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1 Introduction

Shimura varieties lie at the intersection of algebraic geometry, Hodge theory, Lie theory, and
arithmetic geometry. In this seminar, we will build toward them as parameter spaces for
Hodge structures with prescribed symmetries and Hodge tensors. Along the way, we will de-
velop the necessary language of reductive algebraic groups, period domains, hermitian sym-
metric domains, and arithmetic quotients. The main goal is to understand the definition of a
Shimura datum, the construction of the associated Shimura varieties, and how natural varia-
tions of Hodge structures live on them.

2 Preliminary plan

The seminar will be divided into three parts:

I. • Begin with basic theory of algebraic groups over Q and R, and their representations.
The structural notions needed later include derived and adjoint groups, reductive
and semisimple groups, parabolic subgroups, real forms, and Cartan involutions.

• Recall classical Hodge theory for compact Kähler manifolds, then pass to the ab-
stract language of Hodge structures and explain the equivalent description in terms
of the Deligne torus S. Next, study polarized variation of Hodge structures, period
domains and period maps.

• Define the Mumford–Tate group of a rational Hodge structure, both as the smallest
Q-algebraic group containing the image of Hodge homomorphism and as the sta-
bilizer of its Hodge tensors. Discuss generic Mumford–Tate groups in families and
Mumford–Tate domains as real group orbits inside period domains.

II. • Introduce hermitian symmetric domains, then explain their equivalent definitions
and classifications. Study the quotients Γ\D of hermitian symmetric domains by
discrete groups, and then specialize to arithmetic locally symmetric varieties. Ex-
plain the statement and consequences of the Baily–Borel theorem. Explain how to
classify variations of Hodge structures on arithmetic locally symmetric varieties in
terms of certain auxiliary reductive groups.

• Introduce Shimura data (G, X) consisting of a reductive group G over Q and a
G(R)-conjugacy class of maps in Hom(S, GR) that satisfy some properties. For a
compact open subgroup K ⊂ G(A f ), define the Shimura variety as the double
quotient ShK(G, X)(C) = G(Q)\

(
X × G(A f )/K

)
, and show its decomposition into

arithmetic locally symmetric varieties.
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III. In the final part, we have some choices of additional topics:

• Explain the Baily–Borel Theorem in more details.

• Study examples, including Siegel modular varieties (arithmetic quotients of type III
domains) and orthogonal Shimura varieties of type IV, and explain their respective
relations to moduli spaces of principally polarized abelian varieties and polarized
K3 surfaces.

• Other possible topics are CM points, Hodge loci and special subvarieties.

We will mainly use two sets of notes by Milne [Mil05, Mil13], which can provide the general
contents of the seminar. Carlson–Müller-Stach–Peters [CMSP17] is a useful source for Hodge
structures, variations, and period domains, while Kerr [Ker14] directly develops the Hodge-
theoretic perspective on Shimura varieties. The precise balance between algebraic groups,
Hodge theory, and examples can be adjusted according to the background and interests of the
participants.
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