x P* € CHy (P! x P'); 0:= [1,0] € P(k).

If you’ve never done this before, it’s a nice exercise to show that 0 x P', P! x 0 €
CH; (P! x P') are both idempotent endomorphisms, and Ap:r = 0 x P + P! x 0 €
CH; (P! x P'). P! x 0 is just the graph of the endomorphism ig o p of P!, with
io : Speck — P! the inclusion of the point 0 and p : P — Speck the projection,
but the other factor 0 x P! is not the graph of any endomorphism.

Definition 1.9. The category Motc (k) of Chow motives is defined by inverting
the endofunctor — ® L on Moty (k)°:

Motcp (k) := Mot (k)°F[(— @ L)1

Write M{n} for M ® L®". Note that we have the cancellation property: For
M, N € Motcy k)", the canonical map

HOmMOtCH(k)eff (M, N) — HOmMOtCH(k)eff (M{l}, N{l})

is an isomorphism. Since the objects of Motcu (k) are all of the form M{n} for
M e Mot (k) and n € Z, and

Homot ey (k) (M1{n1}, Ma{nz}) = colimy, Homysoqp, (kyert (Mi{n1+m}, Ma{na+m})
the canonical functor Motcy (k) — Motcp (k) is a fully faithful embedding.
Remark 1.10. The Chow groups CH,,(X) are represented in Motcu (k) by

CH, (X)) = Hompogey () (L°", [X])
and CH"(X) is similarly represented by

CH"(X) = Homot ey (i) ([X], L")

This follows from the formula for CH, ((P*)"): For I = (e1,...,¢,) € {0,1}7, let
P! C (P')™ be the subscheme

Pl = {(z1,...,2,) € (PH)" | z; = 0 if ¢; = 0}
and let |[I| = 3", €;. Then
CH.((P")" x X) = ®reqo,13»[P'] x CH,_1(X)
and
CH*(X x (PY)") = @101y CHTI7"(X) x [P/]
where one sends o € CH,_ (X)) to o x [P/] € CH,(X x (P')") and similarly for
CH". Writing L®" as a summand of (P')", we see that Homyjetey (k) (L™, [X]) is

is the summand CH"(X) x [P(D] of CH™(X x (P1)™).
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Motcp (k) is a tensor category in which each non-zero object has a dual. For in-
stance the dual of [X] is [X]{—dimX} and the dual of ([X], ) is ([X]{—dimX }, a!®
Id), where a! = 7, (), with 7: X x X — X x X the symmetry.

To see this, recall that the dual of an object = in a symmetric monoidal category
(C,®,7,1) is a triple (zV,d,n) withd: 1 - z®z", n: ¥ ® z — 1, such that the
compositions

sQId ®Id
x%1®x®;>x®xv®xn—>1®x%x

and

~ 1d®§ d® ~
J:V:xv®1—>xv®x®mv—n>xv®1:xv

are the respective identities.

For p : X — Spec k smooth and projective of dimension d, we have the graph of
the diagonal Ax : X — X x X, giving

Lay € Moten ([X], [X] ® [X]), Th, € Moten([X]{—d} @ [X], [X]).
We also have X = Speck x X = X x Speck, giving
I, € Motcn([X], [Speck]), T}, € Motcn([Spec k], [X]{—d}),
and we define
ox :=Tay{—d} oT}, € Motcu([Speck], [X] ® [X]{—d})

nx :=Tpo FtAx € Motcn ([X]{—d} ® [X], [Speck])
The necessary relations follow from the identity

p13«((Ax x X)- (X x Ax)) = Ax

1.2.2. Voevodsky’s geometric motives. We now follow [104] to give a first definition
of a triangulated category of motives over a field.

Somewhat in line with Bloch’s idea of resolving the Chow groups, Voevodsky
defines his triangulated category of geometric motives by replacing cycles modulo
rational equivalence with cycles; he also expands the basic objects to all smooth
k-varieties, not just the smooth projective ones. To do this, and still have a
well-defined composition law using correspondences, one uses the following lemma,
which, once stated, is easy to prove (see e.g. [63, Lecture 1]).

Lemma 1.11. Let X, Y and Z be smooth irreducible k-varieties, and take Wi €
Zaimx (X XY) and Wy € Zaimy (Y X Z). Suppose that for each irreducible component
C1 of the support of W1, and for each each irreducible component Cy of the support
of Wy the projections C1 — X and Cy — Y are finite and surjective. Then

e Fach irreducible component ofp;(ly(Wl) Nxyz p{,lz(Wg) has the proper di-
mension dimX, hence the intersection product W := piy(W1) - py, (W2)
on X XY X Z is a well-defined cycle of dimension dimX.

o The support of W is finite over X X Z, so we have a well-defined cycle
Pxzx(W) € Zaimx (X X Z)

e [or each irreducible component C of pxz«(W), the projection C — X s
finite and surjective

With this lemma, we can follow Voevodsky in defining the category Cor(k) of
finite correspondences on Smy,
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Definition 1.12. Let & be a field. The category Cor(k) has objects [X] for X €
Sm;, and morphism group Homee,(x) ([X], [Y]) the subgroup of Zgimx (X xY) freely
generated by subvarieties W C X x Y such that the projection W — X is finite,
and is surjective onto an irreducible component of X. The composition law is
given by composition of correspondences: For Wy € Homcop(ry ([X], [Y]) and W5 €
HomCor(k)([Y]7 [ZD we set

Wa o Wy = px z.(pPxy (W) - py 2(W2))
The identity Id|x; is given by the diagonal on X x X.

Sending X € Smy, to [X] and a morphism f : X — Y to its graph gives a faithful
embedding [—] : Sm; — Cor(k), by which we consider Smy, as a subcategory of
Cor(k).

We now use methods from triangulated categories to promote Cor(k) to a “mo-
tivic” category. Cor(k) is an additive tensor category, with @ induced by disjoint
union in Smy, and ® induced by product over k. We consider the bounded homo-
topy category K°(Cor(k)) (i.e. bounded complexes with morphisms chain homo-
topy classes of maps) and perform a Verdier localization; see [92] or [106, Chap.
10] for details on triangulated categories and localization.

Definition 1.13. The triangulated category DMZ?n(k) of effective geometric mo-
tives is the localization of K°(Cor(k)) with respect to the thick subcategory gener-
ated by the following two families of complexes, (HI) and (MV):

e (Homotopy invariance) For X € Smy, the complex
(HI) (X x A'] 25 [X]

e (Mayer-Vietoris) For X € Smy, suppose we have open subschemes jy :
U— X, jy:V — X with X = UUV, giving the inclusions jY,y :
unv = U, jgmv :UNV — V, and the complex

(Gnv=itav) Jju+iv
(MV) UnV] —————= U]s [V] — [X]
We let M°% : Sm;, — Dszfn(k) be the functor sending X to the image of [X],

concentrated in degree 0, in DMZ?n(k).

DMgfﬂ(k) is a triangulated tensor category with ® induced by the tensor struc-
ture on Cor(k), i.e.,

ME(X) @ M (Y) = M (X x, V).
We have the reduced motive M°T(P') of P!, namely, the complex
[P'] £ [Speck]
with [P!] in degree zero and p : P! — Spec k the projection. Define Z(1) by
Z(1) := M (PYH[-2].
We define the triangulated tensor category of geometric motives, DMgy, (k) by
DM (k) = DM (k)[(— © Z(D),

where (—)f means adjoin summands corresponding to idempotent endomorphisms;
this process yields a triangulated category by [14, Theorem 1.5].
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The objects Z(n) := Z(1)®", n € Z are called the pure Tate motives. Concretely,
the objects of DMgp, (k) are of the form M (m) := M ® Z(m) for some m € Z, and
with morphism groups

Hompy,,, (k) (M (m), N(n))
= coliermax(_m_n)HomDMgfl(k)(M(r +m), N(r+n))
Z(0) := M (Speck) is the unit for the tensor structure.

A fundamental theorem of Voevodsky (the cancellation theorem) reduces the
study of DMy, (k) to DMSH (k)

Theorem 1.14 (Voevodsky [I04, Chap 5, Theorem 4.3.1], [I02]). For all M,N €
DMg?n(k), the stabilization map

HomDMggﬁ(k)(Ma N) — HomDMgﬁg(k)(M(l)’ N(1))

is an isomorphism. In particular, the canonical functor DM;?n(k) — DMgm (k) is a
fully faithful embedding.

Let M : Smy — DMy, (k) be the composition of M with the canonical functor.
The reason for inverting — ® Z(1) is the same as for the case of Chow motives: if
k has characteristic zero, then M(X) is a dualizable object in DMy, (k) for all
X € Smy; if k has characteristic p > 0, this also holds after inverting p (see [104]
Chap. 5, §4.3] for the result in characteristic 0, and [53] for the result in positive
characteristic). Just as for Motgy, if X is smooth and projective of dimension d,
then

M(X)" = M(X)(~d)[-2d].
We will show in the next lecture that Moty (k) is a full (additive tensor) sub-
category of DMy (k), with Lefschetz motive L € Motcy (k) mapping to M (P') =
z(1)[2].

1.2.3. Motivic cohomology. Via DMgm(k), we have the categorical construction of
motivic cohomology.

Definition 1.15. For X € Smy,, define
H?(X,Z(q)) := Homp,,, k) (M (X), Z(q)[p])
More generally, for an arbitrary M € DMy (k), we set
HP(M,Z(q)) = Hompu,,, (k) (M, Z(q)[p])
Immediate consequences of this construction include:

1. Functoriality. Each morphism f : M — N in DMy, (k) induces f* : HP(N,Z(q)) —
H?(M,Z(q)). In particular, each f : Y — X in Smy induces f* := M(f)* :
HP(Y, Z(q)) = HP (X, Z(q))-

2. Mayer-Vietoris. Let X = U UV be an open cover of X € Smy. Then we have
the long exact Mayer-Vietoris sequence

.= HPYUNV,Z(q) — HP(X,Z(q))
— HP(U,Z(q)) ® H?(V,Z(q)) — HP(UNV,Z(q)) — ...

Homotopy invariance. Let p : A} — Speck be the projection. For each M €
DM (k), the map Idps ® M(p1) : M @ M(A') — M and the induced map (Idy ®
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M(p1))* : HP(M,Z(q)) — HP(M ® M(A',Z(q)) is an isomorphism. In particular,
py : HP(X,Z(q)) — HP(X x A',Z(q)) is an isomorphism for all X € Smy.

Together with the Mayer-Vietoris sequence, this gives the extended homotopy
property: For p: E — X an affine space bundle (torsor for a vector bundle on X),
the map p* : H?(X,Z(q)) — HP(E,Z(q)) is an isomorphism.

Variants:
Mod n motivic cohomology. For a positive integer n, define Z/n(q) as the complex

Z(q) = Z(q)
concentrated in degrees -1, 0, define
HP(X,Z/n(q)) := Hompy,,, (k) (M (X), Z/n(q)[p])

and define H?(M,Z/n(q)) for M € DMgn (k) similarly. We thus have the long
exact coefficient sequence

coo = HP7H (M, Z/n(q)) — HP(M, Z(q)) = H?(M,Z(q)) — H"(M.,Z/n(q)) — ...
and the motivic Milnor sequence

0 — HP(M,Z(q))/n — H?(M,Z/n(q)) — HP™ (M, Z(q))n—torsion — O

Motivic cohomology with support: Let ¢ : Z — X be a closed subscheme and
j : U — X the open complement, with X € Smy. Define the motive with support
Mz(X) as the complex

M) M ()

M(X)
in degrees -1, 0, and

H(X,Z(q)) :== H"(Mz(X), Z(q)); Hy(X,Z/n(q)) := H"(Mz(X),Z/n(q)).
This gives us the distinguished triangle

M) 2 M(X) > Mz(X) » MOU)[1);
applying Hompyi, , k) (—, Z(q)[#]) gives the long exact motivic cohomology sequence
...— HY(X,Z(q)) — H(X,Z(q)) — H*(U,Z(q)) — H’;rl(X,Z(q)) — ...
One can also define motivic homology:
Hy(X, Z) := Hom(Z(0), M (X)[p); Hp(M,Z) := Hom(Z(0), M [p]).

We will revisit this construction later on, in the context of Suslin homology.

2. LECTURE 2: TRIANGULATED CATEGORIES OF MOTIVIC SHEAVES

2.1. The category of effective motivic sheaves.
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2.1.1. Presheaves and sheaves with transfer. Voevodsky noted the difficulty one
usually has in computing morphisms in a localization. To better understand the
category DMZ.E (), he constructed a sheaf-theoretic version, DM®¥ (k), which con-

tains DMgg(k:) as the full subcategory of compact objects. We follow his treatment,
detailed in [I04], but with some refinements introduced later on by Cisinski-Déglise
[18]; mainly this involves replacing Voevodsky’s use of bounded above derived cat-
egories D~ with the unbounded versions. Our goal here is not to give a complete
treatment, but only to sketch the main points, to give the reader an overview of the
construction and its main properties; we refer the reader to [I8, [63, ?] for details.
To avoid technical difficulties, we work throughout over a perfect field k.

