On one-dimensional perfect formal group laws

JAN KOHLHAASE

Abstract. Let p be a prime number and let R denote a commutative unital
ring which is perfect of characteristic p. We show that every one-dimensional
commutative perfect formal group law over R is an ordinary formal group
law. We also show how to construct one-dimensional commutative formal
groups over R by means of Dieudonné modules and quasi-logarithms.
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Notation and conventions. Let p be a prime number. By N we denote
the set of non-negative integers and by N [%] the set of rational numbers of
the form ip™ for some ¢ € N and n € Z. Let Q, denote the field of p-adic
numbers and Z, its ring of integers. The p-adic valuation v, on Q, will
be normalized through v,(p) = 1. Unless stated otherwise, all rings will
be assumed commutative and unital. If S is an integral domain we denote
by Frac(S) its field of fractions. We say that a ring S has characteristic
p if pS = 0. In this case, the endomorphism ¢ = (s — sP) of S is called
its Frobenius. A ring S of characteristic p is called perfect if its Frobenius
endomorphism is bijective. Throughout this article we fix a non-zero perfect
ring R of characteristic p and denote by Algp the category of R-algebras.
By an adic ring we mean a separated and complete topological ring .S whose
topology coincides with the I-adic topology for some ideal I € S. Any such
ideal is called an ideal of definition. If R is an adic ring we denote by Alg}l%d
the category of adic R-algebras.
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1 Perfect formal power series

Endow the perfect ring R with the discrete topology. Given indeterminates
X = (Xy,...,Xg4) we denote by R[X] = R[Xy,...,X4] the corresponding
formal power series ring with coefficients in R endowed with the (X)-adic
topology. Denote by h_r)n(p R[X] the coperfection of R[X], i.e. the colimit of

the countable system of ring homomorphisms
R[X] 5 R[X] 5 R[X] S ... .

The initial term allows us to view R[X] as a subring of lim R[X]. We
—

denote by . . .
R[XYP™] = R[XJP7 . X3P

the (X)-adic completion of 11% R[X] endowed with the (X )-adic topology.
It is called the ring of perfect formal power series with coefficients in R. In
more concrete terms, given « = (aq,...,aq) € N[%]d set |a| = a1 + ...+ ag.
Consider the R-module S of formal expressions of the form

(1) f(X)= 3 X

aeN[ 1]
with ¢, € R such that for any n € N the set {o € N[%]d | co #0 and |a] < n}
is finite. Addition and scalar multiplication are defined coefficientwise. By
the above finiteness condition the multiplication

(Y X (Y dXP)= ¥ () cdp)X’

aeN[$]* BeN[3]* 7eN[4]* *+F=7
of two elements of S is well-defined and makes S into a ring of characteristic
p with unit element 1 = X°. It contains R[X] as a subring by identifying X;
with X¢. Here ¢; = (0,...,0,1,0,...,0) with 1 in position i. We then have
X=X .- XJ?in S for all o = (ovg,...,04) € N[%]d. The Frobenius of
S is given by

Y XM= Y plea) X

aeN[1]? aeN[1]?

whence S is perfect. One checks directly that S is (X)-adically separated
and complete and that the induced ring homomorphism R[XYP*] - S is
an isomorphism. In fact, li_I)ncp R[X] maps isomorphically onto the dense

subring

%RMWKHJ%W=%¢WMH>

consisting of all elements of the form 3 . 1 a4 co X for some n € N.
pn



If f(X) is a perfect formal power series as in and if n € Z then we let
") denote the perfect formal power series obtained by applying ¢™ to the
coefficients of f, i.e.
TERICOED VAP
aeN[ 1]
If f=(f1,...,fe) € R[X]° is a family of perfect formal power series then we
set f@") = (fFF) L pM),

Remark 1.1. If R is a more general adic ring with ideal of definition I € R
then R[X'/P”] is defined as the (I, X)-adic completion of li_r)np R[X]. This
can be identified with the set of all series as in such that for any n € N the
set of « € N[%]d with |a <n and ¢, ¢ I™ is finite. With this convention we
have canonical isomorphisms R[XYP"J[Y/P7] = R[X/P™ YVP™] of adic
R-algebras for any second family of indeterminates Y.

Let Perf}l?d denote the full subcategory of Alg?%d consisting of all adic R-
algebras S on which the Frobenius ¢ : § — S is an automorphism of adic
rings, i.e. it is bijective with a continuous inverse. Note that p!: S — §
is continuous if and only if the ideal ¢~ *(I)/I ¢ S/I is nilpotent for some
(equivalently, for every) ideal of definition I of S. This is true, for example, if
S admits a finitely generated ideal of definition. By abuse of terminology we
call Perf“Rd the category of perfect adic R-algebras. By (-)": Algﬁd - Perfﬁd
we denote the perfection given by

S'—>Sb=£i£lS={(Sn)n20€SN|8i+1=3n for all n> 0}
¢

where S® is endowed with the projective limit topology. Note that S is an
R-algebra via - (s, )ns0 = (r'?" - 5, )ns0. Moreover, ¢! : §* — S is given
by (Sn)ns0 7 (Sn+1)n>0 Which is clearly continuous.

Given an adic ring S let S°° = {s € S| limy o s" = 0} denote its ideal of
topologically nilpotent elements. The universal properties of rings of perfect
formal power series can be summarized as follows.

Proposition 1.2. (i) For any S ¢ Perf}l{l the projection S* - S defined
by (Sn)ns0 = So s an isomorphism of adic R-algebras.

(ii) For any S € Perf%! the inclusion R[X] < R[X'/P"] induces a functo-
rial bijection Hom%’flg(R[[Xl/pw]], S) = Hom%’_";lg(R[[X]],S).

(i1i) For any S € Alg}l{l the projection S* - S induces a functorial bijection
Hom"™ (R[XP7],$") = Hom§ (R[X'/P7], ).

(iv) For any S € Perf% the map Homf%"_”;flg(R[[Xl/p”]L S) > (5°°) sending
Y to (V(X1),...,0(Xq)) is bijective.



Proof. If S is perfect adic then the inverse in (i) is given by s~ (577" ),s0.
Parts (ii) and (iii) are the usual adjunctions between the adic (co)perfection
and the inclusion Perf% < Alg%!. Part (iv) follows from (ii) and the uni-
versal property of R[X]. O

Given a family s = (s1,...,54) of topologically nilpotent elements of S €
Perf}l{l the corresponding homomorphism v, : R[X'/?”] - S in Proposition
[L.2] (iv) is the substitution homomorphism given by

Y ( Z caX%) = Z Cas® = Z Cas?l'“sgd-

aeN[1]” aeN[ 1] aeN[ 1]

Here we use the convention s® = s/P" = o (s") for all s € S and for all
B =i/p" € N[1] with i € N and n € Z. Given [ € R[XYP7] we write
¥s(f) = f(s) as usual.

A non-zero perfect formal power series of the form ¢, X* with o € N [%]d and

Ca € R is called a monomial of degree |a]. A non-zero element f € R[X'/P7]

is called homogenous of degree v € N[1] if it is a finite sum of monomials
of degree v. With this terminology, any perfect formal power series f(X)
as in (|1)) admits the convergent decomposition f(X) = X en[L] fu(X) where

1
p

fu(X) = Xjaj-v ca X is either zero or homogenous of degree v. If f is non-

zero we call

ord(f) = min{reN[1]]| f, #0}

1
P
min{v € N[1] | there is a € N[%]d with |a| = v and ¢, # 0}

the order of f and formally set ord(0) = co. We then have the usual rules

(2) ord(f-g)>min{ord(f),ord(¢g)} and ord(fg)>ord(f)+ord(g).

In the first case we have equality if the orders of f and g are distinct. In
the second case we have equality if R is an integral domain. This follows
from the corresponding fact for ordinary formal power series. For any real
number v > 0 consider the ideals

ms, = {feR[XYP"]|ord(f)>v} and
m., = {feR[X'7]|ord(f) > v}

of R[X ] and set m = m,o. Note that we have my; = (X) and that m” = m
for any positive integer n.

Let ¢ : R[X l/pm}] — R denote the augmentation homomorphism sending
a perfect formal power series to its constant term f(0) = ¢y € R. Note
that R°° = 0 because R carries the discrete topology and is reduced. As a



consequence, an element f e R[X 1/p°°]] is topologically nilpotent if and only
if £(0) =0, i.e. R[XYP"]* = ker(tp) = m. In particular, given a second
family of variables Y = (Y1,...,Y.) and g = (g1,...,94) € R[Y'/P7]? such
that g(0) = (91(0) = ... = g4(0)) = 0 we have the substitution homomorphism
Y RIXYPT] - R[YP™] and set

ord(g) = min{ord(gy),...,ord(gq)}-
Lemma 1.3. Let f € R[XY?"] and g € R[Y'/P"]® with ¢(0) = 0.

(i) We have ord(f(g)) > ord(f)-ord(g).

(i) If d=e=1 and if the lowest coefficient corq(yy of f is not a zero divisor
then ord(f(g)) = ord(f)-ord(g).

Proof. Part (i) follows directly from (2). As for (ii), let a = ord(f), B =
ord(g) and let ¢, and dg be the corresponding coefficients of f and g, re-
spectively. Plugging dBYB into ¢, X gives cadeo‘ﬂ . If dg # 0 then also
dj # 0 because R is reduced. If ¢, is not a zero divisor we get cqod3 # 0.
Since f(g) = cadeaﬁ mod m,.g by (i) the claim follows. O

For the substitution into ordinary formal power series, the following lemma
is a variant of [I0], Lemme 1.

Lemma 1.4. Let f € R[X] and g, hi € R[Y YP7] with £(0) = g;(0) = hs(0) =
0 for 1 <i<d. Setting g = (g1,...,94) and h = (hy,...,hg) we have

(8) ord(f(9) - £(h)) > (ord(f) - 1) - minford(g),ord(h)} + ord(h - g).

