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On Block- Giittsohe Mntlipl:cities for planar
Tropical curves

"

Itenberg - Mikhalkin

Det: A closed irreducible tropical cane c- is

a connected finite graph without 2- valence vertices

whose edges are enhanced with length . Any edge

adjacent to a 1- valence vertex
has is length . All the

other edges have positive real length
< ✗ -

. 1 .

=/ 1- valence vertices}
c- Epi



Det : An immersed tropical curve

is a smooth nap h :c → /R
' Sit .

O h is a topological immersion

① For every unit vector
UETYIC ) ,

where y is inside an Edge Ecc

we have ldhlylultz? We
denote

d(h)ylM = Unit) .

The GCD of

the integer
coordinates of unit ) is

called the weight
Whit) of the

edge E.

③ Balancing condition : for every
vertex

VCC ,
we hae

E- UhlE)
= 0



I-111 )

is

I
(2/0)

Hi-1)
a

1122

RI : An immersed planar tropical is called

simple if it is 3- valence , all
the intersection

points are avoiding from the vertices ,
and pre image

of intersection point consists of
2 points

D= { Unit ) / E unbounded Edge } z multiset
a

degree

g-- bile )
i

genus



simple
let Mgo denote the moduli space of all the

simple tropical curves
with genus g

and degree0

Mikhalkin proven Msjij
"
is stratified by the

combinatorial type ( i.e
. Newton subdivision of 0¥)

and each component has
dimension #0 -1g -1

-1-101-9-1=2-1 #/bounded edges } -2g

A configuration ✗ = { Pr . Pr ) is called

generic relative to 0 if

0 Any tropical curve
with degree o , genus g-

Sti k= -1-161-8-1 which passing through

✗ is simple , the vertices
are disjoint from×

The number of such curves are finite



② ☒ immersed tropical curve with degree o

genus g~s.tk> +1-0-18-1
which passing

through X

A configuration X is called generic if
it is

generic relative to arbitrary degree

E± : 0=141,1911 :))
Then { pupil is generic

relative to 0 iff

the slope of the line passing through
F.Pa

is not 01110

'

p.
p

Pi

{ pi.ph is generic iff the slope of



the line passing through
them is irrational

Fix Oig .

We choose a generic configuration

✗ =/ Pi - - Pk } , k= #0-19-1
MHIED

pick heslgoix ) n

C
'

v Tahiti)

MHIE} )

Recall that

Meth)= IMAN
) Matt /detynnitn.ME/

0 Mavs even

µ,µh >
= I MRN

) MR"" / µ ,¥¥ odd

[Meth ) E Mirth )

hgslgiomhl-SYNNlzndepe.deof choice of ✗



I t
aw invariants (g--01. Welschinger

invariant

Block - Giittsche multiplicity :

Guy)=

Guy )=m¢W ) Gul- 1) = Mirv>

Ghly)= Tf Guy ) →
Laurent polynomial of .y±É
symmetry : any>= Guy

" )

Thm-fttenberg-Mikhalk.in )
I 6h19 )
hESYoix )

is independent of
the choice of ✗ .



We denote the number as Gigo>y ).

As before , we can
use labelled floor diagram

or tattie path algorithm to compute agony>

For labelled floor diagram,
we need to replace

multiplicities by Gvly )
3 vertices

Examp ( IF , 9--01 deg 37. 3 ends

gs
I •

I

bi } '
a. •

3

¥,
z # a 5M ¥4

4) 4

7 8 6 7 8
678

# labelings
--5 # labelings =3



É¥ÉY I 3

⇒ yty-1+10
if

y -4 → Ngo ,D=]
= 12

9=-1 → WE = 8



Sketch Pf of invariance

Only need to show that for two generic

✗ = 117 - -- Pm , Pk )

X
'
= ( Pi - . Phi , Pri )

We have

any] = I Gnlyj
I

heslgion) hc-SY.dz
'

)

choose a path pit) connect'Y Pr , Pk
'

i.e. plot. Pr , put. Pr
'

First , let us see how the tropical curve

charges when the configuration 47 . -pm , Piti) changes



Lenny: (Mikhalkin)

let h :c→ 1122 be a tropical curve

passing through a generic ✗ .

Then every connected

component of CHIN is a 3- valence tree with

a single leaf going to infinity

u

g
°

\
,

•

,
a

C

-

C



Idea :D we can always shrink the cycle
r r

→ ÷

.

.

-
-
- -
-
-
\
,

,
.

.

-

r

→

•

✓

Ii) If there are two or more
leaves going to

infinite , we can perturb the component
which also passing through the

same

configuration
→

-

a

→
i.

:
a

i.
c

c

r

r



<

i
'

:
i.

c

r

Iii ) If there are no leaves going to infinity

then a subset of X is notgeneric
i

'

,

'

:
"
i

!
. i.
i.

k> #otg -1

6 > 6-10-1



The above lemma gives a unique way

to construct a family of tropical curves

once we slightly change a generic configuration

we perturb each connected component of

c)him
and gluing them together

Pr .

<

a

:
:

a



:
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:
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÷
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If we continue moving Pr , then we will

arrive at a non -generic configuration :

Ph
'

÷
.