We first recall the definition of the Nisnevich topology. For X € Schy an ele-
mentary Nisnevich square is a Cartesian diagram

p ' (U) ——V

|, )

U—'—X

with j an open immersion and p an étale map, such that p induces an isomorphism
of reduced schemes p : V \ p~1(U) — X \ U. For example, if p is also an open
immersion, then p~*(U) = UNV and {U,V} is a Zariski open cover of X. The
Nisnevich topology on Schy is the Grothendieck topology generated by covering
families of the form {j : U — X,p : V — X} for X € Schy, where the maps
p:V = X, j:U — X define an elementary Nisnevich square as above.

The Nisnevich topology is thus finer than the Zariski topology and coarser than
the étale topology. Restricting to Smy, gives us the Nisnevich topology on Smy,.

Definition 2.1. 1. A presheaf with transfers (PST) on Smy, is an additive functor
P: Cor(k)°® — Ab

We let PST(k) denote the category of such additive functors.

2. A PST P is a Nisnevich sheaf with transfers (NST) if the restriction of P to

Smy, C Cor(k) is a Nisnevich sheaf.

3. For X € Smy, we let Z"(X) denote the representable functor Homcor (1) (—, X)

on Cor(k).

Note that Z'(X) is an NST, and we consider the NSTs as a full subcategory
NST(k) of PST(k). PST(k) is an abelian category, with exactness determined
objectwise: A sequence

P —-pP—pP
in PST(k) is exact if for each X € Smy, the sequence of abelian groups P'(X) —
P(X) — P"(X) in exact.

A crucial property enjoyed by certain PSTs is that of homotopy invariance and

for NSTs that of strict homotopy invariance.

Definition 2.2. 1. A PST P is homotopy invariant if the map p% : P(X) —
P(X x A') is an isomorphism for all X € Smy,.

2. An NST N is strictly homotopy invariant if for each n the presheaf H™((—)nis, IV)
on Smy, is homotopy invariant, i.e., for each X € Smy, the map p% : H" (Xnis, N) —
H"((X xA')Nis, N) is an isomorphism. Let HI(k) C NST(k) be the full subcategory
of strictly homotopy invariant NSTs.
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Here are some basic facts about these categories.

Proposition 2.3. 1. For P € PST(k), let Pigm, denote the restriction to a
presheaf on Smy, and let Pigm, Nis be the Nisnevich sheafification. Then Pigm, Nis
admits a unique extension to a object Pxis € NST(k), with (Pxis)|sm, = PSm,,Nis-
Let anis : PST(k) — NST(k) be the resulting Nisnevich sheafification functor:
anis(P) := Pxis-

2. Defining a sequence N' — N — N" in NST(k) to be exact if and only if
the sequence is exact as a sequence of Nisnevich sheaves on Smy makes NST (k)
into an abelian category, for which anis s an exact left adjoint to the inclusion
NST(k) — PST(k).

3..Via the Yoneda isomorphism Hompgr k) (Z"(X), P) = P(X), each P € PST(k)
admits the canonical surjection

@XESmk,aeP(X)ZtT(X) — P.

Applying this construction to the kernel of the above map and iterating gives the
canonical left resolution

Lo(P)— P =0

with each L, (P) a direct sum of representable PSTs.
4. Define Z"(X) @ 2 (Y) := Z!"(X x Y), and extend to arbitrary PSTs by

P®" Q= Hy(Le(P) ®" Lo(Q))

This makes PST(k) into an abelian tensor category. FEuxtend this to NST(k) by
sheafification:

N®1t\7]ﬂis M = (N ®tr M)Nis
This makes NST (k) into an abelian tensor category.

5. Let N be an NST. Then for each n, the cohomology presheaf X — H™(Xnis, N)
has a canonical structure of a PST.

6. Let P be a homotopy invariant PST. Then Pnis is strictly homotopy invariant
and the canonical map of presheaves on Smy, Pz, — Pris 1S an isomorphism.

7. HI(k) is a full abelian subcategory of NST(k), closed under extensions.

The property (6) is not at all obvious. (see [104, Chap. V, Theorem 3.1.12] or
[63, Proposition 13.4, 13.7] for details). Property (7) follows rather easily from (6).

Parallel to the definition of DMgifl(k), one defines DM®T (k) as a localization. Let
T be a triangulated category admitting arbitrary (set-indexed) direct sums. Recall
that a localizing subcategory of T is a full subcategory, closed under arbitrary (set-
indexed) direct sums; a localizing subcategory is automatically a thick subcategory
in the sense of Verdier, in other words, closed under direct summands.

Definition 2.4. DM°® (k) is defined to be the localization of D(NST(k)) by the lo-

Id jor @Z
calizing subcategory generated by objects of the form Cone(K,®Z"(A}) 1dre 27 (0),

K.), where p : A}, — Speck is the projection. Let Q : D(NST(k)) — DM (k) be
the quotient functor.

The category Dy1(NST(k)) is defined as the full subcategory of the derived
category D(NST(k)) with objects the complexes K* whose cohomology sheaves
h™(K*)nis are strictly homotopy invariant.
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It follows from Proposition [2.3]that D41 (NST(k)) is a triangulated subcategory
of D(NST(k)), and that the restriction of the usual t-structure on D(NST(k))
defines a t-structure on Dy1 (NST(k)) with heart HI(k).

2.1.2. The Suslin complex. The category PST (k) has an internal Hom with
Hom(P,Q)(X) := Hompgr(k) (Pa™Z"(X),Q)

This defines internal Hom functors on NST(k), C(PST(k)), C(NST(k)) and on

D(NST(k)).

Given a smooth cosimplicial scheme [n] — D™ and K* € C~(PST(k)) this gives
us the simplicial object [n] — Hom(ZY"(D"), K*), and the associated mapping
complex K*(D*) € C~(PST(k)), with

K*(D*)™™(X) := @, K™(X x D™™),

and with differential the usual alternating sum of face maps. For K* € C(PST(k)),
write K* as a colimit of subcomplexes (using the canonical truncation 7<,): K* =
colim,,_, 4 oo T<, K* and define K*(D*) = colimy,— 4 oo (7<n K*)(D*).

Definition 2.5. For K* € C(PST(k)), define
C5Us(K*) := K*(A}).

Using the triangulation of A7 x Al 2 A% x Al again, one shows that for K* €
C(PST(k)), the cohomology presheaves hi(CS"*(K*)) are homotopy invariant.

Definition 2.6. For K* € C(PST(k)), the nth Suslin homology HS"(K*) is de-
fined by

HS"(K*,7) := H,(C%*(K*)(Speck)).
For X € Smy, we write H>%(X,Z) for H3"(Z"(X), 7).

Here are the central results about homotopy invariant PSTs and the Suslin com-
plex.

Theorem 2.7 ([104, Chap. 3, Theorem 5.9]). 1. Let K* € C(PST(k)) be a com-
plex in PST(k). Suppose that the Nisnevich sheafification Kf,, is acyclic. Then the
Zariski sheafification of the Suslin complex C5"(K*)za, is also acyclic.

2. For K* € C(PST(k)), the canonical map K — C5%(K*) induces an isomor-
phism Q(Kxis) = Q(Cs(K*)xis) in DM ().

We won’t say anything about the proofs, except that some of the geometric
input is a version of Chow’s moving lemma, and the transfer structure is crucial;
the analogous properties are not valid for arbitrary presheaves or Nisnevich sheaves.

2.2. Motivic complexes. The Suslin complex construction gives us presheaves of
complexes Z(q)* on Smy that will turn out to be the strictly functorial versions of
Bloch’s cycle complexes that satisfy (most of) the Beilinson-Lichtenbaum axioms.

Definition 2.8. For ¢ > 0 be an integer, Z(q)* is the presheaf of complexes on
Smy, defined by
Z(9)*(X) = C°"(Z% (q))"(X);
Explicitly, Z™(q) := Z(1)®%i4 and
20)"(X) = B Z" (q)" (A" x X)



26 THREE LECTURES ON MOTIVIC COHOMOLOGY

Remark 2.9. Recall that

Z"(q)[24] = (Z"(P") — Z" (Spec k)™ " [ker(Z" (B') — Z (Spec k)],
with Z"(P!) in degree 0, so Z%(q) is quasi-isomorphic to a complex supported in
degree 2¢, and thus Z(g)* is quasi-isomorphic to a complex supported in degrees
< 2q. Actually, we shall see that H"(Z(q)*) = 0 for n > gq.

2.2.1. The localization theorem and the embedding theorem. The Suslin complex
construction gives an effective way of understanding the localization

Q : D(NST(k)) — DM (k).

We note that C9"$(K*)yis is in D1 (NST(k)) for K* in C(PST(k)). Indeed, the
cohomology presheaves h"(C"*(K*)) are homotopy invariant PSTs, so the Nis-
nevich cohomology sheaves h™(CS"*(K*))js are strictly homotopy invariant, by
Proposition |2.3

Theorem 2.10. Sending K* € C(PST(k)) to C**(K*)nis € Dp1 (NST(k)) defines
an exact functor
RCS" . D(NST(k)) — Da1 (NST())
that is left adjoint to the inclusion Dy (NST(k)) < D(NST(k)). Moreover, RCS'S
factors through the localization Q : D(NST(k)) — Da1(NST(k)) and defines an
equivalence of Dy (NST(k)) with DM (k), with
RCSus (Ztr(X)) _ CSus (Ztr(x))Nis

for all X € Smy.

We henceforth identify DM®® (k) with the subcategory Dy (NST(k)) of D(NST(k))
via RCSS.

Via the localization functor Q = RCS™ : D(NST(k)) — DM®(k), the ten-
sor structure @ on D(NST(k)) induces a tensor structure on DM®? (k), making
DMeH(k) a tensor triangulated category, with internal Hom, denoted Hom.

We let Z(n) = CSU(Z (n))nis, Z(X) := CU(Z"(X))nis and note that Z(0) is
the unit for the tensor structure on DM (k). For an object M of DM (k), we
write M (n) for M ® Z(n).

Corollary 2.11. 1. For X € Smy and n € Z, we have a canonical isomorphism
HY'(X,Z) = Hompyer (1) (Z(0)[n], Z(X))
Moreover H3"(X,Z) =0 for n < 0.

2. Suppose X € Smy, is a union of open subschemes U,V . Then we have a long
exact Mayer-Vietoris sequence

oo HYS(UNV,Z) — HE™S(U,Z) & Hy'(V,Z) — Hy"(X,Z)
L S (UNV,Z) > ... — HS™(X,Z) = 0
Proof. (1) uses the adjoint property:
HomDMe“(k)(Z(O)[n]v Z(X)) = HomDM (NST(k))(CSUS(Ztr(SpeC k))[nl, CSUS(Z“(X)))
= Homp(nsT(k)) (Z* (Spec k)[n], CSus (Z*"(X))nis)
= H, (C®(Z"(X))(Speck))
= H"(X,Z)
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Since CSU(Z'(X))(Speck) is concentrated in homological degrees > 0, we have
HS(X,Z) =0 for n < 0.
For (2), we have the right exact sequence in PST(k)

0= Z¥(UNV) = Z5(U) & 2 (V) L2707 79 (X)

but the last map is not in general a surjective map of presheaves, for example,
if X is irreducible and U and V are proper open subsets, then the diagonal in
Z"(X)(X) C Zaimx (X x X) is not in the image. However, Z"(Y) is a Nisnevich
sheaf for all Y € Smy, and we claim that the map Z*(U) ¢ Z"(V) — Z"(X) is a
surjective map in NST(k).

Indeed, the points in the Nisnevich topology are the hensel local rings (’){‘,’y for
y €Y € Smy. Given Z € Z"(X)(0%. ), we have the restriction Z, € Z (X)(k(y)),
with support

1Zy| = {z1,..., 2},
where the z; are closed points in Xj(,). We can arrange the z; so that 21,..., 2. is
in Uy(yy and 241, ..., 25 is in V(). Since O{’/,y is hensel, we can write the support
of Z as a disjoint union
2] =1L, 2,
with (Z; N Xj(y))red = 2i- Since O{‘,y is local, this says that Z; C UO{L/ for i =
? 'Y

L...,rand Z; C Vo fori=r+1,...,s, thus Z is in the image of Z"(U)(0%.,) @
2 (V)(OF,) = B (X)(0F,).

Letting Z r(X) denote the presheaf image of jy. + jy«, we thus have the exact
sequences in PST(k)

0= Z5UNV) = Z8U) @ 2 (V) 22 79(X) -0
0—Z"(X) = Z(X) — Z"(X)/Z" (X) — 0,

with (2% (X)/Z" (X))xis = 0.

By Theorem 3)7 CSHS(ZH(X)/Z“(X))(SPGC k) is acyclic, and as C5"(—)
transforms exact sequences in PST(k) to termwise exact sequences in C~ (PST(k)),
we see that

O (Z" (X))(Speck) — CS™(Z(X))(Spec k)

is a quasi-isomorphism. Thus the sequence

CSu(ZY (U N'V))(Speck) — C5U(ZY (U))(Spec k) @ C3U((Z¥ (V) (Spec k)

HIy O (2 (X)) (Spec )

extends to a distinguished triangle in D~ (Ab), yielding the desired Mayer-Vietoris
sequence by taking homology. ([l

Remark 2.12. The map Z™(U)®Z*™ (V) ELASEIEN Z*™(X) is in general not surjective
as a map of Zariski sheaves and the proof of the Mayer-Vietoris sequence given above
points out one of the main reasons that the Nisnevich topology, rather than the
Zariski topology, is used in the construction of DM (k).