Proof. If 1 < i < d and m; € N then g/ = h[" + Z;n:"l (?i)h;nrj(gi — h;)?.
Setting u = min{ord(g),ord(h)} we have ord(g; — h;) > ord(g — h) > p and
the above expansion shows that ord(g;" —h;"") > (m; —1)-p+ord(g—h). If
m = (mq,...,mgq) is non-zero then the expansion of a monomial

d d
9" =TTg" =TI(" + (g™ = h™))
=1 =1

gives h"™ plus a sum of terms of the form [T;c; k" - [T;c s (g;"* — h"") where
{1,...,d} is the disjoint union of J and J" with J" # @. Using the above
estimates and ord(g — h) > p the order of any such product is bounded by
(Jjm| = 1) -+ ord(g — h) from below. Since f is the convergent series of
monomials ¢, X™ with [m| > ord(f) > 0 the claim follows. O

In particular, congruences between perfect formal power series are always
preserved by plugging them into ordinary formal power series. For the sub-
stitution into perfect formal power series we only get the following estimate.



Lemma 1.5. Let f € R[XY?"] and g;, h; € R[Y'/P"] with f(0) = ¢;(0) =
h;(0) =0 for 1 <i<d. Assume that ord(g; — h;) > min{ord(g;),ord(h;)} for
1<i<d. Setting g=(g1,-..,94) and h=(h1,...,hq) we have

(4) ord(f(g) - £(h)) > ord(f)ord(g) = ord(f)ord(h).

Proof. Note first that our assumptions imply ord(g;) = ord(h;) and ord(g) =

ord(h). Given a; =m;[p™i € N[%] with m; € N and n; € Z we have
o) g = e (I G
j=1\J

whence ord(g;* — hi") > a; - ord(h;) > «; - ord(g) by our assumptions. If
a=(aq,...,aq)€ N[%]d is non-zero then the expansion of a monomial

d d
g =11g8 =TT(R + (g5 = b))
=1 =1

shows ord(g® — h) > |a| - ord(g) by arguing as in the proof of Lemma
Now f is the convergent series of monomials ¢, X with |a| > ord(f) > 0.
Moreover, inf{|a| | ¢, # 0 and |« > ord(f)} > ord(f). This implies the
claim. O

We shall also need the following result.

Lemma 1.6. Fiz f € R[X'?"] and consider the ideal m c R[Y'/?"]. Then
the map m? — R[[Yl/poo]] defined by h — f(h) is continuous for the (Y)-adic
topology on both sides.

Proof. Since R[[Yl/poo]] is a topological ring on which Frobenius is a homeo-
morphism, the statement is clear if f is a monomial. If f(X) = >, caX®
it suffices to see that the pointwise convergence of h ~ f(h) is uniform
on m?, for any v > 0. This follows from Lemma (i) because we have
(Zlafon/v caX®)(md)) c my, for any n e N. O

The condition for being a unit in R[X'/7”] is the same as for ordinary for-
mal power series. Namely, an element f € R[X 1/pw}] is a unit in R[X 1/1’00]] if
and only if f(0) is a unit in R. In fact, if f(0) € R is a unit we may assume
f(0) =1 and use the geometric series to construct a multiplicative inverse
of f in R[XYP7].

In the case of ordinary formal power series, the formal inverse function
theorem tells us that a substitution homomorphism 1, : R[X] - R[X]
with g = (g1,...,94) € R[X]? and ¢(0) = 0 is an isomorphism if and only if
det((g—)%(O))i,j) is a unit in R. If d = 1 then we will also write ¢’ for the
formal derivative of an ordinary formal power series g. Note that formal



derivation is not available for perfect formal power series. In fact, the only
known bijectivity criterion for perfect formal power series concerns the case
d = 1. This was first studied by Kedlaya (cf. [7], Theorem 1). We give an
alternative proof and slightly correct the criterion for general perfect rings
(cf. Example. In order to prepare for this note that the infinite product

A2 o
c= =[[(1+ )
el S| ph-1
converges in the real numbers with
ad 1 > 1 1
l<c<exp(), h—)Sexp(Z ——) =exp(l+ ) <exp(2).
s Pt -1 h=0P p-1

Theorem 1.7. Assume that d = 1 and that R is an integral domain. Let
g € RIX'YP"] and v e N[1] with v > ord(g) = 1. If there is f € m with
g(f) =X mod my., then ord(f) =1 and f,g € R[X] +ms,.

Proof. By working over the fraction field of R we may assume that R =k is
a perfect field of characteristic p. By Lemma (ii) we have ord(g(f)) =
ord(g) - ord(f) = ord(f). Since ord(g(f) - X) >cv >v > 1 =ord(X) this
implies ord(f) = 1.

Assume that we can show g € k[X] +m,,. Let h € k[X] with g — h € m,,.
Since v > ord(g) this implies ord(h) = ord(g) = 1 whence v, is bijective
by the inverse formal function theorem. Set H = v;*(X) € Xk[X] so that
H(h) = X. By Lemma [[.4] we have H(g) = H(h) = X mod ms,. This im-
plies ord(H (g)(f) - f) =ord(H(g) — X) -ord(f) > v by Lemma [1.3| (ii). On
the other hand, H(g)(f) = H(g9(f)) = H mod m,, by Lemma because
ord(g(f) = X) > cv > v. Altogether, f = H(g)(f) = H mod m,, which
proves f € k[X] +m.,.

It remains to show g € k[ X] + m,,. Assume the contrary and write g(X) =
ZaeN[%] CaX . Set go = Y aeny CaX* € k[X]. Fori > 1 we define g; inductively.
If gi-1 # g set v; = ord(g - gi-1), hi = —vp(v;) and g; = ¥, (a)s—h, Ca X €
k:[[Xl/phi]]. If g1 = g we set ¢; = gi_1, v; = v;_1 and h; = h;_1. Both
sequences (v;);>1 and (h;);>1 are strictly increasing until they possibly be-
come constant. This happens if and only if g € k[X 1/I’h]] with h = lim; e hj.
Otherwise, the sequences (v;);>1 and (h;);>1 are both unbounded. Assume
for the moment that we have the inequality

h.
p 7
(6) ord(g,() - X) <
for all ¢ > 1. We will show by induction on i > 1 that
ioph
(7) ord(gi(f) = X) < ([T 5—) w1,
je1 Pt =1

7



as long as the sequence (hi,...,h;) is strictly increasing. For i = 1 this
follows directly from @ Now assume that holds for ¢ and note that
our assumption g ¢ k[X] + m,, implies 14 < v. Since the values hq,...,h;
are pairwise distinct we get ord(g;(f)—-X) < cv1 < cv <ord(g(f)-X). This
implies

ord(gi(f) - X)

ord(gi(f) —g(f) +9(f) - X) =ord(g:(f) - 9(f))
ord(g; - g) = vis1

by Lemma (ii) because ord(f) = 1. Consequently,

phi+1 Riv1

ord(gi+1(f) - X)) < phT_lVHl = p,f)T_lmd(gi(f) -X)

which implies for ¢ + 1 by the induction hypothesis. If g;-1 # g = g; for
some i > 1 this yields the contradiction ord(g(f) - X) = ord(g;(f) - X) <
ord(g(f) - X). If g; # g for all i > 1 we get that the sequence (v;);>1 is
bounded above by cv;. This is a contradiction, too.

In order to complete the proof it remains to show @ We will ease the
notation and assume g = Y, c, X € k‘[[Xl/ph]] with ord(g) =1 and h > 1 such
that there is a € p™"N with v,(a) = —h and ¢, # 0. Set
. 1
v=min{a e —N|c, # 0 and v,(a) = -h}
p

and write v = i/p" with i e N\ pN. We will show that

(8) ord(g(f) - X) <

17—
ph-1

for all f € K[X'/P7] with ord(f) = 1. Since (i - 1)/(p" - 1) < pf}_llv this will
complete the proof of the theorem.

Let E = Frac(k[X]) and F = Frac(k[X'/P"]). The valuation ord extends
uniquely to a valuation on a fixed algebraic closure of E and to its com-
pletion C'. We still denote it by ord and view F' as a subfield of C'. The
absolute Galois group of E acts on C by isometries. The action on F' is
trivial because this is the completion of a purely inseparable extension of F.

Set h =¥ o<(i-1)/(ph-1) CaX* and consider the polynomial
H(T) = i(T"") - X e K[X][T] c E[T].

Note that ord(g) = 1 < v whence i > p" and (i —1)/(p" — 1) > v. This gives
i < deg(H) =m. If n denotes the largest integer less than v the minimality



of v implies

H(T) = ZCJTJP +e, T + Z T - X.
7=1 J=i+1

Since H'(T') € k[T] the roots of H" in C are 0 or of order 1. No such element
is a root of H so that H is separable over E. Since H'(T) = ic, T *G(T)
with G € k[T] and G(0) # 0 we have ord(H'(3)) = (i—1)ord(p) for all e C
with ord(8) > 0.

Since ord(g) = 1 we have ¢; € k*. Therefore, the reduction H = H mod (X)
satisfies H(T) = " -Ho(T) for some polynomial Hy € k[T] of degree m—p"
with H(0) = ¢; # 0. In particular, TP" and H are relatively prime. By
Hensel’s lemma the decomposition lifts to a decomposition H = Hy - Hy in
E[X][T] with H; monic of degree p. In particular, H(0) € k[X]* and
ord(H1(0)) =ord(H(0)) = 1. Moreover, the coefficients of H; lie in Xk[X]
except for the leading one. Therefore, H; is an Eisenstein polynomial, hence
is irreducible. Since it divides H it is also separable over E.

Let a1,...,a,n € C be the roots of Hy(T) = H?Zl (T - aj). Note that these
are Galois conjugate because H; is irreducible. Thus, they all have the same

order. Since 1 =ord(H;(0)) = Z?Zl ord(a;) we get ord(a;) = 1/p" for all j.
Note also that ord(Hg(fl/ph)) =0 because the constant term of Hs is a unit
and ord(fl/ph) > 0. This implies ord(Hl(fl/ph)) = ord(H(fl/ph)).

Moreover, H'(a1) = H{(a1)H2(c1) with ord(Hz(aq)) = 0 as above which
implies ord(H} (1)) = ord(H' (1)) = (i-1)/p". Since the Galois action fixes
fl/ph and permutes the roots of H; transivitely we also get ord(fl/ph -qj) =
ord(fY7" — ay) for all 1 < j < p". This implies

min{ord(fl/ph - aj),ord(fl/ph -a1)}
ord(fl/ph - ;).

