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Notation : R field of chou .
0 (cometimes &1)

Schl category of schemes over R which are separated and of finite type

. Varlk category of varieties over I I quasprojective reduced X Sch

· Sunch category of smooth varieties werk

· An category of complex analytic spaces (locally svanishinglocnof nee

So. Hyperhology
X top . space ,

S& (X) calegay of sheaves of abelam grups on X
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bounded below complex ofcheaves of

.. + 0 ->0 = E
*
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N+

ablan groups
on X

RT(X ,
5) := P(X

,
I, X

,
5) : TCX

,
I

,

FI injective resolution .

Here we mean that I is a
bounded belin complex of injecture sheaves and e quatico

Equivalently : His X
,
F) = Hom (8(X/)

(T
.

FCi))

Not : Fadmits also a so -

called Catan Eilenberg
resolution F- Jo

In particular RTLX ,
FCs Tot((5) ~

one obtains two special ecquences :

E-H(X
,
F) H (X , 5) (affunding the Hodge filtuation ?

E = H(X
,
Fj) = 1 (X

,
F)

S 1
. Algebraic de Rham cohochology - smooth case

-

S S

X . Sull ,
exm-rx theat of R-linean algebrais differentiate on X

Crist: Cheatification of Speci Deum(A .
MI Homplan ,

MI

Recall: X smooth of dimension in x
locally free of rank i

· d : Ox & 2 universal derivation (A only -Linear



Se 2 :=N japo (nx = 0x)
Then I induces dP : PX P uniquely characterted by :

· do = d · dPod = 0

2) = di + -15 ca d for local sections2 kesp 1) of

120x lesp.

22
x /

Explicit famula : XX
,
ti-ta system of local parameters at xX

,

then locally

near x a section ur of a2 can be described as

w = I
.. sia

Finip di -ndtip

= dw = E dfix --ip
adi

,
a adtip

11 .. Lipu

Definthealcham complex of X
i I

,
do as abo.e

Ran] X1 :=R/X , > hypercohomology

Rubili) XESMIR affine > Har(X) = H (RXX) Cur your
favoarte special eg .)

(ii) XeSmim of dimension = Ham(X) = 0 if i 2 ( < nif X affine)
↳ pf :

the assue case follows from (is
.

In general we know that :

HSX, ) = 0 it ja n or it is a (2x concent sheef)
the assention follows again by the spectral seg . *

Lena (Properties of dR cohomology
is (pullback I given fiXY maphism in

Sal
,

these is an induced funcul

muphim : RTOR(Y) RTar(X)

liil kap product) gioven X
,
Ye SMIR ,

the wedge product
induces a cup product

Rar(X) Rar() Ran(X)



(iii) (künnetle formulal Given X
,
4 Sm/r

,

there is a natural quasi-isomaphism :

Ran(X) Ram(Y) -> Ran(X"RY) X +RY

12 P 1
(w

, 7) -> pxWug*

y
"

X Y

Hence for every tw we have induced pomaphims :

n - i

JHr(XY) mam(Y)

Livs Chomotopy inveniences XESmm then Rar(XS RARIXA

(V) (scalan extension) /R field extension
,
XISm/m then there is a

natural quasi-iso Rar(X (0K- RTor(XK
&

(Ni) (scalar restriction) KIR finte field extension
,
YESm/ ,

then et : -RYIIR

so in particular RTAR/Y/R) Is RIY/K

Lamas : HX) is a finite dimensional R-VS for every
XESMIR and every

it I

P(sketchs, embed X
X with o X perfective

divisel
· D : = FX is a simple normal crossing

one can prove
: 1 <DjxRx quasi-iso

↳ complex of differentials
With log poles along t ("allow

at "along the divisor
E

< D> corrent scheaves on H
,
RECDL) find . m

.

Res

=> (special segul LXSEH (*, D>)
or fin dim Kirs

↑
argument



2. Algebraic deRham cohomology - generale-

We want to define H*R(X) for XSchIR (not nee .

smooth).

Ideally ,

if R SK
,

we expect/would like dier(X) = dim
a HingIX , R).

Sadly ,
the deRham complex &XIM (which would make sense for X-SchIRS does not

always provide the correct answer

Exercise (tr those who will NOT give a talk in the BS) :

T
compute (X

,
Xir) and Hsing(X ,

R) In

X : s+ + + st = 0 /

The "cleanest" workaround to this proble is given by introducing the so
called

topology (Voevodsky ,
1996) and h-steatily the constructions.

Defilit muphism of schemes p : X-Y is a topological spimphim if the topology
P-

on Y is the quotrent topology Nat p. .
The maphism p is a

universaltop. e s if
-

any base change of p is a top.
p

..

IThe hopology on the category Schly of reparated
schemes of finite Type/X

is the Grothendieck topology with coverings given by finite families

PiMi-Y ist >D such that HUi -> Y is a Univ. Top . api
.