We have the evident map of triangulated categories K’(Cor(k)) — D(NST(k))
sending [X] to Z'(X), and the localization map ¢ : K?(Cor(k)) — DMg?n(k).
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Theorem 2.13 (Embedding theorem, [I04, Chap. 5, Theorem 3.26]). There is
a unique exact functor i : DMg:fn(k) — DM (k) sending M (X) to Z(X) :=
CSUS(Z!(X))nis for each X € Smy, and making the diagram

KY(Cor(k)) —— D(NST(k))

J{q J/RCSus

DM (k) — Dy (NST(k))
commute. Moreover i is a fully faithful embedding with dense image.

Proof. For the existence of i, we need to show that the map X — C5"(Z%" (X))nis
sends the two complexes defining the localization g to acyclic complexes in D1 (NST(k)).
The cone of the map CS"(Z"(X x Al)) £ CSus(Z (X)) is acyclic, by the ho-
motopy invariance of the Suslin complex construction, hence the same holds for

the Nisnevich sheafification. The argument used in the proof of Corollary 2)
shows that the Mayer-Vietoris sequence

CSus(Ztr(U N V))Nis N C’S“S(Z”(U))Nis o CSus((Ztr(V))Nis N CSus(Ztr<X))NiS

gives a quasi-isomorphism of CSU(Z (X ))yjs with the cone of the map C5"(Z" (UN
V)Inis — CSU(ZY(U))nis @ CS((Z¥(V))nis, s0 the total complex of the Mayer-
Vietoris sequence is zero in D(NST(k)). This shows the existence of the exact
functor i.

To show that i is fully faithful, one relies on results of Neeman. One considers
a triangulated category T admitting arbitrary small direct sums and its full sub-
category 7o of compact objects. If Ly is a thick subcategory of 7y, generating a
localizing subcategory £ of T, then Neeman shows that the induced exact functor

is fully faithful with dense image (see [71, Theorem 1.14| for the precise statement).
Taking T = D(PST(k)), we need to consider the localizing subcategory £ generated
by complexes Z%(X x Al) — Z'(X) together with all P € PST(k) such that
Pxis = 0, and then show that £ is generated by the complexes Z% (X x Al) — Z'(X)
and the “Mayer-Vietoris” complexes

Z5(UNV) = Z5(U) @ 2 (V) 2272 720 (X)

Letting £’ be the localizing subcategory generated by these two types of complexes,
we need to show that if Pyjs = 0, then P is in £'.
For such a P, consider the functors

H"™(X) :=Homp(psr(k)) e/ (Z" (X), Pn]).

It suffices to show that H"(X) = 0 for all X € Smy, and all n if Py;s = 0.

Since £’ contains all Mayer-Vietoris complexes, the family { H"(X)} admits long
exact Mayer-Vietoris sequences for Zariski open covers, so we need only show that
the Zariski sheafifications H7, = of the presheaves X — H™(X) are all zero. But the
H™(—) are PSTs and by the definition of £’, the H"(—) are homotopy invariant,
hence by Proposition 6), we have

n  _ Ign
HZar - HNis
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An element @ € H"(X), i.e., a morphism « : Z*(X) — P[n] in D(PST(k))/L’,
is represented by a diagram in D(PST(k))

7t (X) P[n]
N A

such that the cone of g is in £’. The proof of homotopy invariance for CS shows
that the canonical map K — C5"(K) is an isomorphism in D(PST(k))/L’. More-
over, Pyis = 0 implies that C5"(P)nis = 0 in D(NST(k)) (Theorem [2.71))
Since the functor CS"(—) sends the elements of £’ to zero, this implies that
CS%(K)nis = 0 in D(NST(k)) as well. But then there is a Nisnevich cover U — X
such that the composition

ZH(U) = Z"(X) == K — C%™(K)
is zero, hence the pullback of a to H"(U) is zero, and thus H{;, = 0. O

goo

Corollary 2.14. For X € Smy, p,q € Z, q > 0, we have a canonical isomorphism
HP(X,Z(q)) = H"(Xxis, Z(q)")
natural in X.
Proqf. Let Znis(X) € ShNiS(Smk) be the sheaf represented by X and let Zx €
Sh™(X) be the constant sheaf on X. We have
HP (X, Z(q)) := Hompygert () (M (X), Z(q)[p))
= Hompygerr (1) (Z(X), Z(q) [p])
2 Hompygere () (O™ (Z% (X) )nis, C¥ (27 (q) nis [p])
= Hompnst(k) (2 (X), Z(q)"[p))
& Hom p(gpNis (smy )) (Znis (X)), Z(q) " [p])
= Hom pgpnis(x)) (Zx 5 Z(9) [ x ;. [P])
= HP(Xnis, Z(q)")
|
2.3. Motivic cohomology and the higher Chow groups. We have seen an in-
terpretation of Suslin homology as maps in DM®® (k). However, Suslin homology is
not closely related to Bloch’s higher Chow groups; they have quite different functo-
riality. There is a natural map H§"(X,Z) — CHy(X), which is always surjective,
and even an isomorphism if X is proper. To connected motivic cohomology with

the higher Chow groups, we need to introduce some new NSTs which capture some
of these aspects of “non-properness”’; these play an important role in duality.

2.3.1. Equi-dimensional cycles and quasi-finite cycles.

Definition 2.15. Let X be a finite type k-scheme. For an integer r > 0 and
aY € Smy, define Zequir(X)(Y) to be the subgroup of zgimy+-(Y x X) freely
generated by integral closed subschemes W C Y x X such that the projection
py : W — Y is equi-dimensional of relative dimension r. Precisely, this means that
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for each point y € Y and each irreducible component Z of W Ny x X, we have
dimy,,)Z = 7 (this condition is satisfied if W Ny x X =0).

We let 24in (X)(Y) = Zequi,o(X)(Y).
Remarks 2.16. 1. For each integral W € zequi,»(X)(Y'), the projection py : W — Y
is dominant onto an irreducible component of Y. In particular, z4a,(X)(Y") is the

subgroup of zgimy (Y X X) freely generated by integral closed subschemes W C
Y x X that are quasi-finite and dominant over an irreducible component of Y.

2. Y = Zequir(X)(Y) extends canonically to an NST: For Z € Cory(Y',Y) we
have
7" zequiyr (X)(Y) = Zequir (X)(Y)
defined by the usual formula for correspondences
Z*(W) :=pyx« Py xx (W) - pyrxy (£))
This makes sense even for X not smooth, by taking local closed embeddings of X in

a smooth k-scheme M, taking the intersection product on Y’ x Y x M and noting
that the resulting cycle is supported in Y’ x Y x X.

Definition 2.17. For X € Smy, define Z(X)¢ to be the image in DM (k) of the
NST Zqﬁn(X), i.e., Z(X)C = C’S“S(zqﬁn(X))NiS.

We have the localization distinguished triangle:

Theorem 2.18. Leti: W — X a closed immersion in Schy, with open complement
j:U—= X, and let r > 0 be an integer, giving the right exact sequence in NST(k)

0— Zequi,r(W) Z_*> Zequi,r(X) j_> Zequi,r(U)

Then the induced sequence
Csus(chui,r(w))Nis i*_) CSUS(Zcqui,T(X))Nis J_> Csus(chui,r(U))Nis

extends canonically to a distinguished triangle in DMeH(k) (after inverting chark if
chark > 0).

For the proof, we need the extension of Theorem 3) to the setting of the cdh
topology. This is the Grothendieck topology on Schy generated by the Nisnevich
topology and the coverings given by “abstract blow-up squares” a cartesian square

y Ly

L b

X — X
with ¢ and ¢’ closed immersions, f proper and inducing an isomorphism fo : Y\Y' —

X \ X'. For such a square, the map X' I1Y — X is a cdh cover.
We have the fundamental result (see e.g. [104], Chap. 5, Theorem 4.1.2]).

Theorem 2.19. Take K € C(PST) and suppose that the cdh-sheafification Kcan
is acyclic Then CS%(K )z, is acyclic (after inverting chark if this is > 0).

To apply this to the localization theorem, note that for ¥ € Smy and 2z €
Zequi,r (U)(Y) C Zysdimy (U xY). thereis a blow-up Y’ — Y of Y (with Y’ smooth
in characteristic zero) such that the proper transform 2z’ of z to Z, 4 dimy (U xY”) has
closure in X x Y that is in zequi»(X)(Y”). In other words coker(j*)can = 0, which
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shows that j*(C5" (zequir(X)))Nis) < C°" (Zequi,»(U))nis 18 @ quasi-isomorphism,
as desired. In positive characteristic, one needs to use alterations.

We consider the Suslin complex CS"(zequi-(X)). In homological degree n,
C5% (Zoqui,r (X))n(k) is the subgroup of Z,.,(AF x X) freely generated by inte-
gral closed subschemes W C A} x X that are equi-dimensional of dimension r over
A7, In particular each such W intersects ' x X properly for each face F' of A},
so we have a natural inclusion of (homological) complexes

Cfus(zequi,r(X))(k) > 20 (X, *).

2.3.2. The moving lemmas of Suslin and Friedlander-Lawson. The following result
is mainly taken from [I04, Chap. 5, Proposition 4.2.9], [I04, Chap. 5, §4.3] and
[104, Chap. 6, Theorem 2.1].

Theorem 2.20. In the following, we invert chark if chark > 0.
1. Suppose X is a finite-type k-scheme. Then the inclusion

O (Zequir (X)) (Spec k) < 2,.(X, *)
is a quasi-isomorphism.
2. 7Z(X)¢ € DM (k) is in the image of an object M¢(X) of DMgfn(k).
3. There are canonical isomorphisms

O™ (zequi,r (X)) 2 Hom(Z(r)[2r], Z(X)°)
in DM ().
4. For X € Smy, of pure dimension d over k, the dual M (X )" of M(X) in DMgy, (k)
is given by
M(X)Y = M(X)(—d)[-2d].

Some comments on (1). The proof is in two parts. For X affine, Suslin [104]
Chap. 6] constructs an explicit homotopy, i.e., a geometric moving lemma, that
“moves” cycles in z.(X,n) to cycles in zequi,r(X)(A™). For this, he takes a closed
embedding X < ALY for some N and reduces to the case X = AN, Let

By @ AT — AL

be the function tg - ¢1---t, and let OA™ C A" be the union of the codimension
one faces, i.e., the divisor on A} defined by h,, = 0. Suslin constructs, inductively
in n, certain maps ®,, : A" x AN — A™ x AN over AN with the property that
@, 007 x1Id) = (07 xId)o®,,_4 forall i =0,...,n, n > 1, starting with &g = Idy~
This implies that the maps ®,_1 on the codimension one faces of A™ fit together
to give a map 9®,, : OA™ x AN — JA™ x AN over AN, which we write as

0P, (t,y) = (06n(t,y),y); 0dn(t,y) : OA™ x AN — A",

Since OA™ x AN is a closed subscheme of the affine space A x AN = A"V we
can extend 0¢,, to a map 5;1)” AT x AV 5 A7,

Let Aj C A™"! be the hyperplane Y. jt; = 0, so A§ acts on A" C A" by
vector addition. Choose a map p,, : AN — AZ and define ®,, by

D, (t,y) == (00, (t,y) + ha(t) - Du(y), y)-

This continues the inductive construction, subject to the choice of the maps p,,
n=12...
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Suslin shows that for a given finite set of cycles {Z1,...,Zs} C z.(X,n), by
choosing the pu(y) = (1= 3, P (1), Pat (¥)s - - Prn(y)) With the p;(y) suf-
ficiently general polynomials of sufficiently high degree in y = (y1,...,yn), the
cycles @, (t,y)*(Z;) are all in Zequi»(X)(A™). Using this, he shows that, for each
finitely generated subcomplex z,.(X, *)yy C z,.(X, *), there is a map of complexes

D3y 20 (X, %) = O™ (Zequinr (X)) (K)

such that the composition of ®3,, with the inclusion C"(zequi,»(X))(Speck) —
z-(X, %) is homotopic to the inclusion z.(X, %)y < z.(X,*). This shows that
C8% (Zequi.r (X)) (Spec k) = 2,.(X, %) is a quasi-isomorphism, at least for X affine.

Now take X to be a finite type k-scheme. We prove (1) by noetherian induction,
the case dimension zero being trivially true. Let Y C X be a proper closed sub-
scheme such that X'\Y is affine. Evaluating at Spec k, this gives us the commutative
diagram in D(Ab)

C'*Sus(zequi’r(Y))(Spec k) ——— 2,.(Y, %)
C’f“s(zequi7T(X))(Spec k) —— z.(X, %)

J J

Cfus(zequi’r(X \Y))(Speck) —— 2. (X \ Y, %)

O3 (Zequi,r (V) (Spec k) [1] —— 2, (Y, #)[1]

The right-hand column is a distinguished triangle by Bloch’s moving lemma and
the left-hand column is distinguished by Theorem [2.I8] Induction shows the 1st
and 4th horizontal arrows are quasi-isomorphisms and the affine case shows that
the 3rd horizontal arrow is a quasi-isomorphism as well. This proves (1).