[\

ord(a; — ;)

Altogether, the decompositions Hl(fl/ph) = H?Zl(fl/ph - ;) and H{(a1) =

h .
H?zQ(al - o) give

ord(H(f7")) = ord (B, (/7)) = 3 ord (F7" — o)

j_

Z ord(ag — o)

ord(h(f) - X)

h h
= P Zord £t -ag) <
p p—
ph 1—1

A
= i 10rd(H1(a1)) = P




By the definition of A and by Lemma (ii) we obtain ord(g(f) - h(f)) =
ord(g — h) > (i -1)/p" > ord(h(f) = X). This implies ord(g(f) - X) =
ord(g(f)=h(f)+h(f)-X) =ord(h(f)-X) < (i-1)/(p"-1) as claimed. [

As an immediate application we obtain the following bijectivity criterion.

Corollary 1.8. Assume that d = 1 and let g € R[X'/?"] with g(0) = 0. If
R is an integral domain then b, : RIXYP”] - R[XYP”] is bijective if and
only if g(X) = g(Xph) for some h € Z and g € R[X] with §'(0) € R*. In this

case the integer h and the power series g are uniquely determined by g.

Proof. The uniqueness is clear from h = log,(ord(g)) and g(X) = g(Xph).
By the inverse formal function theorem, the condition is clearly sufficient for
the bijectivity of 4. Conversely, if 1, is bijective then thereis f € R[[Xl/pw]]
with f(g) = X. Thus, f(0) =0 and ¢ = wg_l. Let o = ord(g), B = ord(f)
and let ¢, and dg be the corresponding coefficients of g and f, respectively.
As in the proof of Lemma (ii) we have X =g(f) = cangaﬁ mod msg.
Now cad% # 0 because R is an integral domain. This implies X = cadng B
which gives co,dg € R* and aff =1 in N[%] In particular, we must have
a = p for some h € Z.

Replacing g by g(Xl/ph) we may thus assume ord(g) = ord(f) = 1. The
statement is then a consequence of Theorem [I.7] O

Remark 1.9. If g(X) = X + X e F,[X 7] then ¢, is not bijective
by Corollary Still, one can run the usual algorithm and try to find
f e F[X'P7] with g(f(X)) = X. In fact, define f(X) = ¥ gc; X
inductively by fo = X and X — g(fn(X)) = cpe1 X! mod ms,, ,, with
cn+1 * 0. The algorithm cannot converge, i.e. the strictly increasing sequence
(an)ns0 has to be bounded. However, it seems hard to prove this directly
even in this explicit example.

Under the assumptions of Corollary [1.§] the integer

h = ht (1) = log,(ord(g))

is called the height of the automorphism ,. More generally, assume that
g € R[XYP"] with d = 1 and g(0) = 0 where R is an arbitrary perfect ring
of characteristic p. Note that if p € Spec(R) is a prime ideal then also the
integral domain R/p is a perfect ring of characteristic p. Moreover, 1, in-
duces an endomorphism of (R/p)[X'/P™] by reducing all coefficients modulo
p. It coincides with 1, where g, is the image of g under the canonical ring
homomorphism R[XY?7] — (R/p)[X/P”]. If v, is bijective then so is 1),
for all p € Spec(R). Indeed, we have wg_l =1y for some f € R[XYP™] with

10



f(0) =0 and vy, is inverse to 1by,. We then define the height of ¢, as the
map

(9) ht(1y) : Spec(R) — Z, p = ht(,).
Lemma 1.10. The height function @ 1s Zariski locally constant.

Proof. Let p and q be prime ideals of R with p € g. Then ord(gy) = ord(gq)
because the lowest coefficient of g, is a unit in R/p (cf. Lemma and
stays a unit when reducing further modulo ¢. This shows that the subset of
Spec(R) where ht(1,) takes a fixed constant value is closed under special-
ization.

Now write g(X) = Y729 ¢; X% with ¢; € R and a; < a;41 for all j > 0. Note
that any value of ht(¢,) is of the form log,(a;) for some j > 0. Define
X; = {p € Spec(R) | ord(gy) = a;j} and note that either X; = @ or o = p'i
for some h; € Z (cf. Lemma[L.8)). In the latter case the height function takes
the constant value log,(a;) = h; on X;. Therefore, it suffices to show that
the sets X; are open in Spec(R). We have X( = D(¢p) and

(10) X; = V(eo)n-..nV(ejo1) 0 D(ey)

for all j >0 with the usual notation for principal open and closed subsets of
Spec(R). We will show by induction on j > 0 that (_, V' (¢;) and X are both
open and closed. Of course, D(cp) = X is open and quasi-compact, hence
is constructible (cf. [6], Proposition 10.44). By the above arguments Xj is
stable under specialization, hence is closed by [6], Remark 10.46. Therefore,
also V(cp) is open and closed, settling the case j = 0.

Now assume that the statement is true for j—1. Then X is open and quasi-
compact by . The same arguments as above show that X is also closed.
By the induction hypothesis, also Uj_, D(¢;) = XU Ug;ol D(c;) is both open
and closed and so is its complement N]_, V' (¢;). O

Proposition 1.11. Let d = 1 and g € R[XYP”] with g(0) = 0 and assume
that 14 is bijective. If h € Z denotes the minimal value of the height function

ht(vpg) then g(X) = g(Xl/ph) € R[X]. We have §'(0) € R* if and only if
ht(1g) is constant.

Proof. Note first that the minimal value h € Z exists because Spec(R) is
quasi-compact and ht(1y) is locally constant (cf. Lemma [I.10). To show
that g(X) = g(prh) is an ordinary formal power series write g(X) =
ZaeN[%] caX® and let p € Spec(R). Together with 1, also ¥ and g, are

bijective. By Lemma (ii) and Lemma we have

PP ¥a) = ord(g,) = ord(gp(Xp_h)) =p " ord(gy) = pt¥e)h >
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by the minimality of k. This implies ht(g,) > 0 and therefore g, € (R/p)[X]
by Lemma again. This gives ¢, € p for all o ¢ N and all p € Spec(R).
Since R is reduced, the intersection of all p is zero. Thus, ¢, =0 for all a ¢ N.

If ht(1y) is constant it remains to see that the first coefficient ¢; of § is a unit
in R. Since ord(gy) =p"-ord(gy) = 1 we have c; ¢ p for all prime ideals p of
R. This implies ¢; € R*. Conversely, if §'(0) € R* then the lowest coefficient
of g(X) = g(Xph) is a unit in R. This implies ord(gy) = ord(g) = p" for all
p € Spec(R), whence ht(1,) is constant with value h. O

As a consequence we obtain the following generalization of Corollary

Corollary 1.12. Assume that d =1 and let g € R[XYP”] with g(0) = 0. If
R is connected then 14 : R[XYP™] - R[X'P7] is bijective if and only if
g(X) = g(Xph) for some h € Z and g € R[X] with §'(0) € R*. In this case
the integer h is the unique value of ht(y).

Proof. By the inverse formal function theorem, the condition is clearly suf-
ficient for the bijectivity of 1,. Conversely, if 1, is bijective then ht(vy)
is constant by Lemma because Spec(R) is connected. The statement
then follows from Proposition O

More generally, if 14 is bijective then Lemma allows us to decompose
R =TIiL; R; into a finite direct product of perfect rings R; such that ht(1,)
has some constant value h; on Spec(R;). There is an induced decompo-
sition R[XYP™] = [T7, R;[X'/P7] such that v, = (1, ,...,1,,) where g =
(91, ---,gn) is the corresponding decomposition of g. Then ¢,y =1, for all
p € Spec(R;) and ht(vy, ) is constant. Therefore, g;(X) = gi(Xl/phi) € R;[X]
with g;(0) € RS by Proposition Such a representation of g need not
exist globally, as soon as R is disconnected.

Example 1.13. Consider the perfect ring R = [F, x IF,, with principal idem-
potents e; = (1,0) and ez = (0,1). Then g(X) = 1 X + e2XP and f(X) =
ea X'P 1+ 1 X satisfy g(f) = f(g) = X whence thg R[XYP"] - R[X'/P7] is
bijective with inverse 1)¢. The height function ht(v,) has the constant value
0 on D(ey) and the constant value 1 on D(ez). The corresponding decom-
position of g over the two copies of F), is g = (X, X?). Globally, g cannot be
written in the form g(X) = g(Xph) with h € Z, g€ R[X] and §'(0) € R* (cf.
Proposition or a direct check). Although 1), is bijective on R[X/P7]
and although ¢ is an ordinary formal power series of order 1 the induced
endomorphism of R[X] is not bijective. Note that in this example we have
1=ord(X) =ord(g(f)) > 1/p=ord(g)ord(f) in contrast to what is claimed
at the beginning of the proof of [7], Theorem 1. This also shows that the
extra condition on R in Lemma (ii) and Theorem is really necessary.
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Remark 1.14. If R is a perfect ring of characteristic p which is adic but
non-discrete, then we do not know whether the analog of Corollary
concerning the continuous automorphisms of R[X 7] is still true.

We also include the following result which probably admits a more direct
proof.

Corollary 1.15. Assume that d = 1 and let g € R[XP™] with g(0) = 0.
Then g is bijective if and only if 1, is bijective for all p € Spec(R).

Proof. If 14 is bijective then @bg_l =1y for some f € R[[Xl/pw]] and vy, is
inverse to 1y, for all p € Spec(R). Conversely, if all 1)y, are bijective one
can define the height function ht (1) : Spec(R) — Z as in (9). The proof of
Lemma then goes through because the bijectivity of 1, is never used.
Decomposing R as above we may assume that ht(1,) is constant with value
h. Setting §(X) = g(X'/?") we have g, € (R/p)[X] and g}(0)  (R/p)* for
any p € Spec(R) by Lemma Since R is reduced this implies g € R[X]
and §'(0) € R*. But then v is bijective by the formal inverse function
theorem and so is 1)y. O

A posteriori, being an automorphism of R[X/P”] is Zariski local on Spec(R)
in the following more classical sense. Note that if p € Spec(R) then the
localization R, is again a perfect ring. Given g € R[X 1 poo]] we denote by g(p)

its image under the canonical ring homomorphism R[X/P7] - R,[X/P7].

Corollary 1.16. Assume that d = 1 and let g € R[XYP7] with g(0) = 0.
Then 1pq is bijective if and only if v, is bijective for all p € Spec(R).