We Write (Sch/X/l to denote the h-site/X (UchIR/h When X : Spec(R)

Fats : (is examples of h-covers ore :

· flat covers with finite index set (in part
tale covrs/

· preper sunjective morphiums
actions

· quatients by finite group

(s for XeSch/ X-X is clearly on
h-cover and for cery h-sheet

F it holds F(X) = FIX, ( = the h-topology is T subcanonical



Def : Given XeSch/
,

we set RTOR(X) : = RTX , il 1 ,

where :

Apo ath is the hosheatification of the presheat Ya (Y) on Schlu.

RTAR(Xh) is called the h-deRham cohomology of X

Tu3 (Geissen
,

Huben-Jöden) : If X-Smr
,
then pc. 0 n(X) = PyLX) and

io ) = ar(X) .

Def : Anablow-up of XeSchir is a cover of X of the form

(fXX
,
i X) ,

I closed immension
,

f proper and on iso above XXE
.

Ex : Any abstract blow-up is an
h- cover

.

↑4(G , HJ) Let (f : X - X
,

i : 4 X) be an abstract blow up of XeSchm .

Then there is a
natural long exact sequence :

- Hän(e) ara/0an(tal - Här* (a) -> H <Xel --

Factually ,

if Ey : Th Yan is the obvious maphism of sites
,

one has a dist
. Prangle :

REXAFERFARE ORE RARE

E :- /x z ,
:E - E base change of F

,

J any
-sheat JI

Def : Given XSchm
and i : ECX a closed immasson

,

we set for Pesco

~/,
s
: Ke (2x ixele) an abdomsheat on IschlX/a

w

The relative de Rham cohom
. (of X wit E) is given by :

RTan (X
,
7) : = RT(X ,&(

,
))

Fa :
The properties (is-Iris of Lema & remain true in this more general sctup

and admit a relative counterpart



53 . Homophic deRhanology

Def Let X be a complex manifold.The hislophic de Rhon cohorn. of X is

-
-

RTR
,
an
(X) = RTSX,

hoe,

Proposition s (holm .

Prince lemma) : Let X be a complex manifold
,

then the natural map of
-

sheaves K Ohus induces an isomaphism ing/X ,
) = Häma(X)

Pf We can compute Hing(X ,
DI as

sheat cohomology .

· hot
is a quasi-nomaphion,

Hence it is enough to show that ↳ ex

i
.
e that

0 - + Photo ...
is exaca

-

Since the question is local
,

we may
anume X-A

,
A open unit disc in I

and since (R)
*

Ep2j0 ... p,1) Pi : A" + A

ith projection
we can assume n = 1

,
in which case we have :

0 --= (A) , phot(Asid + 0

Eajt - [ij +1 /a,
it de

j 0

:

jo

clearly Ker(d) = K,
d is sunjective because taking a primitive doesn't

change the radius of convergence. A

Given XeSchl one can
attach to it a complex analytic space

X (functurally....

and there is a
"universal map of locally singed spaces 2 = <x: ** O + IX

, Ox).

Let us assume that X is smooth
,

so that X* is a complex manifold.

& induces a muphom of complexes <2x + on

~> *: HR(X( > Har
,

an
(M)



Propost6 (de Ram GAG) For XESMI
,

: Har(X/- Har
,
an

X
an

I is an ilo.

PF (sketch) For X projective ,

this follow from Hodge-tode Rham spectal sequence and the

~

standard GGA result by sone for coherent sheaves.

In general one embeds X CX with I smooth & projective and i .

t.

DiXX is a SNC divicus and works with differentials with log poles
S

along D Calgebrais and holomophic version I and mienies the same proof
I

As in the algebraic case
,

one can define Han(X) for XEAN (not nec.

a complex

manifold) introducing a finest Gothendic topology on AN/X.

Ref : Given XeAn ,
thetopology on An/y is the smallest Gathendeck top.

&

such that proper sujective maphisms & open
covers are coverings .

We defie the h cohomology as Rar
.

anLXl = RT (AnX
, Mi
d

hisheetification -

Th It X is a complex manifold
,

then R(X) = LX) 30

and Hi (Xn =
: (X) P : 30

·

di
,
an

dR
,
an

One can prove
on h versn of the Poincare La

,
so that

The8 : There are natural isomaphisms
H

. (X
, D) Hi (X) EXEAU Fi. O.

sing dr
,
an

One can
also upgrade prop .

6 to the case of a general XSch/D .

obvious maphism of sites :

Idea : we have morphiums of sites
↑ it induces an equivalence on the

↑

(An( -> Schla> <Schla categories of
ablanchave

↓
li-top. on

schemes :
smallest Groth. top such that

proper suj maphiums & open
covers

are covering

n get natural maps *: HandX) - Haran / ** al / Piso



Tm9 :
*

is an isomophism fixo
.

Runk : One can use the hi-topology on analytic spaces
to define relative hde Rham

colomology (In EX closed subspace).

Theres 7-8-9 admit a relative vasion and the relative tolmorphic l'de Rham

column- satisfies the same properties of its algebraic counterpart (könneth, ...

Rush : There exists a padic version of the whole story. H. Guo (ex-student of B
. BLAA)

has developedsh-topology for (propess rigid spaces/K KICp finite ext.

and obturned similar comparison
results with podic state colom of rigid spaces

Létale color of the cors. alg . Variety in the "algebraisable" case/