For (3), this relies on the Friedlander-Voevodsky extension of the Friedlander-
Lawson moving lemma (see [I04, Chap. 4, §6] and [26]). For X € Schy, Y,U €
Smy, with U of dimension u, we have the map

Zequi,s (X)(U X Y) = Zequis+u(X X U)(Y)

by noting that if W C X x U x Y is equi-dimensional of relative dimension s over
Y x U, then W is equi-dimensional of relative dimension s+ wu over Y. The induced
map

Csus(zequi,S(X))(U xXY)— Osus(zequi,eru(X x U))(Y)
thus gives the map of complexes of presheaves

(2.1) Hﬂ(ztr([])a OSHS(Zequi,S(X)» - Csus(zequi,s+u(X x U))

Theorem 2.21 ([I04, Chap. 4, Theorem 7.4|). The map (2.1) defines a quasi-iso-
morphism in C(NST(k)).

We won’t give a proof of this, except to note that the original result of Friedlander-
Lawson on “moving families of algebraic cycles of bounded degree” [26, Theorem
3.7] says as a special case that, given smooth (irreducible) varieties X,Y € Smy
with Y projective, and W € Z,,(X x Y) a dimension n cycle with n > dimY", then
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W is rationally equivalent to some W' € zeguin—dimy (X X Y) C Z,,(X xY). This
fact is the starting point of the proof of Theorem [2:21} the entire proof is quite
involved, occupying most of [I04, Chap. 4].

Taking U = (P')", and understanding Z' (r)[2r] as a summand of Z'((P!)")
gives the isomorphism in DM®f (k)

M(Z(T)[QT], CSUS(Zequi,s(X))) = CSUS(Zequi,r+s (X)))
proving (3).
The proof of (4) in case X projective is just by noting that Z(X)¢ = Z(X)
for projective X, and using duality in DMy, (k). The general result (assuming
resolution of singularities) follows by taking a smooth projective compactification

of X with normal crossing divisor as complement, using the localization and Gysin
triangles (see below) and induction on dimension.

2.3.3. Gysin triangle, the projective bundle formula and Chern classes. Leti: W —
X be a closed immersion in Schy with open complement j : U — X. Taking r =0
in Theorem gives the distinguished localization triangle in DMggl(k:)

Me(W) 2 Me(X) 25 Me) & Me(w)[l.

If X and W are smooth, and W has codimension ¢ in X, we apply duality and
Theorem M(4), giving the Gysin distinguished triangle

M(U) 25 M(X) 5 M(W)(c)[2¢] — M(U)[1]
The map * gives us the map (Gysin pushforward)
i s HP(W, Z(q)) — HP*?°(X, Z(q + ¢))

by applying i* to Hompni,,, (x)(— Z(q + ¢)[p + 2c]).

We also have first Chern classes for line bundles, the projective bundle formula
and the resulting theory of Chern classes for vector bundles: For L — Y a line bun-
dle on some Y € Smy, we have c¢; (L) € H*(Y,Z(1)) = Hompgere () (M(Y),Z(1)[2)
defined by

c1(L) = s"s.(ly)
where s : Y — L is the O-section and 1y € H°(Y,Z(0)) is the class of the map
M(Y) — M(Speck) = Z(0) induced by the structure map p: Y — Speck.

For V — X arank n+1 vector bundle over X € Smy, with associated projective

space bundle ¢ : P(V) — X and tautological quotient line bundle O(1), we have

M(P(V)) = @io M (X)(4)[24]
where one maps M (P(V)) to M (X)(:)[2i] by

M(p(V)) 22O,

This induces the usual isomorphism

HP(P(V), Z(q)) = & H"™* (X, Z(q — 1))

M (P(V))(@)[2d] = M(X)(i)[2d]

This extends the pushforward i, for closed immersions to pushforward for pro-
jective morphisms f : Y — X in Smy by factoring f (of relative dimension d)
as

y Lk X B ox
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with ¢ a closed immersion and p the projection. Then
fo HY(Y,Z(q)) — HP™**(X,Z(q — d))
is the composition of the Gysin map
iy : HP(Y,Z(q)) — HPT2"2(P" x X, Z(q + n — d))
with the projective bundle formula isomorphism
HPT2n=2d(pr 5 X 7(q +n — d)) = @ HP 22420 X Z(q +n — d — 1))
and projection on the factor i = n,
O HPTIn2A20 X 7(g+n —d—1i)) — HP 24X, Z(q — d)).

One shows that this is independent of the choice of factorization and is functorial
for projective f.

Finally, one has the blow-up formula: for Z C X codimension ¢, with X, Z
smooth, let Nz,x — Z be the normal bundle, let Blz X — X be the blow-up of X
along Z and let E = P(Nz, x) be the exceptional divisor. Then

MBIz X) = M(X) @ M(Z)(i)[2d].

This follows by comparing the Gysin sequence for Z C X and E C BlzX, and
using the projective bundle formula for M (E).

2.3.4. Motivic cohomology and higher Chow groups.

Corollary 2.22. For X € Smy, we have a natural isomorphism HP(X,Z(q)) =
CHY(X,2q — p).

Proof. Suppose X is integral of dimension d over k and that ¢ < d. Then
HP?(X,Z(q)) := Hompw,,, k) (M (X), Z(q)[p])
= Homp,,, (1) (Z(0), M(X)" @ Z(q)[p))
(2(0), M°(X) ® Z(q — d)[p — 2d])
= HomDMgﬁg(k)(Z(d )[Qd —2q), M“(X)[p — 2q])
(0), Hom(Z(d — q)[2d — 2q], M*(X))[p — 2q])
= Hompyere (1) (Z(0), € S“S(Zcqm d—q(X))[p — 2q])
= HomD(NST(k))( "(Speck), Csus(zequi,dfq(X))[p —2q])
= HZq—p(CSUS (Zequi,d—q(X))(K))
= Hygp(29(X, %)) = CH(X, 2q — p).

= HomDMgm (k) Z(0

= HOmDMeff(k) (Z

If ¢ > d, we replace X with X x A9~ and use homotopy invariance for the higher
Chow groups. O

Corollary 2.23. 1. For X € Smy, and ¢ > 0 an integer, H* (X, Z(q)) = 0 for
1> 0.
2. For X € Smy, HP(X,Z(0)) =0 for p# 0 and H°(X,Z(0)) = H*(X, Zza:)
3. For X € Smy,
Pic(X) forp=2
HY(X,2(1)) = { T(X,0%) forp=1
0 else.
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4. For X € Smy, and q > 0 an integer, H?(X,Z(—q)) =0 for allp € Z
5. For F a field, H"**(F,Z(n)) =0 fori > 0
Proof. (1) H*(X,Z(q)) = CHY(X, —i) = 0 for i > 0.
(2) HP(X,7Z(0)) = CH(X, —p). For X integral, the complex 2°(X, %) is Z in every
degree with differentials alternating between 0 and the identity, so CH° (X,—p)=0
except for p =0 and CH(X,0) =
(3) H?(X,Z(1)) = CH*(X,2 — p). Bloch [T} §6] shows that

CH'(X) = Pic(X) forn=0

CH'(X,n) = { I'(X,0%) forn=1
0 else.

(4) We may assume X is integral. Then
HP(X,Z(—q)) = Hompy,,, (v (M (X), Z(—q)p])
= Hompygerr (x) (M (X)(q)[24], Z(0)[p + 24]]).

Note that M°(X)(¢)[2¢] is a summand of M (X x P?) = @f_ M (X)(i)[2i], and
thus H?(X,Z(—q)) is the corresponding summand of Hp+2q(X x P9, 7Z( O)) This
latter group is zero for p42q # 0, and the projection M (X xP7) — Me (X)(0)[0]
induces the isomorphism

py 1 Z=H(X,Z(0) — H*(X x P4, Z(0)) = Z
Thus HomDMZqu(k)(MQH(X)(q)[Qq],Z(O)) =0ifg>0.
(5) Changing k to F', we have
H""(F,Z(n)) = CH"(Spec F,n — i)

Note that z"(Spec F,n —1) is a subgroup of Z"(A’%""). But since A% * has dimen-
sion n — ¢ over F', there are no subvarieties of codimension n on A" if ¢ > 0, so
2" (Spec Fyn — i) = 0 and hence CH" (Spec F,n — i) = 0 for i > 0. O

2.3.5. Chow motives and Voevodsky motives.

Corollary 2.24 ([I04, Chap. 5, §2.2, pg. 197]). For X,Y smooth and projective
over k, we have natural isomorphisms

Hompyert () (M(X), M(Y)[i]) = H* ™ (X x Y, Z(dimY')) = CHaimx (X XY, —i)

In particular, for i >0, HomDMgg‘(k)(M(X)7 M(Y)[i]) =0. Fori=0,
HOInDMz{fl(k)(M(X)» M(Y)) =2 CHgimx (X x Y,0) = CHgimx (X x Y)

and composition in DMgfn(k) transforms to composition of correspondences.

Proof. Since Y is projective, we have zqan(Y) = Z"(Y), so M¢(Y) = M(Y) and
thus M (Y)Y = M(Y)(—d)[—2d], where d is the dimension of Y over k. Thus

Hompgerr (1) (M (X), M (Y)[i]) = Hompng,,, ) (M (Y)" @ M(X), Z(0)[i])
= Homp,,, (1) (M (X x Y),Z(d)[2d + 1))
= H*™(X x Y, Z(d))
= CHY(X x Y, —i)
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To show that composition in DM;?n(k) corresponds to composition of correspon-
dences (in cycles mod rational equivalence) one uses the Friedlander-Lawson moving
lemma [26] to show that CHgimx (X X Y) is generated by cycles each component
of which is finite over X. For such cycles, the composition as correspondences is
exactly the composition in Cor(k), hence in DMZgl(k). O

Corollary 2.25. Sending a smooth projective X to M(X) € DMy (k) extends to
a fully faithful embedding

Mot e (k) — DM (k)

2.4. Realizations. Realizations form an important tool for the study of motives
and their use in arithmetic. Here we sketch the construction of the de Rham and
Betti realizations, and say a word about étale realizations.

For the de Rham realization, we need to show that the sheaf QF /k on Smy,
extends to a Nisnevich sheaf with transfers. For simplicity, we work in characteristic

zero. The main point is the following result. For a normal k-scheme Y, we let QY

Y/k
Pk _ QP

denote the double dual of €, ,; of course if Y is smooth over k, Qf; Ik Yk

Y/k'
Lemma 2.26. Let f : W — X be a finite Galois cover of normal schemes, with
Galois group G. Then the map f* : Q’;(*/*k — f*Qg;;k identifies Qg’(*/*k with the

G-invariants (f. Qg;jk)g.

For a general finite map of integral k-schemes f: W — X, with X smooth, this
gives rise to a transfer map of sheaves

TrW/X : f*QZ;V/k — QZ))(/]C

as follows: Let g : W* — W be the (normal) Galois closure over X of the nor-
malization W of W, with induced map h : W* — X, let d denote the degree of
W* — W and let G be the Galois group of W* over X. Define Try,x as the
composition

(1/d)Tra (h*Qp** )G o~ Qp

!J* * %k
f*Q€V/k — h.y Wk X/k

[k
Here Trg is the map n+— > .5 91
For W C X x Y an integral closed subscheme, finite over X, we thus have

Wt Q8 (V) = Q% (X)

sending ) € Qf,/k(Y) to Tryy/x (p3-n). One then shows that this makes the de Rham
complex X — (Q% Ik d) into a complex in PST(k), and the well-known properties
of de Rham cohomology make this into an object of D1 (NST(k)), i.e., an object
Q*/k of DM (k), representing de Rham cohomology via
HomDMeff(k)(Meﬂ(X)v Q" /k[n]) = H" (Xnis, §</k) =: Hjp(X/k).
Similarly, sending px : X — Speck in Smy, to the derived pushforward Rpx.Q% Jk

extends to a functor

Rar : DMgh (k)P — D(k-Vec)
and then extends further to

Rar : DMy, (k)P — D(k-Vec)

noting that Rgp(MF(X) @ Z(1)) = Rgr(MF (X)) (there is a shift in the Hodge
filtration, but that’s another story).
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The Betti realization is done similarly, using a Cech complex for the constant
sheaf Z. The point is that for p : W — Y finite and surjective with WY integral
and Y smooth (all over C), one can take a Leray open cover U of Y(C) that pulls
back to a Leray open cover of W(C). Moreover, for each Uy = N;crU; the locus over
which p~1(Ur) — Uy is not étale has codimension > 1 in Uy, so the complement is
connected in W(C), and thus any section of the constant sheaf on the “étale” locus
extends uniquely to a section over Ur(C).