Proof. As before it suffices to show that the condition is sufficient. Thus, let
us assume that all ¢4 = are bijective. Write g = 520 ¢ X% with o < v
and ¢; € R for all j > 0. Then ord(g()) = ao for all p € D(cp). Since any local
ring is connected we have ag = p" and g(p)(Xl/ph) € R,[X] for some h € Z by
Corollary Note that o and hence h are independent of p € D(cp) and
that the canonical map Ry = Re, = [lpep(c,) By 1s injective. If go denotes
the image of ¢ under the induced map R[X'/P”] - Ro[X'/?”] we obtain
go(X 1/ph) € R[X] with lowest coefficient ¢y € Rjj. It follows from the formal
inverse function theorem that 1), is bijective.

For any prime ideal p € V(cp) we have co ¢ ;. Since the local ring R, is
connected the lowest coefficient of g, is a unit in R, by Corollary
Thus, ¢p = 0 in R, and there is s € R~ p with sr = 0 in R. This implies
co =0 in Ry and hence ¢ € q for any q € D(s). We get that D(s) € V(cp) is
an open neighborhood of p. Since p was arbitrary V(cp) is an open subset
of Spec(R). Setting R{, = R/coR it follows that the canonical ring homo-
morphism R — Ry x Ry, is bijective and that both factors are again perfect.
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We obtain corresponding decompositions g = (go, gg) and vy = (¥, ¥ ) for
which ), is bijective by the first part of the proof.

Proceeding inductively we construct decompositions R = Ryx...x R, xR}, for
any n > 0 such that R}, = R/(co,...,cn) and such that if g = (go,...,9n,95,)
denotes the corresponding decomposition of g then . is bijective for all
0<j<n. Let I ¢ R be the ideal generated by the coefficients of g. If I were
a proper ideal we could choose a prime ideal m € Spec(R) with I ¢ m. But
then none of the coeflicients of g(,) would be a unit in Ry and wg(m) could
not be bijective by Corollary Thus, I = R which implies (cg,...,c,) = R
for some n >0 and R}, =0. Thus, R = Ry x ... x R, and the bijectivity of
Yggs- -+ g, implies that of 1),. O

2 Perfect formal group laws

Let Set™ denote the category of pointed sets. For any integer d > 1 we have
the functor

(11) Nil?: Perf% — Set*, S+ (5°°),

with 0= (0,...,0) € (5°°)? as the distinguished element. As seen in Propo-
sition it is represented by R[X'/P7] with X = (X1,..., Xy).

Definition 2.1. A d-dimensional perfect formal group law over R is a fam-
ily G = (G1,...,Gg) € R[[Xl/pw,Yl/pm]]d of d perfect formal power series
Gi(X,Y) in 2d variables (X,Y) = (X1,..., X4, Y1,...,Yy) such that

(i) G(X,0) =X in R[XYP"]? and
(i) G(G(X,Y),Z) = G(X,G(Y, Z)) in RIXMP™ Y1 P™ Z1P™]d,

A perfect formal group law G is called commutative if
(iii) G(X,Y) = G(Y, X) in R[XYP™, y1r™]d,

Here we use the usual convention G(f, f') = (G1(f, f'),...,Ga(f, f")) for the
substitution of f = (f1,..., fq) and f' = (f{,..., f}) andset Z = (Z1,...,Zg).
Of course, any ordinary d-dimensional (commutative) formal group law over
R is a (commutative) perfect formal group law in the sense of Definition
Since we will only be interested in the commutative case, we will simply
speak of perfect formal group laws in the following.

Let G be a d-dimensional perfect formal group law over R. Given S ¢ Perf}l%d
it functorially turns the set Nil?(S) = (5°°)? into a monoid G(S) with zero
element 0 = (0,...,0) via s+gt = G(s,t). If G is commutative then so is the
monoid G(S).
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Proposition 2.2. Let G be a functor from Perf“Rd to the category of monoids
whose composition with the forgetful functor into Set* isomorphic to Nil?.

(i) There is a unique perfect formal group law G of dimension d over
R such that the addition in the monoid G(S) = (5°°)? is given by
s+t=s+gt=G(s,t) functorially in S for all S € Perf%d.

(i) The functor G takes values in the category of commutative monoids if
and only if G is commutative.

(i13) If G takes values in the category Ab of abelian groups then there is a
unique family v = (11, ..., tq) € R[XP7]¢ with 1(0) = 0 such that the
inversion in G(S) = (5°°)? is given by —s = 1(s) functorially in S for
all S € Perf%!.

Proof. Set S = R[X'/P” Y'P"] and define G = X +Y in G(S) noting that
X,Y € (R[XPT Yy PT]°°)d Tt then follows from the axioms of the monoid
G(S) that G is a perfect formal group law. Under the assumptions in (iii) set
S = R[X'/P"] and define : = —X in G(S). All of the remaining statements
then follow from the fact that the underlying functor of G into pointed sets
is represented by R[X'/P7]. O

In the situation of Proposition [2.2| we have G(X, (X)) = 0. If G € R[X,Y]¢
is an ordinary formal group law over R then the existence of ¢ € R[X ]]d with
t(0) =0 and G(X,¢(X)) =0 is already implied by the axioms in Definition
Thus, in the ordinary case G(S) is automatically an abelian group and
not only a commutative monoid. In the one-dimensional perfect case, we
shall see that the existence of ¢ is automatic, as well (cf. Corollary (ii)).

Definition 2.3. Let G and H be perfect formal group laws over R of di-
mensions d and e, respectively. A homomorphism f : G - H is a family
f=(f1,...,f) of elements f; € RIX'P"] in d-variables X = (X1,...,Xy)
such that f(0) =0 and f(G(X,Y)) = H(f(X), f(Y)) in R[X'/P" y1Pr=]e
where Y = (Y1,...,Yy).

In the situation of Definition we shall write Hompg(G, H) for the set
of homomorphisms from G to H. If we define the composition of homo-
morphisms via substitution then perfect formal group laws over R form a
category FGL%erf with idg = X. Via +g the set Homp(G, H) is in fact a
commutative monoid and Endgr(G) = Hompg(G, Q) is a semiring. Note that
there is a unique homomorphism

N — Endr(G), mw~ [m]g,

of semirings which can be constructed inductively via [0](X) =0, [1](X) =
X and [m+1](X) = G([m]a(X),X) for all meN.
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Lemma 2.4. If G and H are perfect formal group laws over R of dimensions
d and e, respectively, then Hompg(G, H) is complete for the topology induced
by the X -adic topology on R[XYP]e.

Proof. Let (™) = ((fl(n), ce fe(n)))neN be sequence of homomorphisms
" . G - H which is an X-adic Cauchy sequence and let f = (f1,..., fq) =
limy, oo £ = (limpoe £, limy e £™) € RIXYP™]¢. By the conti-
nuity of the substitution homomorphism ¢ and by the continuity of h ~
H;(h(X),h(Y)) (cf. Lemma[L.6) we have f;(G(X,Y)) - Hi(f(X), f(Y)) =
limy, oo (F(G(X, V) = Hi(f™(X), F™M(Y))) =0 for 1<i<e. 0

For the following discussion we fix a one-dimensional perfect formal group
law G = G(X,Y) over R. Write

GX,Y)= Y copX°Y?
a,8eN[ 7]
with cop € R and let G = ZueN[l] G, be the decomposition of G into its ho-
p
mogeneous components. For any « € N[1] write G(X,Y)* = Y5 fap(X)YP

with fo5 € R[X Up'x}]. The law of associativity gives

Zfaﬁ(G(va))ZB G(G(X7Y)7Z)QZG(X7G(KZ))Q
B

%:faé(X)G(Y’ Z)5 = z(;foz5(‘Xv)f(S'y(Yv)Z’y
s

whence

(12) fap(G(X,Y)) = Zé:faé(X)féﬁ(Y)

in R[XYP" Y1P™] for all o, 8 € N[1].

It follows from Definition (i) and (iii) that the perfect formal power
series G satisfies G(X,Y) = X+Y +3, 550 cagXanB, i.e. except for X +Y it
has only mixed terms. We will use the relations to prove the following
strengthening. An even stronger result is claimed in [2], Lemma 4.12. The
first part of our proof is taken from [2], Proposition 4.20. It says that
the ideal (X) c R[X 1/p°°]] is a topological coideal for the topological Hopf
algebra structure on R[X /7] induced by G.

Lemma 2.5. If G is a one-dimensional perfect formal group law over R
then G(X,Y) € (X,Y), i.e. if a,8 € N[2] with cop # 0 then a 21 or B> 1.

In particular, ord(G) =1 and G1(X,Y) =X +Y.
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Proof. We need to see c,g = 0 whenever o < 1 and 3 < 1. Since R is reduced
this can be checked after reduction modulo the various prime ideals of R.
We may therefore assume that R is an integral domain. Passing to its field
of fractions we may even assume that R = k is field. In this case k[X'/7”7]
is a valuation ring.

Consider the ideal I = (fig)g<1 © k[X'/P7] and note that (X) ¢ I because
fi0 = X. Moreover, fig =3 ,cqsX* and there are only finitely many «, 8
with aw < 1, f <1 and ¢o3 # 0. Thus, fiz € (X) for almost all 5 <1 and I
is finitely generated. Finally, if 3+ 1 then fi3 € m whence I is not the unit
ideal. Altogether, we obtain I = (X") for some 0 < v < 1.

We claim that G(X,Y)” € (X",Y") and need to show fi3(G(X,Y)) €
(X", Y") for all 5<1. By it suffices to show f5s € I whenever 5 <1 <.
But if § > 1 the equality

%fw(X)Yﬁ

G(X,Y)Y =G(X,Y)-G(X,Y)"!

(2 fru(X)YH) - (3 51, (X)Y7)
I Y
Z( Z flu(X)fé—lfy(X))Yﬁ

B u+y=B

gives fsp = ¥ ey=p f1ufs-1,- I p+~ = <1 then also p < 1 and we get
fsp € I as desired. Writing v = i/p" with h e Z and i € N\ pN we get
G(X,Y) e (X", Y") and need to show i = 1.

If 19 = ord(G) then G(X,Y)" = G, (X,Y)" mod ms;y, by Lemma Fur-
ther, ord(G,,(X,Y)") = ivg and G,,,(X,Y)" is the homogeneous component
of G(X,Y)? of lowest degree. Together with G(X,Y")* all of its homogeneous
components lie in (X%, Y?). In particular, we get G,,(X,Y)" e (X%, Y?).