<

We want to choose a path Pt ) ,

so that non
-generic configuration

can be

controlled

Deflation : = Edam
-3) 1-g-gluten

+ m



where m is the number of vertices map
to ✗Hot -- Ha - pm , MY

tenma There exists a finite set DCIÑ ,
sit .

if ptb ) 4- D , then each tropical curve

Atm passing through ✗ tho) satisfies

Deflated El or Citi
contains

.
as a subgraph

idea : Let Moyo be the
modal : space of

genus 9kg , degree o tropical curves
with

k= #0+9-1 markings

h : (Cixi . . Xk )
→ /R2



Mgo .

It has real din 2h which can be

further stratified by the slopes of edges and

distributions of markings among
vortices and edges

✗I 712
A ②

,

Xs

Fix such a choice 2 , we
denote the

corresponding moduli space as Mg% .

There is

a natural evaluation map

ev : Mofo → CRY

(h , Xi - Xn) I-7 1h1m - . h

We want evtlpix - - Pry ✗ IÑ ) to be

non
- empty

⇒ dimmgozzk -2



Furthermore ,
each 2 with

dim Mojo = 2k-2

has at most one (by convexity )

Pr admits a tropical curve h

also the number of such choices
4

is also finite . so by avoiding
those finite Ph .

We can always

have dimMojo > zkz

Such 2 can be explicit
described

( by Gathman and Markwig 7. ☐

"

The number of tropical plane curves through pts
ingeneral position

"



We now choose a path pit )

connecting plot
.pk to put.pi avoiding D

For small#E , Xt) isgeneric . We can uniquely

construct a family of tropical curves

hltl : CH) → 1122 oetsq

passing through XHI starting fromgiven
his

pnt .
÷
.

<

until certain to St .

Deflator) = Efraim
-3) 1-9-gluten) -1m

= 1 or 2



claim : gKtbD=g

If gluts) <g ,
then Cito) must

contract certain cycle from Clt) tcto

r r

→ ÷.

.

.

"
-
-
.
.
.

.

•

u

r

→
.

•

.

So one vertex maps to Xtb) ⇒ m>
o

⇒ Deflator)22 contrary

with the choice of pit )



so if

Deflated)=
2-Kallu -3)1- g-grits

-1m

=\

⇒ either Vallot ] tu

m
-

- I

0 -

or there exists one 4- valence vertex

and m
-

-0

①



if Deficits = 2 ,
it contains

③
'

Lenny : For each tropical curve
h : C→ 1122 pass"g though

✗ to )

we have

-2 Gnjlyi. = I Giijly )

where hj I resp . h;-) runs over all

the tropical curves sign
into-4)

(resp. Sy ,onto
-181 ) )

such that the limiting curve is h



Ptu : ☒ÉÉpi
In

Gay ) .Ghly ) = I
⇒htsFg.o.no)) hisigioixl 'D

Pf of lemma

case 0

Ps
,

in

:p:
Ps Ps
G

• ph .pk

hi ht



case ②

n
n

•

,

o
'

Pk - . pk - -
. - Pk

> < <

,

"

n

s

o

.

Pr
'

Pri
D

pk

dual subdivision
A

A D

A D FD

B
c

B
c TB

c

parallelogram
iii

ii.
i with two sides belong

to quadrilateral



QSOABC - q
- SOAB' QSOADC - q

- SOADC

qiq
contribution of ii ) so c-q-%BDcqsoABD-q-SOABDGF.gg
q¥i

'

contribution of
iii )

qsoABF-q-%AB-tqsoADF-q-soom-E.FI



A
☐

A
☐

A
D F

B
c

B
c

B
c

i ii
iii

+ =
+

Follows from the area
identities

SoABC 1- SoADC = SOABDTSOBCD

SOABF + SoADF
= SOABD - So BCD

SoABF
- SoADF

= SoAcp- SoABC



case

Ps 1132
'

n

,

"

'

Phelps)

1-212 )
.

12,2 )
I-212)

.

.
Ps ' Ps (1. o)
l - l

n ?
(1/0)

"

PR 1-21-21 1310)pk
(-21-2)



Example in Heng 's talk )

(om)

• 1%2 ? 9=0

ion. um. 0=41111911111:))
k= #0+9-1=3

=

.

"

in

Z

p
"

"

p

←



:

:
y t

of 2

I 1



I
y

l s

° >

⇒

÷



Relation to log aw thy

- Give 0 ,
we can get

a tonic

surface Xo whose fan is generated

by vectors in 0

Let 2×0 be its toric bdy

- A curve class po can be
determined

as follows : for a ray p
in

the fan of Xo , it
determines a

prime toric
divisor , then

Bo - Dp = I
ACDW).

VED
,



Op the set of elements ved

Sti /Rzov=p .

- Tangency condition : the curve
C

intersects Dp in 10,1 points with

multiplicities GCDIV) , vtop

Fix og ,g7g

We can construct a moduli space

of log stable maps to (71012×0)

Tag,o , k withgems 5, curve class

Po and tangency condition determined

by 0 with additional k inner



markings

"

To define by aw invariants
,
we need

it evi : m-g.o.pe → Xo

ii ) f-gm.o.it
"
t ltvdimtgioik )

vdim -- J- l t #Otto

iii ) e
t Tv

E= F.*Wa

Tnojioik

Rj : = G- (E)



⑦evit-p-dl.dg-gpfg.it: =\Eng,oÑ"
Thin 1 Rousseau ?

Fix g ,o , k
= 1=10-19-1

g-Eg Ngt
'Fu5-2-1*0

= 618019) . ( HT) (yÉy
28-2-1*0

where y = EFM
= Enzo