Finally, there are versions of étale realizations. One can repeat the basic idea
for the Betti realization using the étale topology. Alternatively, one can repeat the
construction of DM®¥(k), replacing the Nisnevich topology with the étale topol-
ogy. One can also have a theory in sheaves of Z/n-modules. For k of finite n-
cohomological dimension, with n prime to the characteristic of k if this is positive,
the resulting category DMyg;(k;Z/n) is equivalent to the derived category of n-
torsion étale sheaves on the small étale site of Spec k, while the étale theory with
Q-coefficients is equivalent to DM(k; Q) (see e.g. [I04, Chap. 5, §3.3]). In particu-
lar, the change of topology functor gives the mod n étale realization map

HP(X,Z/n(q)) = H?(X,Z/n(q)er) = HE (X, pni?)

Huber [48] has given a quite general construction of realization functors, which
extend the constructions sketched above. In particular, she constructs exact tensor
realization functors corresponding to rational mixed Hodge structures and contin-
uous Q-étale cohomology from DM, (k) (for the MHS, one needs to be given an
embedding k — C):

Ryras : DMgm (k) = Daras(Q)
§Rét,[ : DMgm(k) — Dét,ctn(@f7 k)

Here D s(Q) is Beilinson’s triangulated tensor category of Q-mixed Hodge com-
plexes and Dey ¢tn (Qp, k) is Ekedahl’s triangulated tensor category of constructible
complexes of Q,-étale sheaves on Spec (k).

For X € Smy,, these induce natural maps

Ry s (X) - H(X,Q(q)) = Hys(Xe, Q)

with HY,;;6(X,Q(¢)) the Q-mixed Hodge structure on the cohomology of the C-
scheme X¢, and

RE(X) - H(X,Q(q)) = Hiy 60(X, Qe(q))
with H?

ctn,et (X, Qe(g)) continuous f-adic étale cohomology. These functors are com-
patible with the various structures described above, e.g., products, projective push-
forward, Gysin sequences, Chern classes, etc.

3. LECTURE 3: MOTIVIC COHOMOLOGY AND MOTIVIC STABLE HOMOTOPY

3.1. The Beilinson-Lichtenbaum conjectures. The Beilinson-Lichtenbaum con-
jectures are what started off the whole search for a motivic cohomology. All but one
of them (the Beilinson-Soulé vanishing conjecture) have been verified. Beilinson’s
vision of a category of mixed motivic sheaves over a given base-scheme, endowed
with a six-functor formalism, has not been realized, but a triangulated (or infinity
categorical) version has been constructed and will be discussed below.
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The most difficult part of Beilinson-Lichtenbaum conjectures (aside from the
vanishing conjecture) concerns the comparison map from motivic to étale cohomol-
ogy

HP(X,Z/n(q)) = HE (X, 16,7)
for the case X = SpecF, F a field, and n prime to the characteristic of F, and
asserts that this map is an isomorphism for p < ¢. This part of the overall set of
conjectures of Beilinson and Lichtenbaum is often referred to as “the” Beilinson-
Lichtenbaum conjecture.

Note that the isomorphism HY(F,Z(q)) = KM (F) (described in and the
fact that H9T(F,Z(q)) = 0 shows that HY(F,Z/n(q)) = KM(F)/n, so the case
p = q of the Beilinson-Lichtenbaum conjecture asserts that the map (the Galois
symbol)

(3.1) KJN(F)/n — HE(F, i)

is an isomorphism for all F' and for all n prime to charF. This map is defined
concretely by first noting that Kummer theory gives the isomorphism F'* /(F*)" &
H(F, p1n,). An argument due to Tatd? [90, Theorem 3.1] shows the map F*X@F* —
HZ (F, 12?) sends elements a ® (1 — a) to zero, so using products again gives the
map ((3.1).

The assertion that is an isomorphism (for all F' and all n prime to charF)
is now known as the Bloch-Kato conjecture, although it is really just part of the
Beilinson-Lichtenbaum conjecture. Bloch and Kato [13] considered the map (3.1)),
and showed this to be an isomorphism for a henselian discretely valued field F' of
characteristic zero, with residue field of positive characteristic p, for all ¢, and for
n a power of p [13, Theorem 5.12]. They did not formulate the statement that the
map is an isomorphism in general as a conjecture, merely stating [13, pg. 118]
that “The cohomological symbol defined by Tate [90] defines a map , which one
conjectures to be an isomorphism quite generally.” Nevertheless, we will conform
with current custom and refer to this conjecture as the Bloch-Kato conjecture.

In fact, just the surjectivity part of the Bloch-Kato conjecture implies the Beilinson-
Lichtenbaum conjecture (and thus the full Bloch-Kato conjecture):

Theorem 3.1 (Suslin-Voevodsky [89], Geisser-Levine [33]). Let Fy be the prime
field and let £ be a prime # charFy. Suppose the Galois symbol KM (F) — HZ(F, u3™)
is surjective for all fields F' O Fy. Then the change of topology map

HP(F,Z/n(q)) — Hg(F, Z/n(q))
is an isomorphism for all fields F C Fy, and all p,q with 0 < g <n and p < q.

For g = 2, the Bloch-Kato conjecture is the theorem of Merkurjev-Suslin theorem
[65] (proven about two years before the Beilinson-Lichtenbaum conjectures arrived).
An essential part of their argument considers the Severi-Brauer variety SB(a,b, ()
for a,b € F* and ¢ a primitive ¢th root of 1 (one can safely assume that ¢ is in
F). This is a twisted form of a projective space P~! representing the functor of
maximal left ideals in a certain central simple F-algebra A(a,b,(). Here A(a,b,()
is defined as the free associative algebra F(X,Y) over F, modulo the relations
Xt=a,Y'=b XY =(VX.

2The case n = 2 is to be found in Milnor’s paper [66, Lemma 6.1], attributed to Bass-Tate
[?] (but before loc. cit. appeared in publication).The result of Tate referred to here is a stronger
one, showing that a ® (1 — a) goes to zero in the continuous f-adic cohomology H2(F,Z(2)).
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Ezample 3.2. For £ = 2, A(a,b,—1) is a quaternion algebra over F and SB(a,b, —1)
is the conic in P% defined by X3 — aX? — bX3 = 0.

The main point is to show that the kernel of the map K2 (F)/¢ — KM (F(SB(a,b,()))!
is exactly the Z/¢-span of the symbol {a,b}. This being before the advent of mo-
tivic cohomology, they use Quillen K-theory instead, via Matsumoto’s theorem
[62]: K3 (F) = K2(F). Quillen [75, §8, Theorem 4.1] computed the K-theory of
SB(a,b,() as

K.(SB(a,b,()) = &;ZgK.(A(a,b,¢)*"
so one needs to pass from SB(a, b, {) to its function field. For this, Gillet’s Riemann-
Roch theorem for higher K-theory [35] allows them to compare the relatively easy
to understand K»(SB(a,b,()) with Ko(F(SB(a,b,()).

A few years later, Merkurjev-Suslin [64] and independently Levine [59] used a
“relativization” method to extend this to give an isomorphism

HY(F,Z/n(2)) = Hy (F, 11,?)

(their result was phrased in terms of the so-called “indecomposable K3”, as mo-
tivic cohomology was not yet around). This was before the general Bloch-Kato =
Beilinson-Lichtenbaum result mentioned above was proven and was in a sense an
early precursor.

For ¢ = 3, Rost [83] extended the Merkurjev-Suslin method to prove the Bloch-
Kato conjecture in weight 3, for the prime ¢ = 2. After a long development, Voevod-
sky put together his work on DM together with his construction of motivic Steenrod
operations plus results of Rost and others to prove the Beilinson-Lichtenbaum con-
jectures in general, first for n a power of 2, and then the general case.

The case ¢ = 2 was handled first (by Voevodsky [96], relying on results of Rost).
The proof is again based (at least in part) on the method used by Merkurjev-Suslin
for ¢ = 2, but is more complicated. The Severi-Brauer varieties that play a central
role as splitting varieties for a symbol {a,b} mod ¢ in the proof of the Merkurjev-
Suslin are replaced by the Pfister neighbor quadrics ), associated to an element

a=(ay,...,a,) € (k)" This is an explicit quadric hypersurface in IP’%TH1 defined
as follows.

For units aq,...,a, € k*, one has the rank r form (ai,...,a,), defined by
(at,...,ar)(z1,...,2;) = Y. i_, a;z7. For quadratic forms g, ¢’, one has the sum ¢ L

¢' and tensor product ¢®q’, with (a1,...,a,) L (b1,...,bs) = {a1,...,ap,b1,...,bs)
and (a1,...,a;)®(b1,...,bs) = (..., a;b;,...). Then-fold Pfister form ((a1,...,an))
is defined by

({a1,...,an)) :=(1,—a1) ®...® (1, —ay,)
The quadric @, C P2 is then defined by the quadratic polynomial in 277! + 1
variables ((a1,...,an—1)) L (—an,).

Ezample 3.3. For n = 2, (a,b) € (k*)?, Q(a,p) C P} is the conic defined by X§ —
aX? — bX3, that is Q(a,b) is the Severi-Brauer variety SB(a,b, —1).

Voevodsky streamlines the argument by using the 2-local étale version of motivic
cohomology, Lichtenbaum motivic cohomology

HP (=, Z2)) = Hg (=, Zi2)(0)%)
where Z( is the étale sheafification of motivic complex Z(g)* discussed in §2.2]

Theorem|3.1|reduces the Bloch-Kato conjecture in weight n to showing that HZJF M(E, L)) =
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0 for all fields F'. We use the notation H?9(—,Z)) for our usual 2-local motivic
cohomology HP(—,Z2)(q)).
The Merkurjev-Suslin arguments involving the Severi-Brauer varieties turn into

showing that, for a = (a1,...,a,) € (k*)", one has:
(3.2)

(1) The symbol {ay,...,a,} € KM (k) goes to zero in KM (k(Q,))/2-

(2) Let k1 C ko be a finite field extension of odd degree. Then H} 1" (k1,Za)) —

H} 'Y (kg, Zoy) s injective.
(3) The map H} """ (k, Z(9)) — H; ™" (k(Qu), Z2)) is injective.

Having these facts at hand, the argument is just as for the Merkurjev-Suslin
theorem: Starting with k, one takes the compositum &’ of all odd degree extensions
of k, and then take the compositum of £’ with all fields k(Q,) for a = (a1,...,an)
with {a1,...,a,} # 0in KM (k)/2, forming the field k;. By (2), HZ'H’n(k7 Zzy) —
H} UMK L)) is injective, and by (3), Hf ™" (K, Z)) — H} " (kL)) is
injective as well.

Then repeat this construction infinitely often, giving the tower

kCkiCkyC...Cky :=Upnkm.
Then k., has no non-trivial odd degree extensions, K} (k. )/2 = 0, and the map
HZH’"(IC, Zg)) — HZLH’”(ICOO, Z(s)) is injective. An induction in 7 is used to show
that HZH’"(F,Z(Q)) = 0 if KM(F)/2 = 0 and F has no non-trivial odd degree
extension, and thus HZ+1’"(I<:,Z(2)) =0.

The existence of pushforward maps for finite extensions k; C ko easily proves
(2), and the proof of (1) involves some fairly straightforward arguments in Galois
cohomology. However, the injectivity in (3) is quite hard to prove, and relies on
an intricate application of the motivic Steenrod operations (see |95} [97]), and some
deep results of Rost on the motives of the quadrics @, including the injectivity of
the pushforward map H*"~1"(Q,,Z) — H"'(k,Z) = k> (see [80, BT, [82]).

In a bit more detail, one main technical point is to show that H" 1" (X,, ZLg)) =
0, where &, is the Cech simplicial scheme [n] — Q"*! associated to Q,. Letting
X, be the “reduced” version of X, (cofiber of the map X,,— Speck), this is the
same as the vanishing of H ”"‘2’"(/\?@, Zy3)). A sequence of Milnor operations in the
motivic Steenrod algebra maps this group (injectively!) to H2n72"71(22@2(2)) =
H2"’1’2n_1()(2, Z(s)). This latter group is a subgroup of HZW*LTLA(QQ,Z@)) and
Rost’s injectivity theorem [81 Theorem 6], [82, Proposition 2] show that pushfor-
ward by the structure map defines injection H2"~12""(Q,,Z) < H'(k,Z(1)) =
k.

But now this says the base-change to k defines an injection

H2n_1’2"71(QQ, Z(2)> — H2n_1’2"71(QQ X ];5, Z(g))
Running the construction in reverse, this says that
H" WM (X, L)) — H™ (X %y k, Zay)
is injective.

An elementary property of X, is that the structure map X, X F' — SpecF

is a weak equivalence of simplicizil schemes if Q.(F) # 0, and since Qu(k) # 0,
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X, ) k ~ Speck. Thus
H™ WM (X, %, k, L)) = H" " (k, Zz)) =2 CH™ (k,n — 1) ® Zz) = 0.

this last identity following from the simple fact that Agfl has no codimension n
points. Thus H”‘H’"(XQ,Z@)) =0.