Let us first assume 1y < 1. Then G, consists only of mixed terms. If
XY"~< is the unique monomial of G, with the smallest power of X then
Xiayi(n-a) ig one of the monomials of Gf,o. Since a <vg<1land vy —a<
vp < 1 this does not lie in (X*,Y?). This contradiction implies vg = 1. If the
monomial of G; with the smallest positive power of X is of the form XY 1~
with 0 < o < 1 then Y1 X*Y17® = XY@ i5 one of the monomials of GY.
Since av <1 <4 and i — a < i this does not lie in (X*,Y?). This contradiction
implies G1(X,Y) = X +Y. But since i # 0 in k we have (X +Y)" e (X', Y?)
if and only if 7 = 1. O

Corollary 2.6. If G is a one-dimensional perfect formal group law over R
then the following statements hold.

(i) For any m € N we have [m]g(X)=mX mod ms;.
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(ii) The limit «(X) = limp e [p" —1]a(X) exists in Endr(G) and satisfies
G(X,u(X)) =0. In particular, G(S) is an abelian group with inversion
—s=1u(s) for all s €S functorially in S € Perf%d.

(i1i) The homomorphism N - Endr(G) extends to a continuous ring homo-
morphism Z, - Endg(G) still denoted by m — [m]q(X). Its kernel
is zero or the ideal generated by p.

(iv) If m € Z, then [m]c(X) € R[X] is an ordinary formal power series
with [m](0) € R*.

Proof. Part (i) is proved by induction on m > 0, the cases m =0 and m =1
being clear. Let the statement be true for m. By Lemma [2.5| we may write
G(X,Y) =X +Y +p(X,Y) with ord(p) > 1. Then ord(p(X,[m]c(X))) >
ord(p) > 1 by Lemma (i) and the induction hypothesis. This gives
[m+1]6(X) = G(X, [m]a(X)) = X +[m]a(X) +p(X, [mla(X)) = (m+1)X
mod msq.

Since pR = 0 we obtain ord([p]a(X)) > 1 and lim,,[(p - 1)p"]c(X) =0
in the X-adic topology by Lemma For any n € N let us set ¢,(X) =
[p" - 1]¢(X) and note that ord(t,) > 1 by (i). Since p consists of mixed
terms we have limy, 0o p(tn(X),[(p—1)p"]a(X)) =0. As

G(en(X), [(p-Dp"]a(X))
wn(X) +[(p = Dp"1a(X) + p(n(X), [(p - 1p"]a (X))

//n+1(X)

we see that (15, )ney is an X-adic Cauchy sequence. Therefore, the limit +(X)
exists in R[X /P ] and is an endomorphism of G by Lemma By Lemma
[L.6] we have

G(X,u(X))

G(X, 7}1_{20 Ln(X)) = r}l—{go G(X, Ln(X))
T [p"]a(X) = 0.

This proves (ii). In particular, Endz(G) is not only a semiring but a (not
necessarily commutative) ring. Therefore, the map N - Endr(G) extends
to a ring homomorphism Z — Endr(G). By the arguments already given,
it is continuous for the p-adic topology on Z and extends to Z, as required.
If the kernel of Z, — Endr(G) is non-zero there is a positive integer n with
[p"]a(X) =0. Assume that v = ord([p](X)) < co and let ¢ denote the low-
est coefficient of [p]g(X). Then 0 = [p"]a(X) = *X™ mod m,,, for some
1€ N[%] This implies ¢ = 0 because R is reduced, leading to a contradiction.

If m € Z,, then the substitution homomorphism ¥, is bijective with in-
verse Yp,,-1],. Note that ord([m]g) =1 and that the lowest coefficient of
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[m]e(X)is aunit in R by (i). In fact, this is the image of m under the canon-
ical ring homomorphism 7Z, - F, — R. Therefore, the height function of
Y[m]c is zero and it follows from Proposition that [m]g(X) e R[X]. O

We continue to denote by G a one-dimensional perfect formal group law
over R. Consider the discrete R-algebra A = R[X'/P7]/(X) and note that

the canonical map
Aep A=RIXP7)(X) @ RYYPT]/(YV) — RIXYP™ Y] )(X,Y)

is an isomorphism. We will use it to identify these two rings. Since the
power series ¢(X) = [-1]¢(X) € R[X] has order 1 by Corollary the
automorphism v, of R[X'/?”] induces an automorphism

t:A=> A f+ (X))~ f(U(X))+(X),

of A by Lemma (i) satisfying ¢ ot = id4. By Lemma the substitu-
tion homomorphism ¢ : R[X?"] - R[X/P” Y/P"] induces a homomor-
phism of R-algebras

AiA— Aerd, [+(X)= f(G(X,Y))+(X,Y).

Finally, consider the structure map R — A and the augmentation A - R
sending f+(X) to f(0). It then follows from the properties of G(X,Y") and
t(X) that the above data make A a cocommutative Hopf algebra over R.

Theorem 2.7. IfG ¢ R[[Xl/pw,Yl/pw]] s a one-dimensional perfect formal
group law over R then G € R[X,Y], i.e. any one-dimensional perfect formal
group law over R is an ordinary formal group law.

Proof. Writing G(X,Y) = Za,BGN[%] cagXo‘Yﬁ we need to see c,g = 0 unless
a, B € N. Since R is reduced this can be checked after reduction modulo the
various prime ideals p of R. Passing to the fraction field of R/p we may thus
assume that R =k is a perfect field of characteristic p.

Note that A = U,s0 Ay is the increasing union of the local subrings A,, =
E[XYP"]/(X) of k-dimension p". Let m be an integer with m > 3. By [13],
Theorem 3.3, there is a Hopf subalgebra B of A which is finitely generated
as a k-algebra and which contains the class of X 1/P™ " Then B is finite
dimensional over k and a local ring. By [13], Theorem 14.4, there is an
isomorphism

Bek[Ty,..., T (T ..., TP

of k-algebras. Renumbering the variables we may assume 1 <nj <... < ng.
Choosing representatives T = G + (X) with G; € m ¢ k[X'/P"] we have
1/p™ < ord(Gj) < 1/(p™ - 1) because the index of the nilpotent element
T; is p™. The elements 1_[?:1 Tjaj with 0 < oj < p™ for 1 < j < d form a
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k-basis of B. If d > 2 we get that the nilpotent element 71775 has index p"*.

However,
1 1 1 1
ord(G1G2) > — + — >2— >
pmooprzopm pm-1

shows (T1T»)P"'~! = 0. This contradiction implies d = 1, i.e. we have
B = k[T]/(T") for some n > 1 and write T = G+(X). Since X?" +(X) e B
there is a polynomial F € k[X] with F(G) = XP" mod my; = XE[X/P7].
This implies p™ - ord(F") - ord(G) = 1 with ord(F') € N and ord(G) € N[L].
The unique prime factorization in N gives ord(G) = 1/p® and ord(F) = p*™
for some integer ¢ > m. But then ¢ =n by the above bounds on ord(G).

Setting g = GP" and f(X) = F(XY?")*" the elements f,g € k[X'/P7] are
both of order 1 and satisfy f(g) = F(G)?" = X mod myym. Theorem
then yields g € k[X] + m,,m /. for some real constant 1 < ¢ < 8. In par-

ticular, g € k[X] + m;,m-s and equivalently " A,,_3. However, the
k-subalgebra of B = k[T]/(T"") generated by 77" has k-dimension m—3.
Since this is the k-dimension of A,,_3 we obtain A,,_3 = k[Tpn7m+3]/(Tpn) =

n-m+3

BP which is a Hopf subalgebra of A.

Since m > 3 was arbitrary we get that A,, is a Hopf subalgebra of A for
any m > 0. In particular, we have A(XYP") = G(X,Y)'/P" + (X,Y)
E[XYP™ yHUP"]/(X,Y) and hence G(X,Y) € k[X, Y]+ (X?",Y?") for any
m > 0. This implies G(X,Y) € k[X,Y] as claimed. O

Remark 2.8. A posteriori, it follows that any one-dimensional perfect for-
mal group law G over R is automatically commutative, i.e. if d = 1 then the
condition in Definition (iii) is automatic (cf. [I0], Théoreéme 1, noting
that R is reduced).

We pass back to a more general situation and denote by Gy € R[X,Y]? a
d-dimensional ordinary formal group law over R. By the same symbol we
denote the functor G : Alg%! — Ab represented by R[X]. We write G in-
stead of Gy if this is viewed as a perfect formal group law, i.e. as an element
of R[XYP™ y1/P™]4 1t follows from Proposition 1.2 (ii) that the restriction
of G to Perf% is isomorphic to G.

By abuse of notation we write ¢" = ¢"(X) = X*" = (X} ,..., X" ) so

that ¢ € HomR(G(()pn_l),Gépn)) for any n € Z. Similarly, if S e Alg% and
s=(01,...,04) € G(S) then we write s” = (o7,...,0%) = G(¢)(s). We define
the functor G}, = l(ian G(()pin) : Alg%! » Ab via

Go(S) = {(sn)nz0 € [ G(()pin)(S) | P, =5y forall n>0}

n>0
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and call G'(’) the perfection of Gy. It comes with a natural transformation
Gb — Go given by (8,)n20 = so on S-valued points.

Proposition 2.9. There is an isomorphism of functors G o (-)" = G§. In
particular, Gg is represented by R[X 1/1"00]]. On Perf}l%d the natural transfor-
mation Gl — Go is an isomorphism, i.e. the restriction of G to Perf%! is
given by the perfect formal group law G.

Proof. The first statement is simply the universal property of the projective
limit. That G} is represented by R[X l/poo]] then follows from Proposition
[L.2] (iii). If S € Perf% then the map Go(S*) = G(S°) = G(S) - Go(S) is
obtained by applying Gg to the projection S* - S which is an isomorphism
by Proposition (i). We noted above that the restriction of G to Perff_zd is
isomorphic to G, giving the final statement. Alternatively, it follows directly
from G o (-)* = GY because the restriction of (-)* to Perf%’ is isomorphic to
the identity functor (cf. Proposition (1)). O

The role of the affine group scheme Spec(A) introduced before Theorem
[2.7 can now be explained as follows. We continue to denote by Gy a d-
dimensional ordinary formal group law over R. For any integer n > 0 consider
the n-th Frobenius kernel Go[¢"] = ker(¢" : Gy — G(()pn)). Then Gp[¢"] is a
finite flat group scheme represented by R[X]/(X?") = R[X]/(X?",..., Xgn).
The relative Frobenius R[X]/(X?"") - R[X]/(X?") can be identified with
the inclusion R[XYP""']/(X) ¢ R[XYP""]/(X) and makes (Go[¢"])ns0

into a projective system. The limit

T,Go = limGole"] = Spec(lim R[X]/(X™"))

n n

Spec(R[X'P7]/(X)) = Spec(A)

is a commutative affine group scheme over R that we call the Frobenius-Tate
module of Gg. The following result is then immediate.