The proof that H} 1" (k, Zay) — H} " (k(Qu), Z(2) is injective follows from
this and the fundamental distinguished triangle (see [96, Theorem 4.4]) relating
the “Rost motive” M, (a certain summand of the motive of Q),) with the motives

M(X,), and J\/l’(/"@)((Z”*1 — 1T -1]:
M(X)((2"" = D" — 2] = My — M(X,) = M(X)((2" — 12" — 1]

Rost’s construction of M,, along with his important nilpotence theorem, was pre-
sented in his preprint [80]. Karpenko [52] has given a somewhat simpler construction
of the Rost motive, relying on the nilpotence theorem. Brosnan [I6] has written an
alternative proof of Rost’s nilpotence theorem.

The analog of the result of Merkurjev-Suslin, that the kernel of the map Ky (k)/¢ —
Ky(k(SB(a,b,())/¢ is exactly Z/¢ - {a,b}, was proven by Orlov-Vishik-Voevodsky
[73] (for fields of characteristic zero):

Theorem 3.4 (|73, Theorem 2.1]). Let k be a field of characteristic 0. Then
for a = (a1,...,a,) € ()", the kernel of KM(k)/2 — KM (k(Q.)) is Z/2 -
{al, ce ,an}.

Using this, they prove the Milnor conjecture for fields of characteristic zero.
For a field k of characteristic # 2, let GW(k) denote the Grothendieck-Witt ring of
isometry classes of (virtual) non-degenerate quadratic forms. We have the Witt ring
W (k) :== GW(k)/(h), where h = 22 — y? is the class of the hyperbolic form. The
rank homomorphism GW (k) — Z induces the mod 2 rank map rank : W (k) — Z(2);
let I(k) C W (k) be the kernel of rank. For a € k*, the class of the form (1, —a)
is in I(k), so the classes of n-fold Pfister forms ({a1,...,a,)) = (1,—a1) ® -+ ®
(1, —ay) are in I(k)™. Milnor [66, Theorem 4.1] showed that sending (a1, ..., a,)
to the class of ((a1,...,an)) in I(k)"/I(k)"*! gives a well-defined, surjective group
homomorphism

sn(k) : KN (k)/2 — I(k)"/I(k)"*".
He showed that s; (k) and so(k) are always isomorphisms and he asked [66, Question
4.3] if s, (k) is an isomorphism for all k¥ and n. This question is often known as the
Milnor conjecture.

Corollary 3.5 (|73, Theorem 4.1]). Let k be a field of characteristic 0. Then send-
ing (a1,...,an) € (k)™ to the n-fold Pfister form ({ai1,...,a,)) € I(k)" descends
to an isomorphism

Kot (k) /2 = 1(k)" /1(k)" .

Proof. We follow the argument of |73, Theorem 4.1].

We need only show that s, (k) is injective. We prove by induction on m > 0
that for all fields F' of characteristic zero, if s,(F)(} io{ai:,...,an}) = 0 in
I(F)"/I(F)"* then Y1 {a14,...,an:} =0 in KM (F)/2.

For the case m = 0, suppose s, (F)({a1,...,a,}) = 0. It follows from a result of
Elman-Lam [24, Theorem 3.2] that {ay,...,a,} =0in KM(F)/2.

Now take m > 0 and assume the result for m — 1. We suppose that we have
(a1,is-evang) € (FX)", i = 0,...,m, with s,(F)(> i~ o{a1,---,an:}) = 0 in
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I(F)™/I(F)" . By (3.2)(1), {a1,m,- -, anm} goes to zero in KM (F(Qq ))/2, so

we have 7 {ari, -y anit = S Har, o ani} in KM(F(Qg,,))/2. Since the
map s, (F) is natural in F', we have

0= Sn(F(ng))(Z{al,i, cey i) = Sn(F(ng))(i:{alm ey Qn))
=0 1=0

so by our induction hypothesis, Z;:)l{au, b} =0in KM(F(Qg,))/2. By
Theorem (3.4

m—1
Z{al,i, cosniy =€ {a1my s nm}y € KM(F)/2
i=0

for some € € Z/2, s0 31" ({ar,is. . anit = (1+€){atm, ..., anm}, and we reduce
back to the known case m = 0. [

Remark 3.6. Other proofs of the Milnor conjecture in characteristic zero have ap-
peared in work of Kahn-Sujatha [51, Remark 3.3] and Morel [68, Theorem 1]. Morel
[67, Theorem 1.1] gives a proof of the Milnor conjecture for all fields k of charac-
teristic # 2.

The Bloch-Kato conjecture for an odd prime £ is treated in rough outline the
same as for ¢ = 2, but numerous technical problems arise, for instance, there is no
nice collection of smooth projective varieties that play the role of the Severi-Brauer
varieties for weight two, and the Pfister neighbor quadrics in higher weight for
¢ = 2. Voevodsky [94], relying on work of Haesemeyer-Weibel [39], Rost [77, [78 [79],
Suslin-Joukhovitski [88], and Weibel [I05], overcame these difficulties to prove the
Bloch-Kato conjecture in general. Besides these original sources, we refer the reader
to the book [38] for a detailed treatment of this topic.

The construction of the Steenrod operations, an integral part of the proof, re-
quires the introduction of the motivic stable homotopy category and understanding
its relation with the triangulated category of motives, our next topic.

3.2. The motivic stable homotopy category.

3.2.1. The unstable and stable motivic homotopy categories. Subsequent to Voevod-
sky’s construction of the category DM®® (k), Morel and Voevodsky [70] developed a
parallel A' homotopy theory. In essence, this is much simpler, although this requires
more input from the theory of model categories to carry out the construction; later
treatments use the setting of infinity categories. We will suppress these technical
foundations in our overview.

First of all, correspondences no longer play a role, and parallel to classical ho-
motopy theory, one relies on presheaves of simplicial sets rather than presheaves
of complexes of abelian groups. One can work over an arbitrary noetherian base-
scheme S of finite Krull dimension. Formally, one has the category Psh®5°*(Smg)
of presheaves of simplicial sets, sSets, on Smg, the category of smooth separated
S-schemes of finite type. This is called the category of spaces over S, Spc(S).
Working in the Nisnevich topology again, one inverts morphisms P — @ that are
weak equivalences (i.e. induce bijections on 7y and all homotopy groups 7, (—, z)
for n > 1 and all choice of base-point) of simplicial sets on all Nisnevich stalks
P, — @,, where a Nisnevich point is given by x € X € Smy, and the stalk P, is
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the colimit of P(U) over all (U,u) — (X, ) Nisnevich neighborhoods of z. For-
mally, one can write P, = P(OEL(@) where Oél(,w is the henselization of the local
ring Ox s,

O% » = colimy, ) (x,0)OU,u-

In addition, one inverts all morphisms p* : P — PAI7 where for a presheaf
P :SmY — sSets, P2 is the presheaf X P(X x A1), and p* is the collection of
maps pk : P(X) — P(X x A'). This gives us the unstable A' homotopy category
H(S).

We have the Yoneda functor Smg — Spc(S), sending X € Smg to the presheaf
X(—) : SmY — sSets, with X (") the constant simplicial set on the set Homgm (Y, X).
We also have the constant presheaf functor ¢ : sSets — Spe(S). Thus, the cate-
gory Spc(S) and its localization H(.S) allow the mixing of algebraic geometry and
classical homotopy theory: algebraic geometry enters via the Yoneda functor while
classical homotopy theory enters via the constant presheaf functor. Moreover, the
presheaf category Spc(S) inherits all the usual constructions of topology, includ-
ing limits, colimits, products and internal Homs, by operating objectwise on the
presheaves, and these all pass to the corresponding constructions in #H(S).

Replacing sSets with pointed simplicial sets sSets,, one has the category of
pointed spaces over S, Spc,(S) := Psh®®°**(Smg) and a parallel localization
defines the pointed unstable A! homotopy category, H.(S), with parallel structures
to those in Spc(S). For instance, disjoint union is replaced with pointed union,
product gets replaced with smash product (X,2) A (Y, y) =X x Y/x x YV X Xy,
a smooth S-scheme X € Smg defines the object X associated to the “pointed”
S-scheme X IT.S, and we have the constant presheaf functor ¢ : sSetss — Spc,(S).

This gives us the usual suspension and loops functors, g1, Qg1, via X — STAX,
X — Homspc.(s)(S’l,X ). We have the Nisnevich sheaves of “connected compo-

nents” 7)(X) and WOAI (X), the first being the sheaf associated to the presheaf
U — mo(X (U)) and the second the sheaf associated to the presheaf U — [U, X]y(s)-
Higher homotopy sheaves are defined similarly, with identities for X € Spc,(S)

b ! n is is(on
T (X) =15 (U X); m®(X) = 75 (2 X).

n

One uses the theory of model categories to show in the first place that such a
localization exists, and to yield cofibrant and fibrant models in Spc(.S), with the
property that homotopy classes of map P — (), for P cofibrant and () fibrant,
compute the morphisms [P, Q] ). One particular choice of model structure has
the representable presheaves X for X € Smg being cofibrant, but the fibrant models
are much more difficult to understand.

Another notable feature of He(S) is the two-parameter family of spheres. Let
Gy = (AT\ {0}, {1}) be the “Tate circle” and for a > b > 0, let S%b := S3= AGAP.
We have corresponding suspension functors X +— X%°X := X A S%® and loops
functors X +— QX = Hom(S*®, X). We also have the canonical isomorphism
(P!, 00) = 5% in H,(S), giving the natural isomorphism X7, = %2™". This gives
us as well the bigraded family of homotopy sheaves

mey(X) = (Q0X)
and the similarly defined Nisnevich version 72i(X).

The stable theory, introduced by Voevodsky [103], is modeled on the classical
case of suspension spectra of spaces, except that we replace Sl—suspension with
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P!-suspension, yielding the category of Pl-spectra over S, Spp:(S). This is the
category of sequences E, := (Ey, E1,...), E, € Spc,(S5), together with bonding
maps €, : Xp1 E,, = E, 11, where ¥p B, := E,, A (P!, 00). A morphism E, — F, in
Spp: (S) is a collection of maps f,, : E, — F, in Spc,(S) that commute with the
respective bonding maps. A map f : E, — F, is an A' stable weak equivalence if
the f,, induce isomorphisms of A! stable homotopy sheaves

. . Al . Al
colimy, frx : colimp gy o, 4y (En) — colimy,my o, 41 (Fr)

for all a,b € Z. Here the inductive system {Wﬁi%,b 4n(En)} has transition maps

Al Al o AT
7Ta+2n,b+n(En) = 7Ta+2n+2,b+n+1(2P1E’ﬂ) = 7Ta+2n+2,b+n+1(En+1)

and is defined for all n sufficiently large (depending on a,b): n > max(0, —b,b —
a). The A! stable homotopy category is then defined by inverting stable weak
equivalences in Spp: (5). This gives a triangulated tensor category, with translation
functor induced by X g1 and with the suspension functors ¥*? defined and invertible
for all a,b € Z. As in the classical case one has the adjoint pair of infinite P!-
suspension /infinite P*-loops functors

229t He(S) 7 SH(S) : O
For details, we refer the reader to [50] [I8] [45].

3.2.2. The category DM(k). One might ask, what about inverting Z(1) in DM (k)?
Here the naive Gabriel-Zisman localization DM®® (£)[(=®Z(1))~"] is not really what
one wants, as this category lacks arbitrary homotopy limits and colimits. A better
construction is to be guided by homotopy theory, in forming the category of Z(1)[2]-
spectra, as above. Replacing Spe, (S) with C(NST(k)), He(S) with DM® (%), and
Yp1 with — @ Z'(1)[2], we arrive at the triangulated tensor category DM(k),
the localization of Z(1)[2]-spectra in C(NST(k)) with respect to stable Al-weak
equivalence. The functor — ® Z(1)[2] on DM(k) is invertible and we have the
adjoint pair of exact functors

S50 - DM (k) T DM(k) : Q5%

)2 - Z(1)[2]

This is a bit different from A'-homotopy theory, in that the translation functor

M +— M[1] is already invertible on triangulated category DM (k), while #,(S)

does not have a triangulated structure and ¥ g1 is not invertible there.
Voevodsky’s embedding theorem (Theorem extends to show that

DM, (k) — DM(k)

is an exact, fully faithful embedding with dense image, identifying DMgy, (k) with
the subcategory of compact objects in DM(k).

Remarks 3.7. 1. DM(k) is a triangulated category admitting small coproducts.
Using the theory of symmetric spectra gives DM(k) the structure of tensor triangu-
lated category.

2. A general theory of stabilization due to Hovey [43] uses a different definition
of stable weak equivalence, but in the case of DM®®(k), Jardine [50] (and also Vo-
evodsky) shows that this agrees with the “naive” notion of stable weak equivalence
described above.
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3.2.3. DM(k) and the category of HyotZ-modules. The objects of SH(S) represent
bi-graded cohomology theories on Smg in the following way: Given E € SH(S)
and U € Smg, define

E“*(U) := [ZU4, 5" Egn(s)

Properties built into SH(.S) give contravariant functoriality, Mayer-Vietoris proper-
ties and homotopy invariance to this bi-graded family of abelian groups. If F admits
the structure of a commutative monoid in SH(SS), then E**(U) has a bi-graded ring
structure, with a certain form of graded commutativity.