Lemma 2.10. If Gg is a d-dimensional ordinary formal group law over R
then the following statements hold.

(i) We have T,Go = ker(Gl —> Go) as functors on adic R-algebras,
viewed as abstract R-algebras on the left.

(ii) We have GY = h_r)n T¢Gépn) as functors on discrete perfect R-algebras,
viewed as abstract R-algebras on the right. |

Now let Gy and Hg be ordinary formal group laws of dimensions d and
e over R, respectively, and write G and H if these are viewed as perfect

formal group laws. We wish to relate the group Hompg(G, H) of homo-
morphisms of perfect formal group laws to the subgroup Hompg(Gq, Hp) =
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Hompg(G,H) n R[X]® of homomorphisms of ordinary formal group laws.

h
The groups HomR(Go,Hép )) with h > 0 form an inductive system with
injective transition maps

h+1)

(") (p
Hompg(Go,Hy ’) > Homp(Go,Hy ),  frpof.
The injective group homomorphisms HomR(Go,Hép h)) - Hompg(G, H) de-
fined by f ~ ¢ o f induce an injective group homomorphism

(13) lim Homp(Go, HY" ) — Homp(G, H).
h>0

Proposition 2.11. The group homomorphism 18 bijective. More pre-

cisely, if f = (fi,...,fe) : G = H is a non-zero homomorphism of perfect

formal group laws then ord(f) = p™" for some integer h and o™ o f € R[X]°.
h

In particular, "o f : Gy — Hép ) is a homomorphism of ordinary formal

group laws.

Proof. The injectivity of was remarked above so that it suffices to prove
the statements about f: G — H. Indeed, if h <0 then the statements imply
f eHompg(Gy, Hy) and if h >0 then f lies in the image of , as well.

We emphasize that the asserted integrality property of f does not rely on
Theorem and holds in any dimension. As we shall see, it is simply due to
the fact that the composition of f with a sufficiently high power of ¢ induces
a homomorphism between the Frobenius-Tate modules that commutes with
passage to the cokernels of Frobenius.

To make this precise choose n € N sufficiently large so that ord(¢™ o f) =
p™-ord(f) > 1. Then g = ¢"o f e Homp(G, H®")) and the corresponding ho-
momorphism of R-algebras v, : R[ZYP”] - R[XP7] with Z = (Z1,..., Z.)
factors through a homomorphism

A'= R[Z'P7)/(Z) » A= RIXVP"](X).

By the construction of Frobenius-Tate modules this corresponds to a homo-
morphism of affine group schemes T,,Go — T@Hép ),

Given m € N we first compute the subalgebra B,, of A consisting of all
classes h + (X)) satisfying

(14) h(Go(XP",Y)) = h(Y) mod (X,Y).

It represents the cokernel of ¢™ on T,Go but we will not need this. If
1<i<dand h=X""" then h(Go(X?",Y)) = V" = h(Y) mod (X)
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because GO(Xpm,Y) =Y mod (Xpm). This implies A, € By, where A,, =
R[XYP"]/(X) . We claim that A, = B,,.

Let h+(X) € By, and set v = ord(h). In order to show h+(X) € A, we may
assume 0 < v < 1. The congruence is equivalent to h(Go(X,Y)) = h(Y)
mod (X e Y). Note that any homogeneous monomial in the expansion of
h(X,Y) = h(Go(X,Y)) - h(Y) then lies in (X'/P")Y), as well. If we write
h(X) =Y, caX® then ord(h) > v and

3 d
h(X,Y)= > co(J(X;+Y;)% -Y?).

ol =1

For a = (aq,...,aq) € N[%]d we set vp(a) = min{v,(a1),...,vp(eq)} and
s = min{vy(@) | ¢ # 0 and || = v}. Choose € N[%]d and 1 < jg < d with
1Bl = v, cg # 0 and vy(Bj,) = s. Writing 3, = ip® we have i ¢ N\ pN and
claim that i05X§703 Y#~P"¢jo is one of the monomials in the expansion of h,.

It clearly appears in the expansion of Cg(n;l:l(Xj +Y;)% —YP). Let us
assume that it also appears in the expansion of ca(Hgl:l(X j+ YY) =YY
where |a| = v and ¢, # 0. Then the monomial also appears in the expansion of
ca(Xjo +Yjo )0 Ij4j, Yjaj because among the variables X7, ..., Xy only X
shows up. Writing o, = tp® with £ € Z and t € N\pN the unique smallest pos-
itive exponent of X, in the expansion of (X, +Y},)%o is p’. By the minimal-
ity of s we must have £ = s and tcaX]’.’;Yj?O_p‘ JEN Yjaj = icBXgYﬁ‘psejo.
Since tc, and icg are both non-zero in R the families of exponents coincide.
This gives a = # and implies our claim.

Since icg # 0 in R and since |3 -p°e;(g)| = v —p° <v <1 the above monomial
lies in (XY™ V) if and only if p® > 1/p™. By the minimality of s we get
hy +(X) € Ay, € By, and therefore h — hy, + (X) € B,,. We now proceed
inductively to get h + (X) € A, after finitely many steps. Thus, A,, = B,
as claimed.

Similarly, A’ = R[ZY?"]/(Z) is the subalgebra of A’ consisting of all
classes h + (Z) satistying h(Z,2") = h(H(2,2") - W(Z) (27", 2").
This condition implies A(g(X),g(Y)) € (¢(X)P",g(Y)) € (XP",Y) because
ord(g) > 1. Since g(Go(X,Y)) = H (g(X),g(Y)) we obtain

h(g(Y)) = h(HP (9(X), 9(Y))) = h(g(Go(X,Y)) mod (XP",Y).

Thus, the homomorphism 9, : A” > A maps A;, into A,,. In particular,
g " = (XY € Ay, = RIXYP™]/(X) which implies g; € R[X] + (X*™)

for any 1 < i < e. Since m € N was arbitrary we get g € R[X]¢, i.e. g €
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HomR(GO,Hépn)). It is now a standard result that ord(g) = p® for some

s € Nand that g(X'/7") € R[X]° (cf. [5], Theorem 1.3.2 (ii)). Setting h =n-s
h

we obtain ord(f) =p" and o f=pFoge HomR(Go,Hép )). O

Recall that a homomorphism f: Gg - Hg of formal groups over R is called
an isogeny if the corresponding comorphism ;s : R[Z] — R[X] is faithfully
flat and if its kernel is represented by a finite flat group scheme over R. In
this case Gy and Hy have the same dimension. If the augmentation ideal
of the Hopf algebra representing ker( f) is nilpotent then we call f a formal
isogeny. Let FGLR denote the category of ordinary formal group laws over
R, let F denote its class of formal isogenies and recall that we denote by
FGLIDRerf the category of perfect formal group laws over R. By definition,

. £
FGLg is a subcategory of FGLY™.

Corollary 2.12. (i) The inclusion FGLg < FGLI]){erf extends to a fully
faithful embedding FGLR[F ] c FGLY™.

(ii) Two ordinary formal group laws Gy and Hy over R are isomorphic
as perfect formal group laws if and only if there is a formal isogeny

. (")
g:Go— Hy" 7 for some h eN.

Proof. If f: Gy — Hy is a formal isogeny then there is a natural number A
h h

and a formal isogeny ¢ : Hy — G[()p ) such that gof=p":Gy— G(()p ) (cf.

[14], Satz 5.25). In FGL%erf the morphism ¢" is an isomorphism with inverse

@~". Tt follows that any element of F admits a left inverse in FGL%erf, hence
is an isomorphism. The results in [14], Satz 5.25 and Satz 5.26, also imply
that F is a saturated, left multiplicative system.

By the universal property of the left localization there is a canonical func-
tor ¢ : FGLR[F ] - FGL%erf which we claim is fully faithful. The set of
homomorphisms Gy - Hy in FGLz[F ] is given as the colimit

. 4
lim  Hompg(Go, Hy)
g:H0—>H(’)

running over all formal isogenies g : Hy - H|, in FGLg. By construction,
the functor + maps the class of the homomorphism f: Gy - Hj indexed by
g:Hy— H} to g7' o f e Homg(G, H). The result in [I4], Satz 5.25, implies
h h
that the subsystem of all Hom g (G, Hép )) indexed by ¢ : Hy - Hép ) with
h € N is cofinal. Thus, the set of homomorphisms Gy - Hp in FGLg[F 1] is
h
given by li_n)lh>0 HomR(Go,Hép )). By Proposition [2.11| the functor ¢+ maps
it bijectively onto Hompg (G, H). This proves (i) and the if part of (ii).
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Conversely, given an isomorphim f : G — H between the corresponding
perfect formal group laws we can write f = ¢ o g with A € N and a ho-

h
momorphism g : Gg - Hép ) of ordinary formal group laws. Then g is an

isomorphism in FGL%erf and it follows from (i) that ¢ is an isomorphism in
FGLR[F!]. This implies g € F by [8], Proposition 7.1.20 (ii).

One can also give a slightly more direct proof. Namely, write f‘1 = go‘i oy
with ¢ e N and ~: Hy —» G(()pl). Setting ¢’ = 'y(ph) we get g’ o g = " Tt will
follow from [14], Satz 5.25, that g is a formal isogeny once we can show that
Go and Hy have the same dimension. To see this choose a maximal ideal
m c R and consider the factorization

(RIm)[X] 225 (Rjm)[2] “25 (R/m)[X]

of the homomorphism of R/m-algebras sending X to X?""". Note that Vg
and 14 are both injective because they are restrictions of isomorphisms
between perfect formal power series rings. It follows that ¢ is finite injec-
tive, hence preserves Krull dimensions. This gives dim(Gg) = dim(Hj) as
desired. O

By construction, a category has the same objects as any of its localizations.
Combining Theorem [2.7/and Corollary we therefore obtain the following
result.

Theorem 2.13. The category of one-dimensional perfect formal group laws
over R is the category of one-dimensional ordinary formal group laws over
R localized at the class of formal isogenies. O

Remark 2.14. The inclusion FGLg[F 1] c ]F‘GLI;;If in Corollary (1)
is not surjective on objects of dimension at least two, i.e. there do exist
perfect formal group laws of dimension at least two which are not given by
ordinary formal power series (cf. [2], Corollary 4.19). It might still be an
equivalence of categories as this requires only essential surjectivity. However,
it is presently unknown whether every perfect formal group law of dimension
at least two is isomorphic to an ordinary formal group law.

3 Dieudonné modules and quasi-logarithms

We continue to let R be a perfect ring of characteristic p. It is known by
the work of Berthelot, Gabber, Lau, Scholze and Weinstein, that the cate-
gory of p-divisible groups over R is equivalent to the category of projective
Dieudonné modules over R (cf. [9], Theorem 6.4, or [12], Theorem 17.5.2,
and the references given there). Complementing these results, let us show
how to directly pass from Dieudonné modules to p-divisible groups in the
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one-dimensional formal case by writing down explicit quasi-logarithms.

For any R-algebra S we denote by W(.S) the ring of Witt vectors with coef-
ficients in S endowed with the Frobenius endomorphism F' and the additive
Verschiebung V. The addition of two Witt vectors (sp)ns0 and (¢, )ns0 iS
given by

(Sn)nZO + (tn)nZO = (Sn(307 sy Snyloy ey tn))nzo

with universal polynomials S,, € Z[ Xy, ..., Xp, Yp,...,Y,]. For any s €S we
denote by [s] = (s,0,0,...) e W(S) its multiplicative lift. Recall that since
1/p"]
n

oo

R is perfect we have the p-adically convergent expansion r = Y2, p"[r
for any r = (7,)ns0 € W(R).

Set W = W(R) and denote by W[F,V] the quotient of the twisted polyno-
mial ring over W given by the relations F-w = F(w)-F, V- F(w) =w-V
and VF = FV =p for all we W. Note that if M is a W[F,V]-module then
the W-action on M/FM factors through W/pW = R. A W[F,V]-module
M will be called a (contravariant) formal Dieudonné module of dimension 1
if it is finitely generated and free over W, if F' is nilpotent on M /pM and if
the R-module M /F M is free of rank one. In this situation we fix an element
mo € M whose image in M/FM is a generator over R. Then any element
m e M admits a p-adically convergent expansion

(15) m = i[rn]F"mg

with uniquely determined elements 7, € R. Writing Vimg = ¥.02[cn ] F"mo
the elements ¢, € R are called the structure constants of M.

For lack of a suitable reference let us briefly recall some aspects of the
structure theory of formal Dieudonné modules of dimension 1. Denote by
D = Dg the F-adic completion of W[F,V]. It contains the twisted formal
power series ring W[F] as a subring and any element G € D can be written
uniquely as G = G' + G” with G' e W[F] and G e W[V]V. By continuity,
the action of W[F,V] on M extends uniquely to an action of D.

Lemma 3.1. Let M be a formal Dieudonné module of dimension 1 and
denote by h its rank as a W-module.

(i) We have F""1M =V M.

(i) Let my € M be an element whose image in M/FM is a generator
over R. There is an element u € W[F'] which is a unit in W[F] such

that the map D/D(F"1 - V) 5 M sending 1 to mo is a well-defined
isomorphism of D-modules.
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Proof. Since F is nilpotent on the free R-module M /pM of rank h we have
FP=0on M /pM. Indeed, by the known result over fields we have Fh =0
mod p for any p € Spec(R). Since R is reduced this implies F* = 0. Conse-
quently, F*M ¢ pM = FV M. Since M is p-torsion free, the endomorphism
F is injective. Thus, we obtain F* 1M c VM.

Choose my as in (ii) and set mg = mo+pM € M [pM. Reducing the expansion
modulo p we obtain that the family (7o, Fmo, ..., F"17g) generates
the free R-module M/pM of rank h, hence is an R-basis. It follows from
the topological Nakayama lemma that the family (mg, Fmy, ..., F" 'mg) is
a W-basis of M. Reducing the structure equation Vmg = Y02 o[cn ][ F™mo
modulo p and applying F' we obtain

h-2
0=FVimp =Yy, & F" 'y
n=0

because FV = p and F"mgy = 0. This implies ¢, = 0 for 0 <n < h—2. Now
write Flmg = P ZZ;& anF"mg with a,, € W. Plugging this into the structure
equation pmg = FVmg = p Y52, [ch]F™1 " F'mg and dividing by p we can
write mg = [c’,';_l]aomo + F'm for some m € M. Writing m = ZZ;%) d, F" g

with d,, € R and using F"7ig = 0 this yields

h-1
— - — 7 n—aH
mo = cz_lozomo + 231 d, _F"my.
n=

The above linear independence implies cfl_lao = 1 so that [¢,-1] and ap
are units in W. Therefore, the polynomial u = ZZ;%) ap F™ is a unit in
WI[F] and satisfies FPmg = pumo = FVumg. Since F is injective on
M this implies (F"' = Vu)-mg = 0. Write u™ = ¥, w,F" and set
£ =Y F"w,)F" e W[F]*. Then FVmg = pmg = u*Fhmg = Flemg
which implies Vimg = F"lemg by the injectivity of F. Thus, VM =
VWI[F]mo=W[F]Vmg < W[F]F"1M = F*=1M. This proves (i).

Since (F""'~Vu)-mg = 0 there is a well-defined D-linear map as in (ii). It is
surjective because M is generated by mgy over W[F'] ¢ D. Twisting units as
above there is u' € W[F]* such that F"! - Vu = u'(F"le = V). Therefore,
D(F" ! - Vu) = D(F" e - V). We need to see that this is the annihilator
of mg. If G € D satisfies G-mg = 0 write G = G’ + G” with G’ ¢ W[F] and
G" e W[V]V. For any n >0 there is a unit ¢’ e W[F]* satisfying

vn = Vn_l(Fh_lé‘ _ (V _ Fh_lg)) _ Fh_lglvn_l _ Vn—l(v _ Fh_lg),

Inductively, this gives G” € W[F]+D(V - F"'¢). We may therefore assume
G =G =Y200nF" € W[F]. Reducing the equation 0 = Y72 3,F"my
modulo p and using F"mg € pM we obtain 3, € pW for 0 < n < h—1 from the
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linear independence of (7o, Fimy, ..., F" 'my). Setting Gf = ¥, B, F™ ™"
this gives

Gl - (F" —pu) = Y BpF" =Y B F" =G mod pW[F].
n=h n=0

Writing G - Gj) - (F" - pu) = pGy with G € W[F] we also have Gy -mg =0
because M is p-torsion free. Proceeding inductively, we construct elements
G, G! € W[F] such that G — (X1, p'GY) - (F" - pu) = p’*1Gj4q for all j > 0.
Then G = (X5 p'Gy) - (F" = pu) = (X320 p'G}) - F - (F*' = V), completing
the proof of (ii). O

If S € Alg%' we denote by CW(S) the group of Witt covectors with coeffi-
cients in S as in [3], Chapitre II. Recall that it consists of all families (sp,)n<0
of elements s, € .S such that for any open ideal I € S there is an integer m
such that the ideal (s, + I |n <m) c S/I is nilpotent. The addition of two
Witt covectors (S, )n<o and (tn)n<o is given by (8p)n<o + (tn)n<o = (Un)n<o
with

(16) Up = 1im Sy, (Sp—ms -+ Snstnemy - -5 tn) €S-
m—00

As in [3], Section I1.2, the additive group CW(.S) is canonically a W[F,V]-
mof;hﬂe via F'- (Sn)nSO = (Sg)ngm V- (Sn)nSO = (Sn—l)ns() and [T] ’ (Sn)nSO =
(1P sp)n<o for all r € R. Moreover, CW(S) is a separated and complete
topological group with respect to a canonical topology defined in [3], Sections
I1.1.6/7. By definition of this topology, the W[F, V]-submodule

CW(S) = {(5n)n<o € CW(S) | s, € S for all n <0}

of CW(S) is open, hence closed and complete, and the action of W[F,V]
extends to an action of D.

Let V! denote the right inverse of V defined by V! (s,)n<o = (..., 51, 50,0)
and let V" = (V1" for any n € N. We shall need the following type of
reparametrization of the set CW(S).

Proposition 3.2. Let S € Alg% and let (en)n<o € [Tneo WIF]*. Then the
map
p:CW(S) > CW(S), (sp)n<or Y. enV"[snl,
n<0
is an isomorphism of uniform topological spaces, i.e. a uniformly continuous
bijection with a uniformly continuous inverse.

Proof. Since CW(S) = 1111[ CW(S/I) where I runs through the open ideals
of S we may assume that S is discrete. If J € S is a nilpotent ideal then
CW(S,J) =TIT,<0J € CW(S) is a W[F]-submodule of CW(S). It suffices to
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show that the above formula defines an isomorphism of uniform topological
spaces p: CW(S,J) - CW(S,J). According to [3], Remarque on p. 77/78,
the induced topology on CW (.S, J) is the product topology and has a basis
of open neighborhoods of zero consisting of subgroups. In fact, consider the
basis of open neighborhoods of zero given by

M, = {(sn)n<o|sn€ Jmax{n-k+L1} o a1l n < 0}
= (HJ)XJ2><---><J’H1
n<k

where k < 0 is an integer. Because of the following lemma, these turn out to
be particularly well-suited for our purposes.