Conversely, given a bi-graded “cohomology theory” U — H**(U) := @&, , H**(U)
on Smg, one says that H** is represented by some FE € SH(S) if there is a natural
isomorphism of functors H** = E**.

For a perfect field k, motivic cohomology on Smy, is in fact represented by a
certain object HpyotZ € SH(k), constructed as the sequence

HypotZ = (EM(C®"(Z'(0)), EM(CS™(Z" (1)[2]), . . ., EM(C5"(Z" (n)[2n]), . . .)

Here EM is the Eilenberg-MacLane functor from C'(Ab) to usual suspension spec-
tra, and the bonding maps are defined by applying EM to the maps of complexes

O (24 (m)[2n]) % Z(1)[2] — C3°(Z" (n + 1)[2n +2))

induced by the natural map Hom(X,A) @ B — Hom(X,A ®" B). One also
uses the natural map (graph) of the representable functor Y — Homgm, (Y, X) to
Z*(X) to define the map

EM(C®(Z" (n)[2n])) A (P*, 00) — EM(C®*™ (2" (n)[2n]) @™ Z(1)[2));
putting these together gives the bonding map
Yp1 EM(CSU(Z (n)[2n])) — EM(CS(ZY (n + 1)[2n + 2]))

One can give HyotZ the structure of an E., object in Spp (k), which gives
us the homotopy category of Hy,otZ-modules, Hy,tZ — Mod, and the free-forget
adjunction

HypotZ N — : SH(k) T HuotZ — Mod : EM,0¢
In fact, we have the following fundamental theorem

Theorem 3.8 (Rondigs-Ostveer [76]). Suppose that k has characteristic zero. Then
there is a natural isomorphism of tensor triangulated categories HyotZ — Mod =
DM(k).

This has been extended to characteristic p > 0, after inverting p, by Hoyois-
Kelly-Ostveer [47, Theorem 5.8].

This connection of DM(k) with SH(k) has opened the way to a more “homotopi-
cal” approach to motives; we give a few examples.

3.2.4. The motivic Steenrod algebra. We have already mentioned the motivic Steen-
rod algebra and its role in the proof of the Beilinson-Lichtenbaum /Bloch-Kato con-
jectures. In classical homotopy theory, the mod ¢ Steenrod algebra A* is simply
the (graded) endomorphism ring of the spectrum HZ// representing mod ¢ singular
cohomology in the stable homotopy category SH, that is

A* = HZJI*(HZ/{) = ®,[HZ/{, " HZ /)
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The dual Steenrod algebra A, is the mod ¢ homology of HZ/¢, that is
A, =HZ/l.(HZ/l) = ®pm, (HZ/¢ N HZ/?)

where 72 is stable homotopy: 7% (E) := [X"S, E]sp and S is the sphere spectrum,
S :=%>89,

Making the obvious changes yields the motivic version: The motivic sphere
spectrum over S is Sg : X252, where S§ = Sy, i.e., the base-scheme S with a
disjoint copy of S added as a base-point. E-cohomology of a spectrum F' € SH(S)
is E4Y(F) := [F, 2" E]gy(s), E-homology is E, ;,(F) := [S*'Sg, EAF]sn(s), giving
us the mod ¢ motivic Steenrod algebra

A*7* = HmotZ/g**(HmotZ/g)
and the dual Steenrod algebra
A*,* = motZ/&s*(HmotZ/g)'

Voevodsky [97] was able to construct explicit natural operations on mod £ motivic
cohomology in case S = Speck, k a field of characteristic zero, and show that the
algebra of operations they generate is remarkably similar to the classical case. He
later showed in [95] that this construction gives a description of the full algebra of
operations and that this is also isomorphic to the algebra HyotZ/¢** (HmotZ/L).

One main difference from the classical case that the classical Steenrod algebra is
an algebra over HZ/{*(pt) = Z/{ (concentrated in degree 0), whereas the motivic
version is a ring with both a left and right module structure over Hy,otZ/€*(k) =
@a v H*(Speck,Z/¢(b)); these structures in general are not the same. The classical
version acts trivially on the cohomology of a point, while (in general) the motivic
version acts non-trivially on the motivic cohomology of k, which accounts for the two
different module structures. However, Voevodsky’s generators correspond directly
to the standard classical generators, and fulfill essentially the same relations (the
Adem relations). The most notable difference occurs at ¢ = 2. Here —1 € k> shows
up in two different places, one as the element 7 € HO(k,Z/2(1)) = p2(k) = {£1}
and a second time as p € H(k,Z/2(1)) = k> /k*? as the class of -1 modulo squares.
7 behaves differently from 1 € H°(pt,Z/2) because, if k does not contain v/—1, the
map H°(k,Z/4(1)) — H°(k,Z/2(1)) is the trivial map, so the Bockstein of 7 is
non-zero. Similarly H!(pt,Z/2) = 0 but if k does not contain y/—1, then p # 0, so
we have this additional “-1” to consider (in fact, the Bockstein of 7 is p).

This was all extended to the positive characteristic case, at least for £ # chark,
by Hoyois-Kelly-@stveer [47]. The motivic Steenrod algebra shows up in many other
foundational computations, for instance, in the theorem of Hopkins-Morel-Hoyois
[44], describing the relationship of HpotZ with Voevodsky’s algebraic cobordism
spectrum MGL.

Frankland and Spitzweck [25] have shown that the characteristic zero version of
the mod p motivic Steenrod algebra is a summand of the actual motivic Steenrod
algebra over a field of characteristic p. The lack of a complete understanding of the
mod p motivic Steenrod algebra in characteristic p is a significant hinderance to
our understanding of motivic homotopy theory in positive or mixed characteristic.

3.2.5. Voevodsky’s slice tower. Besides motivic cohomology, algebraic K-theory is
also represented in SH(k). One of the main results of Morel-Voevodsky [70, The-
orem 3.13] about the unstable category #H(k) is that the infinite Grassmannian
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Gr(oo,00) := colim,, ,Gr(m,n + m) represents Quillen’s algebraic K-theory for
X € Smy:
K,L(X) = [Eg1X+, GI‘(OO, OO) X Z]H(k)
Voevodsky [103] promotes this to representability in SH(k) by the Pl-spectrum
KGL
KGL := (Gr(oo, 0) X Z, Gr(oo,00) X Z, .. .),
with bonding map given by the maps
Gr(m, 00) A (P!, 00) — Gr(m, 00)
classifying the virtual bundle p} E,,, @p5O(1)—pi E, —p5O(1)+O on Gr(m, oo) x PL.
His idea, described in [99] [I00], is to define a version of the classical Postnikov tower,
replacing usual connectivity with P!-connectivity.

More precisely, let SHeH(k) be the localizing subcategory of SH(k) generated by
suspension spectra 3¢ X, X € Smy, and for n € Z, let X, SHeH(k‘) denote the
translate of SH (k) by the n-fold P -suspension functor. This gives the filtration
of SH(k) by localizing subcategories

... C EIPISH (k) ¢ SR SHET (k) € ...  SH(k).

The inclusion i, : 3% SH (k) — SH(k) admits the right adjoint r,, : SH(k) —
X SHT (k), defining the truncation functor f, := i,r, : SH(k) — SH(k); using
the above tower gives the natural transformations f,,y1 — fn — Idsu), giving the
tower of endofunctors on SH(k)

coo = fnr1 = fo = o= Idsaey-
Taking the layers in this tower gives the distinguished triangles

Jner = fo = 50 = frnp[1]

Voevodsky calls s, the nth slice. Applying this to an E € SH(k) gives the tower in
SH(k)

oo > fopE—> fE— ... > FE
and the distinguished triangles

fn+1E — an — sp B — fn+1E[1}

The tower is called the slice tower for F, and gives rise to the slice spectral

sequence

EYI(n)(X) = (s E)P"*"(X) = EPTIT(X)
In general, this tower does not have good convergence properties, due in part to the
fact that the filtration %, SH™ (k) of SH(k) is neither exhaustive nor separated, so
in using the slice spectral sequence, one needs to address convergence.

The classical Postnikov tower in the classical stable homotopy category SH can
be constructed in the same way, replacing X3, with X%, and taking SH®® to be the
localizing subcategory generated by %°°T, for T an arbitrary simplicial set. This
is also the subcategory of —1-connected spectra, i.e. spectra E such that 7], E =0
for m < 0, and EglsHEH is the subcategory of n — 1-connected spectra (75, E =0
for m < mn). The corresponding nth slice of F is the shifted Eilenberg-MacLane
spectrum YL"EM(r, E), characterized by

T, form=mn

T B EM(m B) = {0 else
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and the resulting spectral sequence is
EYYX):= HP(X,7m_,E) = EPT1(X)

This is the classical Atiyah-Hirzebruch spectral sequence, so one often calls Voevod-
sky’s version the motivic Atiyah-Hirzebruch spectral sequence. In the classical case,
the filtration is separated, so one has much better convergence properties.

Some basic results regarding the slice tower are
Theorem 3.9 ([57,09)]). 1. spHmotZ =0 for n # 0 and soHmotZ = HmotZ.
2. s, KGL = Xp Hiyot Z

Relying on the multiplicative properties of the slice tower proven by Pelaez [74],
the first result can be promoted to

Corollary 3.10 ([74]). For each E € SH(k), s, E has a canonical structure of an
H ot Z-module

Thus, we have the homotopy motive ot E € DMeE(k), with

snE = Ep EMot (Tmot,n B) = EMmot (Tmot,n £ ® Z(n)[2n])

and we can rewrite the slice spectral sequence as
By (n)(X) := HP (X, Tinot,—¢ E(n)) = BV (X)

For £ = KGL and n = 0, this gives

EY(X) = HP™9(X, Z(~q)) = KGLP*°(X) = Kaq (X)),
Via the isomorphism HP~9(X,Z(—q)) = CH (X, —p—q), this agrees with the Fs-
reindexed Bloch-Lichtenbaum /Friedlander-Suslin spectral sequence described

in {T1

3.2.6. The algebraic Hopf map. We assume k has characteristic # 2. The classical
stable Hopf map is the element of 7§(S) induced by the generator 7o : S* — S?
of m3(S5?). ntop has a purely algebraic representative, as the quotient map

(€*\{0},{(0,1)} — (CP*,0)
identifying the Riemann sphere CP! with C?\{0}/C*. We let  : (A%\{0}, (0,1)) —
(P!, o) be the corresponding map in He(k). Noting that (A% \ {0}, (0,1)) = §32
(P!, 00) = S21 this gives us the stable version n € 71'11*711 (Sk), the stable algebraic
Hopf map. n is closely related to the automorphism 7 : S — Sj induced by the
exchange-of-factors symmetry 7p1 p1 : P! AP — P! A P!, by the identity

T=Id+nop=Id+pon,
where p : S? — G, is the map sending the non-base point of SP to —1. In addition,
we have
n(l+7)=0

These two identities are explained in [69, Remark 6.3.5].

After inverting 2, we can decompose Si into the 7 +1 and —1 eigenspaces, via
the idempotents (1—7)/2, (1+7)/2. Since Sy, is the unit for the monoidal structure
on SH(k), this decomposes SH(k)[1/2] as SH(k)[1/2] = SH(k)T x SH(k)~, with

SH(k)" :=ker((1 —7)/2 : SH(k)[1/2] — SH(k)[1/2]);
SH(k)™ = ker((1 +7)/2: SH(k)[1/2] — SH(k)[1/2])
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Thus SH(k)* C SH(k)[1/2] is the n-torsion subcategory, and SH(k)™ C SH(k)[1/2]
is the n-local subcategory SH(k)[1/2,771].
For k C C, we have the topological C-realization

Rc : SH(k) — SH

sending X9 X | to X3 X (C) 4. Clearly R¢(n) is the usual Hopf map in 7§ (S) = Z/2.
However, if £ C R, we have a corresponding real realization

Ry : SH(k) — SH

sending 33X to X2 X(R)4, and Rg(n) is induced by the map x2 : St — S
Thus, after inverting 2 everywhere, we see that R¢ factors through the projec-
tion SH(k)[1/2] — SH(k)™ and Rg factors through the projection SH(k)[1/2] —
SH(k)~.

Morel remarks that this behavior of the + decomposition of SH(k)[1/2] with
respect to N¢ and Rg gives a view of SH(k) as a category yielding invariants that
simultaneously reflect the stable homotopy type of X (C) and that of X (R), for all
complex and real embeddings of k and for all smooth X over k.

Returning to motivic cohomology, the Hopf map in DM(k) becomes a morphism
Z(2)[3] — Z(1)[2], that is, an element of H 1(k,Z(—1)) = 0. Thus HyxZ[1/2]
lives in SH(k)™. This says that the slice tower on SH(k)™ is the constant tower of
identity maps. This says that the slice tower yields no information on objects in
SH(k)~. Another way to see this is that Xp1 = 2! = Xg o Xgi. Since SH (k) is
triangulated, we have 3p, SHT (k) = E&mSHEH(k), and in SH(k)™, p: S — g, S
and 7 : Xg, S — S are inverse isomorphisms. Thus ZﬁmSHeﬁ(k)* = SHf (k) =
SH(k)~.