Lemma 3.3. Assume that S is a discrete R-algebra and that J € S is a
nilpotent ideal. For any integer k <0 the set My, is an open W[F]-submodule
of CW(S,J). Moreover, for all s,u € CW(S,J) the following are equivalent:

(i) s—wue My,
(i) Sp =ty € JPRALY for 1l n <0,
(iii) V" [sp]— V"™ un] € My for all n <0.
Proof. Let j,m e Z with m > 0. In a first step we show
(17)  Sm(ao, -, am,b0, - sbm) = am + by = @ mod JPXIm+i+11}

for all a; € J and b; € Jmax{i++L1} Ly induction on m. The case m = 0 is
clear from Sy(Xo,Yy) = Xo + Yp. For the induction step we use the relation
St (X,Y) = Xpnar + Yor + (X0 + Y = S (X,Y)P) in Z[X,Y]. By
hypothesis we can write Sy,(a,b) = Gy, + by, + ¢ with c € Jmax{m+j+1,1} Then
Sm+1(a,b) is equal to a1 + b1 plus a sum of terms of the form a’ bh,"
with 1<i<p—10r (@ +by)'cP with 0<4 <p—1. Since

i+(p-t)max{m+j+1,1} >max{m+1+j+1,1}

forall 0 <i < p-1we get Sp1(a,b) = ams1+bm+1 = ame1 mod Jmax{m+1l+j+1,1}
as claimed.

Since S is discrete the limit becomes stationary. Applying (17 to
j =n—-m-k we see that My, is a subgroup of CW(S, J). The stability under
W[F] is then immediate. Now define s<* = (55%),,<o € M}, by

5<k—{ 0, ifk<n<O0,

no s, ifn<k.

It follows from well-known results on the summation polynomials S, that
s = s+ 52 with s2F = s — 5% = $0_ V"[s,] in CW(S,J). Moreover, if
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W_i(J) denotes the subset of CW (S, J) consisting of all covectors s with
s¥ = 0 then W_,(J) is a subgroup on which the addition is that of Witt
vectors of length —k.

Assuming (i) we also have s* — u>¥ € M), because M, is a subgroup of
CW(S,J). Since the statement in (ii) is trivial for n < k& we may assume
s =52 and v =u**. Set t = (tp)n<o = s —u € Mj. Given k <n <0 we have
Sn = Spok(Ugy - U, gy .. tn). Applying (17) to m =n -k and j = 0 we
obtain s,, = u, mod Jmax{n-k+L1}

Assuming (ii) the statement in (iii) is clear for n < k because Mj, is a sub-
group of CW(S,J). If k <n <0 set t=s,—u, ¢ Jmax{n-k+11} = The
n-th component of z = V™*[u,] + V*[t] is u,, + t = s, whereas for n < £ <0
we have zy = Sy_p,(up,0,...,0,¢,0,...,0). Applying tom =/¢-n and
j = n—k this is contained in Jmax{(t-n)+(n-k)+1.1} _ pmax{l-k+1.1} = Altogether,
V' up] + VP[] = 2 = 25" 4+ 2277 = Vs, ] + 22" with VP[] - 22" e M.
This shows (iii). That (iii) implies (i) follows from the fact that Mj, is a sub-
group of CW (S, J), as well as from the decompositions s = s +22=k V™[ sn]
and u = u<F + E?z:k V' [un] with s%, u<* € M. d

Since J is nilpotent we deduce from Lemma that (2(");s0 is a Cauchy
sequence in CW(S,J) (resp. converges to x) if and only if for all n < 0 the
component sequence (l“gf))izo becomes stationary (resp. becomes stationary
with value x,). This implies that CW (S, J) is complete. Note that this is
claimed without proof in [3], page 77. Since CW (S, J) admits a basis of open
neighborhoods of zero consisting of W[F]-submodules we get £,V"[s,] = 0
asn — —oo. Since CW (S, J) is linearly topologized and complete, this proves
the convergence of p(s). Moreover, let k € Z with k < 0. If s,u e CW(S,J)
satisfy s —u € My then it follows from Lemma that p(s) — p(u) € M.
Thus, p is uniformly continuous.

In order to construct an inverse of p let m € Z with m < 0. Note that
p restricts to a map pn, : Won(J) = Wo(J). In a first step, we will
construct an inverse f,, of p,, by downward induction on m < 0. The map
po:J — J is given by p(s) = ggs which is bijective with inverse fo(s) = ;’s.
For any n <0 write €, = Z;io EnjF’ 7 with enj € W and consider the elements
en = X320 F (enj)F7 and 6, = (g],)7" of W[F]. Given s € W_p.1(J) we
have s = €, 1 V"™ H0m-15m-1] € W_rn(J). Assuming that f,, has already
been constructed we set

(18) fm_l(s) = Vm_l [(5m_18m_1:| + fm(s — Em_lvm_l [(5m_18m_1]).
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The component of py,—1(s) in degree m —1is €], _;Sy,-1 so that

fm-1(pm-1(5)) Vm_l[smfl] + fm(pm-1(s) = Ema V" [$m-1])
= V™" sma]+ fin(pm(s™™))

= V" M spor] +85™ = 5.

The relation pp,-1(fm-1(s)) = s follows directly from and the induction
hypothesis. Note that if s € W_,,,(J) & W_,,11(J), ie. if sp,-1 = 0, then
fm-1(8) = fm(s). Thus, the maps f,, glue to an inverse f of p on the dense
subgroup of unipotent Witt covectors in CW (S, J), i.e. of all Witt covectors
s = (8p)n<o € CW(S,J) such that s, =0 for almost all n.

Let k,m € Z with k < 0 and m < 0 and assume that s,u € W_,,(J) with
s —u € M. By downward induction on m it follows from and Lemma
that f(s) - f(u) € Mg. Thus, f is uniformly continuous and extends to
a uniformly continuous inverse of p on all of CW(S,.J). O

Following the contravariant approach to Dieudonné theory in [I] and [3],
Chapitre III, we consider the abelian group functor G = Gy : Algﬁd - Ab
defined by
G(S) = Homﬁ{}’f}’v](M, CW(S))

where M is endowed with the p-adic topology. For any m <0 we denote by
pr,, : CW(S) — S the m-th projection map defined by pr,,((Sn)n<0) = Sm-
We warn the reader that in contrast to the 0-th projection map for Witt
vectors, the map pr( is generally not additive.

Theorem 3.4. Let S ¢ Alg}l%d and let M be a formal Dieudonné module of
dimension 1 as defined above. If my € M is chosen such that its class in
M/FM is a generator as an R-module then the map

U:G(S)— 8%, frpro(f(mo)),

18 a well-defined bijection of pointed sets functorial in S. Thus, G = Gy is
given by a one-dimensional commutative formal group law over R.

Proof. Given f € G(S) write f(mg) = (sp)n<o. Since CW(S) ¢ CW(S)
is an open neighborhood of zero, there is an integer i > 0 with f(p'M) ¢
CW(S). Since F is nilpotent on M /pM there is an integer j > 0 with FIiM c
p'M. Tt follows that all components of f(Fimg) = FJ f(mo) = (s& Jneo are
topologically nilpotent and so are all components of f(mg) = ($p)ns0. Thus,
f factors through M — CW(S) and ¥ is well-defined. It is clearly a map of
pointed sets which is functorial in S. Moreover, we obtain

G(S) = Hom{g (M, CW(S)) = Homg™ (M, CW(5))
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because of the imposed continuity condition.

Given ¢ = 72 w;jF7 e W[F]* and n € Z consider the twisted unit (™ =
>0 F™(w;)F7 satistying Fe( = e™DF and Ve™ = c"DV in D. Ac-
cording to the proof of Lemma [3.I] there is a unit € such that the annihilator
of mg in D is the left ideal D(F" e -~ V). We inductively define the se-
quence (&y,)n<o of units €, € W[F]* by eg =1 and €,,-1 = g(%if). Consider
the associated map p : CW(S) - CW(S) from Proposition given by
p(2) =Y n0enV " [2n]. Writing s = f(mo) = p(u) we have

Z 5(h—1)€%h—1)vn[uﬁh’1] 8 Z e,V n

n<0 n<0
= F'les= Flef(mg) =
= f(F"emqg) = f(Vimo) =V f(mo)
= Vs=V > &,V"[un]

n<0

= Z E( 1)vTL urnfl]

n<0
_ Z e(h_l)sgh_l)V"[un_l].
n<0

-n(h-1)

It follows from Propositionthat Up—1 = uﬁhil and hence that u,, = ug
for all n < 0. In order to construct an inverse of ¥ let x € S°° and consider
the element = = Y, o 5nVn[£L'p_n(h_1)] ¢ CW(S). The same computation as
above shows that F""lei = V#. By Lemma there is a unique D-linear
map W' (z) : M - CW(S) satisfying ¥'(x)(mp) = &. Since it is clearly
continuous we have ¥'(z) € G(S) and obtain a map ¥’ : S°° - G(S). By
construction we have W'(ug) = f because the values of these maps on myg
are both equal to s = p(u) = .

If 2 € S°° then (Vo ¥')(z) is the 0-th component of ¥, an”[acp_n(h_l)]. It
follows from and the definition of the W-structure on CW(S) that there
is a formal power series G € TR[T] in one variable such that G'(0) € R*
and (¥ o V') (z) = G(z) for all x € S°°. Denoting by H € TR[T] the for-
mal inverse of G we see that ¥’ o H is a right inverse of . If f ¢ G(S5)
and if we write f(mgo) = s = p(u) then f = ¥'(ug) as seen above. This
implies so = ¥(f) = U(V'(H(G(up))) = G(ug). Therefore, f = ¥'(ug) =
(U0 H)(s0) = (¥ o H)(T(f)) so that U’ o H is also a left inverse of W.

That G is given by commutative one-dimensional formal group law over R
is now a consequence of the classical analog of Proposition [2.2] O

Remark 3.5. Our proof shows that the map z — ¥, EnV"[:L'p_n(h_l)] is an

isomorphism from G(S) = (5°°, +¢) onto the subgroup of CW(S) consisting
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of all elements which transform according to the equation F" e =V of the
Dieudonné module M of G. Our parametrization of this group is inspired
by that in [4], Proposition 5.16. It fits into the more general picture of
recovering a p-divisible group from its Dieudonné module via the quasi-
logarithm map (cf. [11], Sections 3 and 4).

We emphasize that Theorem gives rise to formal groups G whose asso-
ciated p-divisible groups are connected on all of Spec(R). If k is a perfect
field of chacteristic p and if GGy is a one-dimensional formal group of height
h > 0 over k then its universal deformation G in the sense of Lubin and
Tate may be viewed as a one-dimensional formal group over the perfect
ring R = k[[u}/poo, . ,u,{b/_plmﬂ. If h > 1 then G cannot be constructed from
Theorem alone because the associated p-divisible group has non-trivial
étale quotients on parts of Spec(R). In fact, its (contravariant) Dieudonné
module does not satisfy the strict nilpotency condition imposed on F' above.
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