3.3. Six functors and motives over a base. As we mentioned at the beginning
of these lectures, Beilinson [8 §0.3] envisaged an abelian category of mixed motivic
sheaves on each scheme X, Sh%ot7 with the Grothendieck six operations: the adjoint
pair of derived pushforward and pullback functors for each morphism f:Y — X

f* 2 D(ShY®) T D(Shy"*") : f.
the adjoint pair of exceptional functors
fi: D(Shy"®") =" D(Sh}*") : f"

internal Hom and tensor product, satisfying the “usual” relations, e.g., smooth and
proper base-change isomorphisms, and a natural transformation fi — f. that is an
isomorphism for proper f.

As we have seen, the lack of a Beilinson-Soulé vanishing theorem puts this beyond
the realm of the current technology, but one could hope for this type of setup for
triangulated categories of motives over a base-scheme X, DM(X). There are a
number of approaches for this, many of which are based on having the Grothendieck
six operations for the motivic stable homotopy categories X +— SH(X).

Without going into detail, the structure of the Grothendieck six operations for
X — SH(X), X € Schg, with B a fixed noetherian base-scheme of finite Krull
dimension, has been constructed by Ayoub [3]. Ayoub’s construction has been
extended to a larger class of schemes by work of Cisinski-Déglise [I8] and extended
to the equivariant setting for a “tame” group G by Hoyois [45]. In fact, these
constructions have been extended to a theory of six functors on a fairly general
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subcategory of algebraic stacks by Khan-Ravi [54], and with a similar theory by
Chowdhury [17].

As we have seen, one can construct DM(k) as a homotopy category of HZ-
modules, so one could ask if there is a reasonable object HZg € SH(S) for which
the category of HZg-modules would be a reasonable choice for DM(S). This is in
fact the case, and there are now two such constructions, one by Markus Spitzweck,
one by Marc Hoyois, which both yield the same family of representing spectra
HZs € SH(S) and resulting module categories.

3.3.1. Motivic Borel-Moore homology over a base. We have seen in §2.3 that the
higher Chow groups agree with the theory given by the sheaves zequi»(X) via the
inclusion/quasi-isomorphism C5"(zequi (X)) (k) C z.(X,*) for r > 0. Recalling
that C5 (zequi (X)) = Hom(Z(r)[2r], we saw that

Z(X)),
CH, (X, 1) = Hompyers (5 (Z(0) [], O (zequi,r (X))
= Homp et () (Z(7) [2r + n], Z(X)©).

This suggests that it would have been better to consider CS“S(zqﬁn(X ))Nis as the
Borel-Moore motive of X, define Zp . (X) := C’S“s(zqu(X))l\nS and define

HPM (X, Z(q)) == Hompyerr 3y (Z(p) [g], Ze.a. (X)) 2 CHy (X, p — 29).

In fact, for X of finite type over a Dedekind scheme B, one can give a reasonable
extension of the definition we gave for a field to yield a cycle complex z,.(X/B, )
and a good definition of motivic Borel-Moore homology

HBM (X/B,Z(q)) := H,— 2q(BZarapX*Zq( )

Here px.z,(*) is the Zariski sheaf on B associated to the presheaf U — z,(p%' (U)/B, ).
The elementary functorial properties of motivic Borel-Moore homology, namely
proper pushforward and flat pullback, are rather easy to verify, the difficult part is
the localization sequence, which was proven in [5§].

However, a product structure is lacking even for X smooth over B, due to the
fact that cycles in z,.(X/B,n) are not in general flat over B, so one does not have
an evident construction of external product

2-(X/B,*) X 25(Y/B,*) = z,45(X x5 Y/B, *).

3.3.2. Beilinson motivic cohomology. Homotopy invariant algebraic K-theory is
represented in SH(S) by Voevodsky’s algebraic K-theory spectrum KGLg. Cisinski-
Déglise [I8] note that KGLg admits Adams operations ¥j, and KGLgg breaks up
into the k?-eigenspectra:

KGLgg = &;KGLY,

with KGLg) representing the ith graded piece of (rational) K-theory for the ~-
filtration (assuming S is regular). This gives them a commutative monoid object

(i.e. commutative ring spectrum) HS := KGLgJ) € SH(S)q, whose module category
H? — Mod they call the category of Beilinson motives over S. This construction
is cartesian, that is, for f : ¥ — X a morphism of schemes, one has a canonical
isomorphism f*H )B} ~ H{?, which is essentially what one needs to induce a six-
functor formalism on S+ HE — Mod from SH(—).
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3.3.3. Spitzweck’s motivic cohomology. Spitzweck [86] has defined an integral mo-
tivic cohomology theory over an arbitrary base-scheme by gluing together several
“approximations” that each have good multiplicative properties. The result inherits
the multiplicative structure from the individual components, and the gluing data
yield a good motivic cohomology.

The main components are given by the Bloch cycle complex, truncated f-adic
étale cohomology, and logarithmic de Rham-Witt sheaves. As discussed above,
the Bloch cycle complexes give rise to a general version of Bloch’s higher Chow
groups for finite type schemes over a Dedekind domain, which has nice localization
properties but has poor functoriality and lacks a multiplicative structure. Using the
Bloch-Kato conjectures, as established by Voevodsky [94], the ¢-completed higher
Chow groups are recognized as a truncated f-adic étale cohomology, for ¢ prime
to all residue characteristics. The theorem of Geisser-Levine [34] describes the p-
completed higher Chow groups in characteristic p > 0 in terms of logarithmic de
Rham-Witt sheaves. Finally, there is the good theory with Q-coefficients given by
Beilinson motivic cohomology of Cisinski-Déglise, as described above.

Each of these three theories: f¢-adic étale cohomology, the cohomology of the
logarithmic de Rham-Witt sheaves, and rational Beilinson motivic cohomology,
have good functoriality and multiplicative properties. Gluing the f-adic, p-adic and
rational theories together via their respective comparisons with the Bloch cycle
complex, Spitzweck constructs a theory with good functoriality and multiplica-
tive properties, and which is described by a presheaf of complexes (equivalently,
Eilenberg-MacLane spectra) on smooth schemes over a given Dedekind domain as
base-scheme. The corresponding theory agrees with Voevodsky’s motivic cohomol-
ogy for smooth schemes over a perfect field, and is agrees with the hypercohomology
of the Bloch complex for smooth schemes over a Dedekind domain (even in mixed
characteristic), as described above, ignoring the multiplicative structure. Spitzweck
then promotes this to yield an E.,-object MZy in P'-spectra over X, for X smooth
over a Dedekind ring.

Taking the base-scheme to be SpecZ, Spitzweck’s construction yields a repre-
senting object MZz in SH(Z) and one can thus define absolute motivic cohomology
for smooth schemes over an arbitrary base-scheme X by pulling back MZz to
MZx € SH(X). In case X is smooth over a Dedekind ring, the two construc-
tions of MZx agree. The resulting motivic cohomology agrees with Voevodsky’s
for smooth schemes of finite type over an arbitrary perfect base-field, and with the
hypercohomology of the Bloch cycle complex for smooth finite type schemes over
an arbitrary Dedekind domain. One can then define a triangulated category of mo-
tives DMg,(X) over a base-scheme X as the homotopy category of MZx-modules;
the functor X — DMg,(X) inherits a Grothendieck six-functor formalism from
X — SH(X).

3.3.4. Hoyois’ motivic cohomology. Spitzweck’s construction gives a solution to the
problem of constructing a triangulated category of motives over an arbitrary base,
admitting a six-functor formalism and thus yielding a good theory of motivic coho-
mology. However, for a scheme that is not representable as a smooth scheme over a
Dedekind domain, one does not really have a concrete description of the resulting
motivic cohomology.

Hoyois [46] has constructed a theory of motivic cohomology over an arbitrary
base-scheme S that is directly defined for each base-scheme S, rather than indirectly
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via gluing and then pulling back from Spec Z, as in Spitzweck’s version. Hoyois uses
a recent breakthrough, giving a really new construction of the motivic stable ho-
motopy categories SH(.S) relying on the notion of framed correspondences, more in
line with Voevodsky’s construction of DM(k). The basic idea is sketched in notes
of Voevodsky [93], which were realized in a series of works by various subsets of
Ananyevskiy, Garkusha, Panin, Neshitov [T}, 2, 29, 30, 31l B2]. Building on these
works, Elmanto, Hoyois, Khan, Sosnilo and Yakerson |21}, 22} 23] construct an infin-
ity category of framed correspondences, and use the basic program of Voevodsky’s
construction of DM(k) to realize SH(S) as arising from presheaves of spectra with
framed transfers, just as objects of DM(k) arise from presheaves of complexes of
sheaves with transfers for finite correspondences. We give here a very brief sketch
of this construction.

An integral closed subscheme Z C X x Y that defines a finite correspondence
from X to Y can be thought of a special type of a span via the two projections

AN
X Y

For X and Y smooth and finite type over a given base-scheme S, a framed corre-
spondence from X to Y is also a span,

X/Z\Y

satisfying some conditions, together with some additional data (the framing); im-
portantly, one does not insist that Z be a closed subscheme of X xg Y. For
simplicity, assume that X is connected. The morphism p is required to be a finite,
flat, local complete intersection (lci) morphism, referred to as a finite syntomic mor-
phism. The lci condition means that p factors (locally over X)) as closed immersion
i : Z — P followed by a smooth morphism f : P — X, and the closed subscheme
i(Z) of P is locally defined by exactly dimx P — dimxZ equations that form a
regular sequence. The morphism p factored in this way has a relative cotangent
complex IL,, admitting a simple description, namely

L, = [Z2/T% % i Qp)x);

the conditions on ¢ and p say that both Z/Z% and i*Qp /x are locally free coherent
sheaves on Z of rank dimy P — dimxZ and dimx P, respectively. The perfect
complex L, defines a point {L, } in the K-theory space K(Z) of virtual rank dim x Z;
in the case of a finite syntomic morphism the virtual rank is zero.

A framing for a syntomic map p: Z — X is a path v : [0,1] — K(Z) connecting
{L,} with the base-point 0 € C(Z). For a framing to exist, the class [L,] € Ky(Z)
must be zero, but the choice of « is additional data. The morphism ¢ : Z — Y is
arbitrary.
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One has the usual notion of a composition of spans:

z' VA Z xy Z'
7 \ o / N = V %‘
Y w X Y X w

which preserves the finite syntomic condition; since one is not identifying isomor-
phic spans, one needs an oco-categorical structure to take care of the fact that the
fiber products are only defined up to a (contractible) choice of isomorphisms, which
leads to higher homotopies for the necessary coherences for associativity of compo-
sition (see [0, Section 3]|). The composition of paths also requires an co-categorical
framework, since we are dealing here with actual paths, not paths up to homotopy,
but one also needs some kind of higher isomorphism of the data arising from homo-
topic paths. In the end, this produces an infinity category Corr’ "(Smg) of framed
correspondences on smooth S-schemes, rather than a category.

Via the infinity category Corr/"(Smg), we have the infinity category of framed
motivic spaces, H/"(9), this being the infinity category of Al-invariant, Nisnevich
sheaves of spaces on Corr/"(Smyg). There is a stable version, SH'"(S), an infinite
suspension functor X7 : H/7(S) — SH/"(S), and an equivalence of infinity cate-
gories 7, : SH/"(S) — SH(S), where SH(S) is the infinity category version of the
triangulated category SH(S). In other words, the homotopy category of SH(S) is
SH(.S), and the functor ~, gives a description of SH(S) as the homotopy category
of SH'"(S).

The equivalence 7, can be thought of as a motivic version of the construction
of infinite loop spaces from Segal’s I'-spaces, where a framed correspondence X <
Z — S of degree n over X is to be considered as a generalization of the map
[n]4+ — [0]4+ in T'°P.

Here is a rough idea of Hoyois’ construction of the spectrum representing motivic
cohomology over S. Hoyois’ starts with spans:

x&z4y,

X,Y € Smg, with p : Z — X a finite morphism such that p,Oz is a locally free
Ox-module (this condition is satisfied if p is a syntomic morphism, but is in general
a weaker condition). These spans form an infinity category Corr/"/ (Smg) under
span composition and forgetting the paths « defines a functor of infinity categories
Taq : Corr!"(Smg) — Corr’"/ (Smy).

Given a commutative monoid A, the constant Nisnevich sheaf on Smg with value
A extends to a functor

Ag : (Corrflf)Op — Ab,

where pullback from YV to X by X < Z % Y is given by multiplication by
rankp, Oz, if X and Y are connected; one extends to general smooth X and Y
by additivity. This gives us the presheaf of abelian monoids with framed transfers
Agr := Ag om}y, and the machinery of Elmanto et al. converts this into the mo-
tivic spectrum ’y*EJ‘Z‘;A’;T € SH(S). Hoyois shows that this construction produces
a cartesian family, and that taking A = Z recovers Spitzweck’s family S — MZg.
This gives us a conceptually simple construction of a motivic Eilenberg-MacLane
spectrum, and the corresponding motivic category DMy (.S), much in the spirit
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of Voevodsky original construction of DM(k) and the Rondigs-@stveer theorem
identifying DM (k) with the homotopy category of EM(Z(0))-modules.
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